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Since my high school years, I have kept in my memory the following verses: 


Profesor Otto Gottlieb Schmock 
Pracuje juz dziesigty rok 

Nad dziełem co zadziwić ma świat: 
Der Kaiser, Gott und Proletariat. 


As I checked recently, it is a somewhat distorted fragment of a poem by 
Julian Tuwim from 1919. I think that it describes quite well the process of 
writing our book. 


Jan Derezinski 


Je dédie ce livre à mon pays. 


Que diront tant de Ducs et tant d’hommes guerriers 
Qui sont morts d’une plaie au combat les premiers, 
Et pour la France ont souffert tant de labeurs extrémes, 
La voyant aujourd’hui détruire par soi-même? 
Ils se repentiront d’avoir tant travaillé, 
Assailli, défendu, guerroyé, bataillé, 
Pour un peuple mutin divisé de courage 
Qui perd en se jouant un si bel héritage. 
(Pierre de Ronsard, 1524-1585) 
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Introduction 


Quantum fields and quantization are concepts that come from quantum physics, 
the most intriguing physical theory developed in the twentieth century. In our 
work we would like to describe in a coherent and comprehensive way basic aspects 
of their mathematical structure. 

Most of our work is devoted to the simplest kinds of quantum fields and of 
quantization. We will mostly discuss mathematical aspects of free quantum fields. 
We will consider the quantization only on linear phase spaces. The reader will 
see that even within such a restricted scope the subject is rich, involves many 
concepts and has important applications, both to quantum theory and to pure 
mathematics. 

A distinguished role in our work will be played by representations of the 
canonical commutation and anti-commutation relations. Let us briefly discuss the 
origin and the meaning of these concepts. 

Let us start with canonical commutation relations, abbreviated commonly as 
the CCR. Since the early days of quantum mechanics it has been noted that the 
position operator x and the momentum operator D = —iV satisfy the following 
commutation relation: 


x, D] = il. (1) 


If we set a* = ze — iD), a= z +iD), called the bosonic creation and 


annihilation operators, we obtain 
la, a*] = 1. (2) 


We easily see that (1) is equivalent to (2). 

Strictly speaking, the identities (1) and (2) are ill defined because it is not 
clear how to interpret the commutator of unbounded operators. Weyl proposed 
replacing (1) by 


et"? e4 P = e197 eiD eine | nq € R, (3) 


which has a clear mathematical meaning. (1) is often called the CCR in the 
Heisenberg form and (3) in the Weyl form. 

It is natural to ask whether the commutation relations (1) determine the 
operators x and D uniquely up to unitary equivalence. If we assume that we 
are given two self-adjoint operators x and D acting irreducibly on a Hilbert 
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space and satisfying (3), then the answer is positive, as proven by Stone and von 
Neumann. 

Relations (1) and (2) involve a classical system with one degree of freedom. 
One can also generalize the CCR to systems with many degrees of freedom. 
Systems with a finite number of degrees of freedom appear e.g. in the quantum 
mechanical description of atoms or molecules, while systems with an infinite 
number of degrees of freedom are typical for quantum many-body physics and 
quantum field theory. 

In the case of many degrees of freedom it is often useful to use a more abstract 
setting for the CCR. One can consider a family of self-adjoint operators ¢1, ¢2,... 
satisfying the relations 


loj, bx] = iwjg l, (4) 


where wj is an anti-symmetric matrix. Alternatively, one can consider the 
Weyl (exponentiated) form of (4) satisfied by the so-called Weyl operators 
exp(id>; Yi di), where y; are real coefficients. 

A typical example of CCR with many, possibly an infinite number of, degrees 
of freedom appears in the context of second quantization, where one introduces 
bosonic creation and annihilation operators až, a; satisfying an extension of (2): 


Oe (5) 


The Stone-von Neumann theorem can be extended to the case of regular 
CCR representations for a finite-dimensional symplectic matrix w;;,. Note that 
in this case the relations (4) are invariant with respect to the symplectic group. 
This invariance is implemented by a projective unitary representation of the 
symplectic group. It can be expressed in terms of a representation of the two- 
fold covering of the symplectic group — the so-called metaplectic representation. 

Symplectic invariance is also a characteristic feature of classical mechanics. In 
fact, one usually assumes that the phase space of a classical system is a sym- 
plectic manifold and its symmetries, including the time evolution, are described 
by symplectic transformations. One of the main aspects of the correspondence 
principle is the fact that the symplectic invariance plays an important role both 
in classical mechanics and in the context of canonical commutation relations. 

The symplectic invariance of the CCR plays an important role in many prob- 
lems of quantum theory and of partial differential equations. An interesting — 
and historically perhaps the first — non-trivial application of this invariance is 
due to Bogoliubov, who used it in the theory of superfluidity of the Bose gas; 
see Bogoliubov (1947b). Since then, applications of symplectic transformations 
to the study of bosonic systems often go in the physics literature under the name 
Bogoliubou method. 
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Let us now discuss the canonical anti-commutation relations, abbreviated com- 
monly as the CAR. They are closely related to the so-called Clifford relations, 
which appeared in mathematics before quantum theory, in Clifford (1878). We 
say that operators ¢),...,@, satisfy Clifford relations if 


where gij is a symmetric non-degenerate matrix and [A,B], := AB + BA 
denotes the anti-commutator of A and B. It is not difficult to show that if the 
representation (6) is irreducible, then it is unique up to a unitary equivalence for 
n even, and there are two inequivalent representations for n odd. 


In quantum physics, CAR appeared in the description of fermions. If aj,..., až, 
are fermionic creation and a,,...,@m fermionic annihilation operators, then they 
satisfy 


[aj aj ]+ = 0, lai, aj]+ E 0, [a;, aj]+ = di, 1. 


If we set doj-1 := aj + aj, 2j := ;(a* — aj), then they satisfy the relations (6) 
with n = 2m and gi; = ĝij. Besides, the operators ¢; are then self-adjoint. 

Another family of operators satisfying the CAR in quantum physics are the 
Pauli matrices used in the description of spin z particles. The Dirac matrices 
also satisfy Clifford relations, with g;; equal to the Minkowski metric tensor. 

Clearly, the relations (6) with g;; = 6;; are preserved by orthogonal transfor- 
mations applied to (¢,,...,¢,). The orthogonal invariance of CAR is imple- 
mented by a projective unitary representation. It can be also expressed in terms 
of a representation of the double covering of the orthogonal group, called the 
Pin group. 

The orthogonal invariance of CAR relations appears in many disguises in alge- 
bra, differential geometry and quantum physics. In quantum physics its appli- 
cations are again often called the Bogoliubov method. A particularly interesting 
application of this method can be found in the theory of superconductivity and 
goes back to Bogoliubov (1958). 

The notion of CCR and CAR representations is quite elementary in the case 
of a finite number of degrees of freedom. It becomes much deeper for an infinite 
number of degrees of freedom. In this case there exist many inequivalent CCR 
and CAR representations, a fact that was not recognized before the 1950s. 

The most commonly used CCR and CAR representations are the so-called Fock 
representations, acting on bosonic, resp. fermionic Fock spaces. These spaces have 
a distinguished vector Q called the vacuum, killed by annihilation operators and 
cyclic with respect to creation operators. 

In the case of an infinite number of degrees of freedom, the symplectic or 
orthogonal invariance of representations of CCR, resp. CAR becomes much more 
subtle. In particular, not every symplectic, resp. orthogonal transformation is 
unitarily implementable on the Fock space. The Shale, resp. Shale—Stinespring 
theorem say that implementable symplectic, resp. orthogonal transformations 
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belong to a relatively small group Sp,(V), resp. O;(Y). Other interesting objects 
in the case of an infinite number of degrees of freedom are the analogs of the 
metaplectic and Pin representation. 

CCR and CAR representations provide a convenient setting to describe various 
forms of quantization. By a quantization we usually mean a map that transforms 
a function on a classical phase space into an operator and has some good prop- 
erties. Of course, this is not a precise definition — actually, there seems to be no 
generally accepted definition of the term “quantization”. Clearly, some quanti- 
zations are better and more useful than others. 

We describe a number of the most important and useful quantizations. In 
the case of CCR, they include the Weyl, Wick, anti-Wick, x,D- and D, x- 
quantizations. In the case of CAR, we discuss the anti-symmetric, Wick and 
anti-Wick quantizations. Among these quantizations, the Weyl, resp. the anti- 
symmetric quantization play a distinguished role, since they preserve the under- 
lying symmetry of the CCR, resp. CAR — the symplectic, resp. orthogonal group. 
However, they are not very useful for an infinite number of degrees of freedom, in 
which case the Wick quantization is much better behaved. The x, D-quantization 
is a favorite tool in the microlocal analysis of partial differential equations. 

The non-uniqueness of CCR or CAR representations for an infinite number 
of degrees of freedom is a motivation for adopting a purely algebraic point of 
view, without considering a particular representation. This leads to the use of 
operator algebras in the description of the CCR and CAR. This is easily done 
in the case of the CAR, where there exists an obvious candidate for the CAR 
C*-algebra corresponding to a given Euclidean space. This algebra belongs to 
the well-known class of uniformly hyper-finite algebras, the so-called UHF (2%) 
algebra. We also have a natural CAR W*-algebra. It has the structure of the 
well-known injective type I, factor. 

In the case of the CCR, the choice of the corresponding C*-algebra is less 
obvious. The most popular choice seems to be the C*-algebra generated by the 
Weyl operators, called sometimes the Weyl CCR algebra. One can, however, 
argue that the Weyl CCR algebra is not very physical and that there are other 
more natural choices of the C*-algebra of CCR. 

Essentially all CCR and CAR representations used in practical computations 
belong to the so-called quasi-free representations. They appear naturally, e.g. in 
the description of thermal states of the Bose and Fermi gas. They have interesting 
mathematical properties from the point of view of operator algebras. In partic- 
ular, they provide interesting and physically well motivated examples of factors 
of type IT and III. They also give good illustrations for the Tomita—Takesaki 
modular theory and for the so-called standard form of a W*-algebra. 

The formalism of CCR and CAR representations gives a convenient language 
for many useful aspects of quantum field theory. This is especially true in the 
case of free quantum fields, where representations of the CCR and CAR con- 
stitute, in one form or another, a part of the standard language. More or less 
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explicitly they are used in all textbooks on quantum field theory. Usually the 
authors first discuss quantum fields classically. In other words, they just describe 
algebraic relations satisfied by the fields without specifying their representation. 
In relativistic quantum field theory these relations are usually derived from some 
form of classical field equations, like the Klein—Gordon equation for bosonic fields 
and the Dirac equation for fermionic fields. 

In the next step a representation of CCR or CAR relations on a Hilbert space 
is introduced. The choice of this representation usually depends on the dynamics 
and the temperature. At the zero temperature, it is usually the Fock 
representation determined by the requirement that the dynamics should be 
implemented by a self-adjoint, bounded from below Hamiltonian. At positive 
temperatures one usually chooses the GNS representation given by an appropri- 
ate KMS state. 

Another related topic is the problem of the unitary implementability of various 
symmetries of a given theory, such as for example Lorentz transformations in 
relativistic models. If the generator of the dynamics depends on time, one can 
also ask whether there exists a time-dependent Hamiltonian that implements the 
dynamics. 

Models of quantum field theory that appear in realistic applications are usually 
interacting, meaning that they cannot be derived from a linear transformation of 
the underlying phase space. Interacting models are usually described as formal 
perturbations of free ones. Various terms in perturbation expansions are graph- 
ically depicted with diagrams. The diagrammatic method is a standard tool for 
the perturbative computation of various physical quantities. 

In the 1950s, mathematical physicists started to apply methods from spectral 
theory to construct rigorously interacting quantum field theory models. After a 
while, this subject became dominated by the so-called Euclidean methods. The 
main idea of these methods is to make the real time variable purely imaginary. 
The Euclidean point of view is nowadays often used as the basic one, at both 
zero and positive temperature. 

Many concepts that we discuss in our work originated in quantum physics and 
have a strong physical motivation. We believe that our work (or at least some of 
its parts) can be useful in teaching some chapters of quantum physics. In fact, 
we believe that the mathematical style is often better suited to explaining some 
concepts of quantum theory than the style found in many physics textbooks. 

Note, however, that the reader does not have to know physics at all in order to 
follow and, it is hoped, to appreciate our work. In our opinion, essentially all the 
concepts and results that we discuss are natural and appealing from the point 
of view of pure mathematics. 

We expect that the reader is familiar and comfortable with a relatively broad 
spectrum of mathematics. We freely use various basic facts and concepts from 
linear algebra, real analysis, the theory of operators on Hilbert spaces, operator 
algebras and measure theory. 


6 Introduction 


The theory of the CCR and CAR involves a large number of concepts coming 
from algebra, analysis and physics. Therefore, it is not surprising that the litera- 
ture about this subject is very scattered, and uses various conventions, notations 
and terminology. 

We have made an effort to introduce terminology and notation that is as 
consistent and transparent as possible. In particular, we tried to stress close 
analogies between the CCR and CAR. Therefore, we have tried to present both 
formalisms in a possibly parallel way. We make an effort to present many topics in 
their greatest mathematical generality. We believe that this way of presentation 
is efficient, especially for mathematically mature readers. 

The literature devoted to topics contained in our book is quite large. Let us 
mention some of the monographs. The exposition of the C*-algebraic approach 
to the CCR and CAR can be found in Bratteli-Robinson (1996). This mono- 
graph also provides extensive historical remarks. One could also consult an older 
monograph, Emch (1972). Modern exposition of the mathematical formalism of 
second quantization can be also found e.g. in Glimm—Jaffe (1987) and Baez- 
Segal—Zhou (1991). We would also like to mention the book by Neretin (1996), 
which describes infinite-dimensional metaplectic and Pin groups, and review arti- 
cles by Varilly—Gracia-Bondia (1992, 1994). A very comprehensive article devoted 
to CAR C*-algebras was written by Araki (1987). Introductions to Clifford alge- 
bras can be found in Lawson—Michelson (1989) and Trautman (2006). 

The book can be naturally divided into four parts. 


(1) Chapters 1, 2, 3, 4, 5 6 and 7 are mostly collections of basic mathematical 
facts and definitions, which we use in the remaining part of our work. Not all 
the mathematical formalism presented in these chapters is of equal impor- 
tance for the main topic of work. Perhaps, most readers are advised to skip 
these chapters on the first reading, consulting them when needed. 

(2) Chapters 8, 9, 10 and 11 are devoted to the canonical commutation relations. 
We discuss in particular various kinds of quantization of bosonic systems and 
the bosonic Fock representation. We describe the metaplectic group and its 
various infinite-dimensional generalizations. 

(3) In Chaps. 12, 13, 14, 15 and 16 we develop the theory of canonical anti- 
commutation relations. It is to a large extent parallel to the previous chap- 
ters devoted to the CCR. We discuss, in particular, the fermionic Fock rep- 
resentation. As compared with the bosonic case, a bigger role is played by 
operator algebras. We give also a brief introduction to Clifford relations for 
an arbitrary signature. We discuss the Pin and Spin groups and their various 
infinite-dimensional generalizations. 

(4) The common theme of the remaining part of the book, that is, Chaps. 17, 
18, 19, 20, 21 and 22, is the concept of quantum dynamics — one-parameter 
unitary groups that describe the evolution of quantum systems. In all these 
chapters we treat the bosonic and fermionic cases in a parallel way, except 
for Chaps. 21 and 22, where we restrict ourselves to bosons. 
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In Chap. 17 we discuss quasi-free states. These usually arise as KMS states 
for a physical system equipped with a free dynamics. In Chaps. 18 and 19 
we study quantization of free fields, first in the abstract context, then on a 
(possibly, curved) space-time. Chapters 20, 21 and 22 are devoted to inter- 
acting quantum field theory. In Chap. 20 we discuss in an abstract setting 
the method of Feynman diagrams. In Chap. 21 we describe the Euclidean 
method, used to construct interacting bosonic theories. In Chap. 22 we apply 
Euclidean methods to construct the so-called space-cutoff P(~)2 model. 
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1 


Vector spaces 


In this chapter we fix our terminology and notation, mostly related to (real 
and complex) linear algebra. We will consider only algebraic properties. Infinite- 
dimensional vector spaces will not be equipped with any topology. 

Let us stress that using precise terminology and notation concerning linear 
algebra is very useful in describing various aspects of quantization and quantum 
fields. Even though the material of this chapter is elementary, the terminology 
and notation introduced in this chapter will play an important role throughout 
our work. In particular we should draw the reader’s attention to the notion of 
the complex conjugate space (Subsect. 1.2.3), and of the holomorphic and anti- 
holomorphic subspaces (Subsect. 1.3.6). 

Throughout the book K will denote either the field R or C, all vector spaces 
being either real or complex, unless specified otherwise. 


1.1 Elementary linear algebra 


The material of this section is well known and elementary. Among other things, 
we discuss four basic kinds of structures, which will serve as the starting point 
for quantization: 


(1) Symplectic spaces — classical phase spaces of neutral bosons, 

(2) Euclidean spaces — classical phase spaces of neutral fermions, 

(3) Charged symplectic spaces — classical phase spaces of charged bosons, 
(4) 


4) Unitary spaces — classical phase spaces of charged fermions. 


Throughout the section, VY, 1,2, W are vector spaces over K. 


1.1.1 Vector spaces and linear operators 


Definition 1.1 [fU C V, then Span U denotes the space of finite linear combi- 
nations of elements of U. 


Definition 1.2 VY, @ V2 denotes the external direct sum of Vı and Və, that is, 
the Cartesian product Yı x Yə equipped with its vector space structure. If Yi, V2 
are subspaces of a vector space Y and Yi N Və = {0}, then the same notation 
Vı ® Və stands for the internal direct sum of Vı and Vz, that is, Yı + V2 (which 
is a subspace of Y). 
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Definition 1.3 L(Y, W) denotes the space of linear maps from Y to W. We set 
L(y) := LY, YX). 


Definition 1.4 L'(Y,W), resp. L(Y) denote the space of finite-dimensional 
(or finite rank) linear operators in L(Y, W), resp. L(Y). 


Definition 1.5 Leta; € L(V;,W),1= 1,2. We say that ay C ag if Yı C Və and 
a, is the restriction of ag to Yı, that is, ag le = a. 


Definition 1.6 Ifa € L(Y,W), then Ker a denotes the kernel (or null space) 
of a and Ran a denotes its range. 


Definition 1.7 lly stands for the identity on Y. 


1.1.2 2x2 block matrices 


If Y = V, E VY, every r € L(Y) can be written as a 2 x 2 block matrix. The 
following decomposition, possible if a is invertible, is often useful: 


fa by _ 1 0| la 0 1 a ‘b (1.1) 
"Tle dl fea allo d—ca-'o| lo 1 j i 
Here are some expressions for the inverse of r: 
1 —a™tb] [amt 0 1 0 
-1 _ 1.2 
á p 1 | 0 (d- eal Be 4 (12) 


Z ee bd-te)-! (e- 2a 13) 


(b—ac-'d)-! (d—ca-‘b)-! 
If Y is finite-dimensional, then, using the decomposition (1.1), we obtain the 
following formulas for the determinant: 


detr = det adet(d — ca~'b) 


1.4 
= det cdet bdet(ac~!db~! — 1). Ce 


1.1.3 Duality 


Definition 1.8 The dual of Y, denoted by VY” , is the space of linear functionals 
on Y. Three kinds of notation for the action of v € Y* ony € Y will be used: 


(1) the bra-ket notation (v|y) = (ylv), 
(2) the simplified notation v: y = y- v, 
(3) the functional notation v(y). 
There is a canonical injection Y — V**. We have VY = Y** iff dimy < ææ. 
Definition 1.9 Ify € Y, we will sometimes write |y) for the operator 
K >å} ly)A:= y EY. 


Ifv € Y*, we will sometimes write (v| instead of v. 
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As an example of this notation, suppose that y € Y and v € Y* satisfy (vly) = 
1. Then |y)(v| is the projection onto the space spanned by y along the kernel of 
v. 


Definition 1.10 Let (e1,...,en) be a basis of a finite-dimensional space Y. Then 
there exists a unique basis of Y*, (e',...,e"), called the dual basis, such that 


(e'le;) = 5. 


1.1.4 Annihilator 
Definition 1.11 The annihilator of X C YV is defined as 


xr = {ve ye : (uly) =0, ye 4}. 
The pre-annihilator of V C Y* is defined as 


Van = {yE Y : (vly) =0, ve V}. 


Note that 


(X° Jan = Spant, (Van)? = Spany. 


1.1.5 Transpose of an operator 


Definition 1.12 [fa € L(V1, V2), then a* will denote the transpose of a, that 
is, the operator in L(Y , Yj) defined by 


(a* vly) = (olay), vEV, yen. (1.5) 


Note that a is bijective iff a* is. We have a** € L(Yi*, YS") and a C a**. 


1.1.6 Dual pairs 


Definition 1.13 A dual pair is a pair (V, Y) of vector spaces equipped with a 
bilinear form 


(V, Y) =A (v, y) f (uly) K 
such that 
(vjy) =0, vEV > y=), (1.6) 
(oly) =0, yEY > v=0. (1.7) 
Clearly, if (V, V) is a dual pair, then so is (V, V). If Y is finite-dimensional and 
(V,¥) is a dual pair, then V is naturally isomorphic to Y*. 


In general, (V, V) is a dual pair iff V can be identified with a subspace of Y” 
(this automatically guarantees (1.7)) satisfying Van = {0} (this implies (1.6)). 
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1.1.7 Bilinear forms 
Definition 1.14 Elements of L(Y, *) will be called bilinear forms. 
Let v € L(Y, VY”). Then v determines a bilinear map on J: 


Y xY > (Mw) yı : vy = (yilvy2) E K. (1.8) 
Definition 1.15 We say that v is non-degenerate if Ker v = 0. 
Definition 1.16 We say that r € L(Y) preserves the form v if 
rž vr =v, ie. (ry): Vry: =Yi- Vy, Y, y2 EY. 
We say that a € L(V) infinitesimally preserves the form v if 
a*v+va=O0,ie. (ayı): vy, = —yı : vay, Yı, y2 E€ V. 


Remark 1.17 We will use three kinds of notation for bilinear forms: 


(1) the bra-ket notation (yı|vyz2}, going back to Dirac, 
(2) the simplified notation yı - vyz, 
(3) the functional notation v(y1, y2). 


Usually, we prefer the first two kinds of notation (both appear in (1.8)). 


1.1.8 Symmetric forms 
Definition 1.18 We will say that v € L(Y, Y*) is symmetric if 


v Cvt, ie Yy Vy: =Y: vi, Y, Y2 EY. 
The space of all symmetric elements of L(Y, Y” ) will be denoted by L(V, Y* ). 


Let v € L(V, VY”). 
Definition 1.19 A subspace X C Y is called isotropic if 


yoy, =0, Y, Y2 ee. 


Definition 1.20 Let Y be a real vector space. v is called positive semi-definite 
if y- vy > 0 for y € YV. It is called positive definite if y- vy > 0 for y £0. 


A positive definite form is always non-degenerate. 

Assume that v is non-degenerate. Using that v is symmetric and non- 
degenerate we see that (v|y) =0 for all v € vY implies y= 0. Thus (vy, YV) 
is a dual pair and y can be treated as a subspace of (v))*. Hence, v~!, a pri- 
ori defined as a map from vy to V, can be understood as a map from vy to 
(vy)*. We easily check that v~! is symmetric and non-degenerate. If v is positive 


definite, then so is v~!. 
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Proposition 1.21 Let y be finite-dimensional. Then, 

(1) v € L(Y, Y*) iffvt =v. 

(2) If v is non-degenerate, then vY = Y*, so that v™! € L.(Y*,YV) is a non- 
degenerate symmetric form. 


1.1.9 (Pseudo-)Euclidean spaces 
Definition 1.22 A couple (Y,v), where v € Ls(Y,Y*) is non-degenerate, is 
called a pseudo-Euclidean space. If Y is real and v is positive definite, then 
(Y,v) is called a Euclidean space. In such a case we can define the norm of 
y E€ VY, denoted by ||yl| := /y- vy. If Y is complete for this norm, it is called a 
real Hilbert space. 


Let (V, v) be a pseudo-Euclidean space. 
Definition 1.23 If X C Y, then XY} denotes the v-orthogonal complement of 
x: 


Kt = {yE YV : y-va=0, TEX}. 


Definition 1.24 A symmetric form on a real space, especially if it is positive 
definite, is often called a scalar product and denoted (yi|y2) or yı - y2. In such a 
case, the orthogonal complement of X is denoted X~. For x € YV, (x| will denote 
the following operator: 


Yayr (aly := (z|y) € K. 


If (x|x} = 1, then |z}(x| is the orthogonal projection onto 7x. 
Most Euclidean spaces considered in our work will be real Hilbert spaces. Real 
Hilbert spaces will be further discussed in Subsect. 2.2.2. 


1.1.10 Inertia of a symmetric form 
Let V be a finite-dimensional space equipped with a symmetric form v. In the 
real case we can find a basis 

(Cif jit epeh aena Ena wy Er) 


such that if 


1+ + eb- a- ol r 
(sO T EP Ook sin SEU) 
is the dual basis in Y*, then 
vez, =ert, vez; =—e?", ve; =0. 


The numbers (p, q) do not depend on the choice of the basis. v is positive definite 
iffg=r=0. 


Definition 1.25 We set inert v := p — q. 
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In the complex case, we can find a basis 


(byes Cp sp peiset ep) 
such that if 
(CP cence el tangle") 
is the dual basis in *, then 
Ve; 4 = eft, ve; = 0. 
The number p does not depend on the choice of the basis. 


Definition 1.26 We set inert v := p. 


1.1.11 Group O(Y) and Lie algebra o()) 
Let (Y,v) be a Euclidean space and a € L(Y). 
Definition 1.27 We say that 


a is isometric if a* va = v, 
a is orthogonal if a is isometric and bijective, 
a is anti-self-adjoint if a*v = —va, 
a is self-adjoint if atv = va. 


The set of orthogonal elements in L(Y) is a group for the operator composition, 
denoted by O(Y). The set of anti-self-adjoint elements in L(Y), denoted by o(Y), 
is a Lie algebra, equipped with the commutator [a, b]. 


Definition 1.28 If (Y,v) is pseudo-Euclidean, we keep the same definitions, 
except we replace isometric, orthogonal, anti-self-adjoint and self-adjoint with 
pseudo-isometric, pseudo-orthogonal, anti-pseudo-self-adjoint and pseudo-self- 
adjoint. 


1.1.12 Anti-symmetric forms 

Definition 1.29 We will say that w € L(Y,Y*) is anti-symmetric if 
~w Cw”, ie yr wy =Y: wy, YY E. 
The space of all anti-symmetric elements of L(Y, VY*) will be denoted by 
La (Y, yi iF 
Let w € La(V,Y*). 
Definition 1.30 A subspace X C Y is called isotropic if 
yı wy=0, Y,y EX. 


A mazimal isotropic subspace is called Lagrangian. 
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Definition 1.31 A non-degenerate anti-symmetric bilinear form is called 
symplectic. 


If w is symplectic, then (wY, V) is a dual pair and we can treat Yy as a 
subspace of (w))*. We can also define a symplectic form w7! € La(w,V) c 
La (wY, (wY)*). 

Proposition 1.32 Let y be finite-dimensional. 

(1) w is anti-symmetric iff w* = —w. 

(2) An isotropic subspace X is Lagrangian iff dim ¥ = dim Y. 

(3) If w is symplectic, then wY = Y*, so that w™! € La(VY*, Y) is a symplectic 
form. 


1.1.13 Symplectic spaces 


Definition 1.33 The pair (Y,w), where w is a symplectic form on Y, is called 
a symplectic space. 


Let (Y,w) be a symplectic space. 
Definition 1.34 The symplectic complement of X C Y is defined as 
Xt = {yey : y-wr=0, cE A}. 
Let X be a subspace of Y. Note that Æ is isotropic iff X*+ > X and it is 
Lagrangian iff “+ = X. 
Definition 1.35 We say that X is co-isotropic if X°+ c X. 


If X is co-isotropic, then ¥/¥*+ is naturally a symplectic space. 
Note that ¥ is isotropic in YV iff V°" is co-isotropic in Y*. 


1.1.14 Group Sp(y) and Lie algebra sp(y) 
Let (Y,w) be a symplectic space and a € L(Y). 
Definition 1.36 We say that 
a is symplectic if a is bijective and a* wa = w, 
a is anti-symplectic if a is bijective and a* wa = —w, 
a is infinitesimally symplectic if a*w = —wa. 
The set of symplectic elements in L(Y) is a group for the operator composition 


denoted by Sp(Y). The set of infinitesimally symplectic elements, denoted by 
sp(V), is a Lie algebra equipped with the commutator. 


Proposition 1.37 Assume that Y is finite-dimensional and r € L(Y). Then 


(1) r € Sp(y) iff r*wr =w. 
(2) r € SpV, w) iff r* € Sp(V* , w7). 
(3) r € Sp(V) implies r7! = w™tr* w. 
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1.1.15 Involutions and super-spaces 
Definition 1.38 < € L(V) is called an involution if € = 1. 


Definition 1.39 Ife € L(Y) is an involution, we set Y™ := Ker(1 F €). 


Every involution determines a decomposition VY = VY: @ VY“, the operators 
5(+ e€) being the projections onto Y+: along YF“. 
Conversely, a decomposition VY = Yə P Vı determines an involution given by 


the matrix € = k 9 k 


0 -1i 


aoo 0 


Operators a € L(Y) commuting with € are of the form a = | A 
11 


Definition 1.40 We say that (Y, €) is a Zo-graded space or a super-space if € 
is an involution on Y. e is often called the Zə-grading. 


Definition 1.41 In the context of super-spaces one often writes Yo for Y° and its 
elements are called even. One writes Yı for Y~* and its elements are called odd. 
Elements of Yo UY, will be called homogeneous or pure. The operator p=0 9 1 
is called the parity, so that € = (—1)”. Sometimes, the parity of a homogeneous 
element y € Y is denoted |y|. 


Remark 1.42 The name “super-space” came into use under the influence of 
super-symmetric quantum field theory. The prefix “super” is often attached to 
mean “Zy-graded” in various contexts; see e.g. Subsects. 3.3.9 and 6.1.4. 


If Y has an additional structure, we will often assume that it is preserved by 
e. For instance, we have the following terminology (see Subsect. 1.3.8): 


Definition 1.43 (),«) is a super-Hilbert space if Y is a Hilbert space and e is 
a unitary involution; it is a super-Kahler space if Y is a Kahler space and e is a 
symplectic and orthogonal (and hence complex linear) involution. 


Let (Y,€), (W,¢) be two super-spaces. The space of linear transformations 
from Y to W, that is, L(V, W), is itself naturally a super-space, with the grading 
given by 

L(Y, W) are ere € L(V, W). 


Written in the matrix notation, the decomposition of an element of L(Y, W) into 
its even and odd parts is 


ie ad a E 0 | 0 a 
= + . 
aio i1 0 an aio 0 
We can form other super-spaces in an obvious way, for example, (V6 W, 
E@DE), (V@W,€ Be). 
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1.1.16 Conjugations on a symplectic space 
Let (Y,w) be a symplectic space. 


Definition 1.44 A map T € L(Y) is called a conjugation if it is an anti- 
symplectic involution. 


Let (V, X) be a dual pair of vector spaces. Define w € L(V@ V,V* @ X*) and 


TE L(V X) by 
e 2) ao 


In other words, for (m , q1), (72,92) E€ V@X we have 


(m, qı) -w(m, q2) = ™m-d2 — Nq, T(m,qı) = (m, —qı). (1.10) 


Then w is a symplectic form on V 6 ¥ and 7 is a conjugation. 
We can also define w™! and 7” on V* @ X*. We obtain a symplectic form and 
a conjugation: 


Aia a ra ai (1.11) 


or equivalently 


(@1,€1)-w7! (a9, 2) = E1 £2 — 5-41, T* (21,1) = (a1, -&1). (1.12) 


We will see below that the above construction describes a general form of a 
symplectic space equipped with a conjugation. 


Proposition 1.45 Let 7 be a conjugation on a symplectic space Y. Then the 


spaces Y® are Lagrangian. 


Proof The spaces Y% are clearly isotropic. Since Y ~ Y7 6 YTT we have Y* ~ 
(Y")* @ (Y~*)*, and we can write w as the matrix 


kE 


where a: Y77 — (V7 )* and b: Y7 — (VTT )* are injective and 


bt ee =a. 


If V7 S X, where ¥ is isotropic, then there exists e Z Y7 such that y- we = 0 for 
all y € Y7. Then (1 -— T)e £0 and y-w(1 — T)e = y-a(1—r)e = 0 for all y € V7, 
which contradicts the fact that a is injective. Hence YST are Lagrangian. 


Proposition 1.46 Let Y be a symplectic space Y with a conjugation T. We use 
the notation of the proof of Prop. 1.45. Set 


X:=) 7, Voy 
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Then (V, X) is a dual pair and b @ 1 sends bijectively Y = V7 PYTT onto V E X. 
With this identification, w and T are given by (1.10). 

If in addition the dimension of Y is finite, then V = X* and we obtain a 
bijection of Y onto X* BX and of Y” onto X @X*. 


Proof Clearly, V C X*. We need to show that Van = {0}. Let x € Van. For any 
y € V”, we have 
0 = (by|x) = (y|b* x) = (ylaz), 


since b” [yez = a. This implies that ax = 0, and hence x = 0, since a is injective. 
Therefore, (V, X) is a dual pair. 


Theorem 1.47 Let y be a finite-dimensional symplectic space. There exists a 
conjugation in L(Y). Consequently, there exists a vector space X such that Y is 
isomorphic to X* @X. 


Proof Let fı be an arbitrary non-zero vector in Y. Since w is non-degenerate, we 
can find a vector e such that f,-we,; = 1. fı is not proportional to e1, because 
w is antisymmetric. Let yi = {y EVY : ywfi = ywe, = 0}. Then dim Vı = 
dim y — 2. We continue our construction in V1, finding vectors fo, e2 etc. 

In the end we set r = 1 on Span{ fi,..., fa} and T = —1 on Span{ej,..., ea}. 


1.2 Complex vector spaces 


Throughout the section, Z, W are complex vector spaces. 


1.2.1 Anti-linear operators 


Definition 1.48 Let a be a map from Z to W. We say that it is anti-linear if 
it is linear over R and ia = —ai. 


Definition 1.49 Let a be anti-linear from Z to W. The transpose of a is the 
operator in LOW* , Z*) defined by 
(a* ly) = (lay), vEVZ, yen. (1.18) 


Note that the transpose of an anti-linear operator is also anti-linear. 


1.2.2 Internal conjugations 


Definition 1.50 An anti-linear map x on Z such that x? = 1 is called an (inter- 
nal) conjugation. The subspace ZX := {z € Z : yz =z} is sometimes called a 
real form of Z. According to an alternative terminology, ZX is called the real 
subspace and ZX := {z € Z : yz = —z} the imaginary subspace (for x). 
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Definition 1.51 Operators a E€ L(Z,W) satisfying a = xax will be sometimes 
called real (for x). 


Clearly, the space of real operators can be identified with L(Z*, WX). 
Sometimes, an internal conjugation will be denoted by Z instead of xz. In such 
a case, if a € L(Z), we will write @ for xax. 


1.2.3 Complex conjugate spaces 


In this subsection we discuss the external approach to the complex conjugation. 
This is a very simple and elementary subject, which, however, can be a little 
confusing. 


Definition 1.52 Z will denote a complex space equipped with an anti-linear 
isomorphism 


ZƏz>ZEZ. (1.14) 


We will call Z the space complex conjugate to Z. We will use the convention 
that the inverse of (1.14) is denoted by the same symbol, so that Z = z, z € Z 
and Z = Z. 


In practice, one often uses one of the following two concrete realizations of the 
complex conjugate space. 

The first approach is the most canonical (it does not introduce additional 
structure). We set Z to be equal to Z as a real vector space. The map Z 3 z+ 
Z € Z is just the identity. One defines the multiplication by À € C on Z as 


AZ := Az, ZEZ, AEC. 


In the second approach, we choose Z = Z as complex vector spaces and we 
fix an internal conjugation x. Then we set Z := xz. Thus we are back in the 
framework of Subsect. 1.2.2. 


Definition 1.53 Ifa € L(Z,W), then one defines a € L(Z,W) by 
GZ SR: (1.15) 


The map L(Z,W) 3 a= a € L(Z,W) is an anti-linear isomorphism which 
allows us to identify L(Z,W) and L(Z, W) as complex vector spaces. 

Sometimes the notation z ++ Z is inconvenient for typographical reasons, and 
we will denote the complex conjugation by a letter, e.g. x. Thus x : Z > Z is a 


fixed anti-linear map and we write yz for Z. 

In particular, if a € L(Z,, Z2), and the conjugations Z; + Z; are denoted by 
Xi, then T = x2ay7". 

A typical situation when this alternative notation is more convenient is the 
following. Suppose that b is an anti-linear map from Z, to Z2. Then, instead of 
b, it may be more convenient to use one of the following two linear maps: 


by, € L(Z1, Z2), or x2b € L(Z, Z2). (1.16) 
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Note that b is a conjugation on Z iff the linear map a := by! € L(Z, Z) 
satisfies 


aa = il. 


1.2.4 Anti-linear functionals 


If w € Z*, we let it act on Z as 


(wz) := (wiz), z € Z. 
This identifies Z* with Z“ . (This is a special case of (1.15) for W = C). 
Definition 1.54 The anti-dual of Z is defined as 
B= Zz. 


Thus Z* is the space L(Z,C) of anti-linear functionals on Z. Several kinds of 
notation for the action of w € Z* on z € Z will be used: 


(1) the bra-ket notation (z|w) = (Z|w) = (w|Z), 
(2) the simplified notation Z: w =w-Z, 
(3) the functional notation w(z) . 


Since Z* = Z“ , we see that Z** = Z**, so that Z C Z** and in the finite- 
dimensional case Z = Z**. 


Remark 1.55 We will consistently use the following convention. The round 
brackets in a pairing of two vectors will indicate that the expression depends 
anti-linearly on the first argument and linearly on the second argument. In the 
case of the angular brackets the dependence on both arguments will always be 
linear, in both the real and the complex case. 


1.2.5 Adjoint of an operator 

Let a € L(2Z,, Zə). 
Definition 1.56 We define the adjoint of a, denoted by a* € L(Zž,Zř), by 

(a*w2|z1) := (w2ļazı), we € Zš, z1 € Z1. (1.17) 

We see that 

a“ = 0" =a*, Gea, (1.18) 
Definition 1.57 Leta be an anti-linear map from Zı to Z2. The adjoint of a, 
instead of by (1.17), is defined by 


(z1|a*w2) = (w2ļazı), 


or, equivalently, (a*w2|z1) = (w2ļazı), w2 € 2, 1 € Zı. (1.19) 


It is an anti-linear operator from Z% to Zř satisfying (1.18). 
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1.2.6 Anti-dual pairs 


Definition 1.58 An anti-dual pair is a pair (W, Z) of complex vector spaces 
equipped with a form 


(W, Z) 3 (w,z) (wiz) EC 


anti-linear in W and linear in Z such that 
(wiz) =0, wEV => z=0, 
(wiz) =0, z€Z > w=0. 
Properties of anti-dual pairs are obvious analogs of the properties of dual 


pairs. For instance, if Z is finite-dimensional and (W, Z) is a dual pair, then W 
is naturally isomorphic to Z*. 


1.2.7 Sesquilinear forms 
Definition 1.59 Elements of L(Z,Z*) will be called sesquilinear forms. 
Let 6 € L(Z, Z*). B determines a map 
Z x Z’ (21,22) (21|622) =H: Bz EC (1.20) 
anti-linear in the first argument and linear in the second argument. 


Definition 1.60 We say that B is non-degenerate if Ker 3 = {0}. 


Definition 1.61 An operator r € L(Z) preserves 8 if 
rBr=B,ie. (rz|Grz) = (21|Gz2), 21,22 E€ Z. 
An operator a € L(Z) infinitesimally preserves 6 if 


a“B+PBa=0,ie. (az|Gz2) = — (z1 |8az2), 21, 22 E Z. 


Remark 1.62 Note that we adopt the so-called physicist’s convention for 
sesquilinear forms. A part of the mathematical community adopts the reverse 
convention: they assume sesquilinear forms to be linear in the first and anti- 
linear in the second argument. 


Remark 1.63 We will use three kinds of notation for sesquilinear forms: 


(1) the bra-ket notation (z1|Gz2), going back to Dirac, 
(2) the simplified notation 2, - 822, 
(3) the functional notation 6(Z1, z2). 


Note that in all cases the notation indicates that the form is sesquilinear and not 
bilinear: by the use of round instead of angular brackets in the first case, and by 
the use of the bar in the remaining cases. Usually, we will prefer the first two 
notations, both given in (1.20). 


1.2 Complex vector spaces 21 


1.2.8 Hermitian forms 
Let 6 € L(Z, Z*). 
Definition 1.64 We will say that 


B is Hermitian if @ C B*, i.e. (z282) = (z1|Gz2), 21, 22 € Z, 
or equivalently (z|Gz) € R, z € Z; 
G is anti-Hermitian if 8 C —8*, ie. (z2|Gz1) = —(z1|Gz2), 21,22 € Z, 
or equivalently (z|8z) € iR, z € Z. 


Clearly, @ is Hermitian iff iĝ is anti-Hermitian. 
Definition 1.65 The space of all Hermitian elements of L(Z, Z*) will be denoted 
La(Z,Z*). Such operators are also called Hermitian forms. 

If Z is finite-dimensional then 8 € Ly (Z, Z*) if 8* = 2. 
Definition 1.66 A Hermitian form 8 is called positive semi-definite if (z|Gz) > 
0 forz € Z. Itis called positive definite if (z|Gz) > 0 for z # 0. A positive definite 
form is also often called a scalar product. 

Positive definite forms are always non-degenerate. 

If 6 € Iy(Z, Z*) is non-degenerate, then (6Z,Z) is an anti-dual pair. Hence, 
we can define 87! € Ln(GZ,Z) C In(GZ, (BZ)*). (Note that Z c (GZ)*.) The 
form 87! is non-degenerate and is positive definite iff 8 is positive definite. 


1.2.9 (Pseudo-)unitary spaces 
Definition 1.67 A couple (Z,3), where B € Ly(Z,Z*) is non-degenerate, is 
called a pseudo-unitary space. If 3 is positive definite, then (Z,{) is called a 
unitary space. In such a case we can define the norm of z € Z denoted by ||z|| := 
\/(y|Gy). If Z is complete for this norm, it is called a Hilbert space. 


Note that the notion of a pseudo-unitary space is closely related to that of a 
charged symplectic space, which is defined later, in Subsect. 1.2.11. 

Let (Z, 3) be a pseudo-unitary space. 
Definition 1.68 If UC Z, then U%+ denotes the B-orthogonal complement of 
U: 


UPt := {ze Z : (ul6z) =0, ucu}. 
Definition 1.69 Let (Z, 3) be a unitary, pseudo-unitary, resp. charged symplec- 


tic space. Then Z has a natural unitary, pseudo-unitary, resp. charged symplectic 
structure: 


(z1 |822) := (21|822). 
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Definition 1.70 A non-degenerate Hermitian form, especially if it is positive 
definite, is often called a scalar product and denoted (zı|z2) or Zı - z2. In such a 
case, the orthogonal complement of U is denoted U+. For w € Z, (w| will denote 
the following operator: 


Z >z (wiz := (w|z) € C. 


For example, if (w|w) = 1, then |w)(w| is the orthogonal projection onto w. 
Most unitary spaces considered in our work will be (complex) Hilbert spaces. 
Hilbert spaces will be further discussed in Subsect. 2.2.2. 


1.2.10 Group U(Z) and Lie algebra u(Z) 
Let (Z, 68) be an unitary space and a € L(Z). 
Definition 1.71 We say that 


a is isometric if a*ßa = ßĝ, 
a is unitary if a is isometric and bijective, 
a is self-adjoint if a* 8 = Ba, 
a is anti-self-adjoint if a*ß = — pa. 


The set of unitary operators on Z is a group for the operator composition denoted 
by U(Z). The space of anti-self-adjoint operators on Z, denoted by u(Z), is a 
Lie algebra equipped with the usual commutator. 


Let b be an anti-linear operator on Z. 


Definition 1.72 We say that 


b is anti-unitary if b*Gb= p anda is bijective, 
b is a conjugation if it is an anti-unitary involution. 


Recall from Subsect. 1.2.3 that we sometimes use two alternative symbols for 
the complex conjugation: x and the “bar”. 

Clearly, b is anti-unitary iff yb: Z — Z is unitary. 

If Z is a pseudo-unitary space, we can repeat Subsect. 1.2.10, replacing the 
terms isometric, unitary, anti-self-adjoint and self-adjoint with pseudo-isometric, 
pseudo-unitary, anti-pseudo-self-adjoint and pseudo-self-adjoint. 


1.2.11 Charged symplectic spaces 


Definition 1.73 Ifw is anti-Hermitian and non-degenerate, then (Z,w) is called 
a charged symplectic space. 


Note that the difference between a pseudo-unitary and charged symplectic 
space is minor (passing from 8 to w = iG changes a pseudo-unitary space into a 
charged symplectic space). We will, however, more often use the framework of a 
charged symplectic space. The terminology in this case is somewhat different. 

Let (Z,w) be a charged symplectic space and a € L(Z). 
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Definition 1.74 We say that 


a preservesw if ařwa =w, 
a anti-preservesw if a*wa=—w, 
a is charged symplectic if a preserves w and is bijective, 
a is charged anti-symplectic if a anti-preserves w and is bijective, 
a is infinitesimally charged symplectic if a*w = —wa. 


The set of charged symplectic operators on Z is a group for the operator com- 
position denoted by ChSp(Z). The space of infinitesimally charged symplectic 
operators on Z, denoted by chsp(Z), is a Lie algebra equipped with the usual 
commutator. 


Let a be an anti-linear operator on Z. 


Definition 1.75 We say that 


a preservesw if a*wa=w, or (zı|wz2) = (azı |waz2), 
a anti-preserves w if a*wa=—w, or (zı|wz2) = — (azı |waz2), 
a is anti-charged symplectic if a preserves w and is bijective, 
a is anti-charged anti-symplectic if a anti-preserves w and is bijective. 


Remark 1.76 The terminology “charged symplectic space” is motivated by appli- 
cations in quantum field theory: such spaces describe charged bosons. 


1.3 Complex structures 


When we quantize a classical system, the phase space is often naturally equipped 
with more than one complex structure. Therefore, it is useful to develop this 
concept in more detail. 

Besides complex structures, in this section we discuss the so-called (pseudo-) 
Kähler spaces, which can be described as (pseudo-)unitary spaces treated as real 
spaces. 


1.3.1 Anti-involutions 
Let V be a vector space. 
Definition 1.77 We say that j € L(Y) is an anti-involution if j? = —1. 


If Y is a real vector space with an anti-involution j, then Y can be naturally 
endowed with the structure of a complex space: 


(A +iu)y := ày + ujy, yey, Au ER. (1.21) 


Therefore, anti-involutions on real spaces are often called complex structures. 
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Definition 1.78 Y converted into a vector space over C with the multiplication 
(1.21) will be denoted YE, or by (Y°,j) if we need to specify the complex structure 
that we use. It will be called a complex form of Y. 


Definition 1.79 Conversely, any complex space W can be considered as a real 
vector space, called the realification of W and denoted Wp. It is equipped with 
an anti-involution j E€ L(Wp) (the multiplication by the complex number i). 


Let Y,, Və be real spaces with anti-involutions j1, jg. Then 


Lo) = {a € L(V, 2) : aj = joa}. 


1.3.2 Conjugations on a space with an anti-involution 
Let Y be a vector space equipped with an anti-involution j € L(Y). 
Definition 1.80 We say that x E€ L(Y) is a conjugation if it is an involution 
and jx = —xj. 
Recall that x determines a decomposition VY = YX @ Y~* (see Def. 1.39). Let 
us write ¥ := Y~*. Then j¥ = YX. The map 


+x 1- 
Voy (i aT 9) XOX (1.22) 


is bijective. Thus Y can be identified with ¥ @ X, so that 


es fa o 
E E ER AE 
r € L(X p X) commutes with j iff it is of the form 


r= | || (1.23) 


for a,b € L(&). 
r commutes with both j and x iff 


r= io "| (1.24) 


for a € L(&). 


1.3.3 Complexification 
Let X be a real vector space 


Definition 1.81 The complexification of ¥, denoted by CX, is the complex 


0 -1 
vector space (¥ @X)°, equipped with the anti-involution given by F 0 |, 
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which will be denoted simply by i. CX is also equipped with the conjugation x 


given by 5 | . According to the convention in Subsect. 1.2.8, we will usually 


write Z := xz, z E CX. 
Note that L(CX¥), in the representation ¥ @ ¥, consists of matrices of the 


form (1.23). 
Let a € L(&). 
Definition 1.82 We set 
a 0 a 0 
ac i= f "| ; ag i= p o : (1.25) 


ac, resp. dg, is the unique (complex) linear, resp. anti-linear extension of a to 
an operator on CX. Often, we simply write a instead of ac. 


1.3.4 Complexification of a Euclidean space 
Let (¥,v) be a Euclidean space. Then the scalar product in ¥ has two natural 
extensions to CX: if w; = (a; + iyi) € CX, i = 1,2, we can define the bilinear 
form 
W1 VOW. := £1 ` VEz — Yı VY2 +101 Vy. + iy: VX 
and the sesquilinear form 
(wi |w) = Wy vew := £1 : VEz + Y ` VY +i, + VY — iyı ` Ya. 


We will more often use the latter. It makes C¥ into a unitary space. The canon- 
ical conjugation x defined in Subsect. 1.3.3 is anti-unitary. We also see that if 
r € O(X), resp. r € o(¥), then rc € U(CX), resp. rc € u(C&). 

Assume now that (W, (-|-)) is a unitary space and that x is a conjugation on ¥ 
in the sense of Subsect. 1.2.8. Let X := WX as in Subsect. 1.3.2. Then ¥ equipped 
with yı vyz := (yı ly2) is a Euclidean space. The identification of ¥ 6X ~ C 
with W as complex spaces defined in Subsect. 1.3.2 is unitary from (C4, (-|-)) 
to (W, (-|-)). 


1.3.5 Complexification of a symplectic space 


Let (¥,w) be a symplectic space. Then C¥ can be equipped with the non- 
degenerate anti-symmetric form w defined for w; = (x; +iy;) € CX, i = 1,2, by 


W1 WOW? = T1 WH. — Y1 WY. + İL1  WY2 + İY1 wre, 
as well as a charged symplectic form 
W1 : WCW := T1 ` WHA + Yı WY2 +121 - WY2 — ly, WT2. 


where w; = (a; + iyi), i = 1,2. 
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1.3.6 Holomorphic and anti-holomorphic subspaces 
Assume that a real space Y is equipped with an anti-involution j € L(V). Thus 
(CY)g has two distinguished anti-involutions: the usual i, and also jc. 
Definition 1.83 Set 
Z := {y -ijy : y € Y}. 
Z will be called the holomorphic subspace of CY. 
Z:= {y +ijy : ye X} 
will be called the anti-holomorphic subspace of Cy. 

The corresponding projections are lz := $(1—ijc) and Ig:= (1+ ijc). 
Clearly, 1= lz +1lz, and CY=Z@Z. We have Z=Ker(jc—i), Z= 
Ker(jc +i), thus on Z the complex structures i and jc coincide, whereas on 
Z they are opposite. 

The canonical conjugation on CY is bijective from Z to Z, which shows that 


we can treat (Z,i) as the conjugate vector space (Z, i). 
Using the decomposition 


CY =Z62Z, (1.26) 


tt Ol, enh a 
Sa See 91 OF at ® 


The converse construction is as follows: Let (Z,i) be a complex vector space. 
Set 


we can write 


Re(Z @ Z) := {(2,27)€ ZZ: ze Z}. 


Clearly, Re(Z @ Z) is a real vector space. It can be equipped with the anti- 
involution 


j(z, Z) := (iz, iz) = (iz, -iz). 


We identify CRe(Z ® Z) with CY = Z @ Z as follows: if y; = (z;,%) € Y for 
i = 1,2, then 


CY Ə yı +iy (1 +iz, 7 +iz2) €Z @Z. (1.27) 
With this identification we have 


. fi o 
jes |o il 


which shows that this is the converse construction. 
Z © Z is equipped with a conjugation 


€(21, 22) = (Ze, 21). 
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Note that Re(Z © Z) is the real subspace of Z 9 Z for the conjugation e. Clearly, 
under the identification (1.27), € coincides with the usual complex conjugation 
on Cy. 

Often it is convenient to identify the space Z with Re(Z @ Z) = Y. 


Definition 1.84 For any A £0, we introduce an identification between a space 
with an anti-involution and the corresponding holomorphic space: 


l-i 
VYəy=> hy=åà > 


ye Z. (1.28) 
The inverse map is 
1 
Zəz= T'z:= 5C t3 EY. (1.29) 


In the literature one can find at least two special cases of these identifications: 
for A= 1 and for \ = V2. Each one has its own advantages. Note that in the 
bosonic case, we will typically use the identification T z, and in the fermionic 
case, the identification T;. The arguments in favor of T z will be given in Subsect. 
1.3.9. 

Let us discuss an argument in favor of Tı. Consider the natural projection 
from CY onto yV: 


Cyawi + j— y. (1.30) 
Then 
Zəz=>T'z=z+ZEy (1.31) 


is the restriction of (1.30) to Z. 
T, appears naturally in the following context. Suppose that we have a function 
Z>2z F(z) € C. One often prefers to move its domain onto Y by considering 


V 2 (z,2Z) F(T (z,2)) = F(z). (1.32) 


Abusing notation, one can denote (1.32) by F(z,Z). This notation is especially 
common in the literature if F is not holomorphic. 

Let us assume for a moment that VY is a complex space. We can realify Y, and 
then complexify it, obtaining CYg. Denote the original imaginary unit of Y by 
j. Introducing Z and identifying it with Y with help of T; we can write 


CYR VGV. (1.33) 


1.3.7 Operators on a space with an anti-involution 
Let V be a real space with an anti-involution j. Let Z, Z be the holomorphic 


and anti-holomorphic spaces defined in Subsect. 1.3.6. Let us collect the form of 
various operators on CY after the identification of CY with Z @ Z. 
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where Z 3 z+ ez :=Z EZ. 
An operator in L(CY) is of the form 


We have 


where a € L(Z), bE L(Z, Z), c€ L(Z, Z), d€ L(Z). 
An operator in L(CY) equal to re for some r € L(V) is of the form 


E 
q P’ 
where p € L(Z), q € L(Z, Z). 
Finally an operator L(CY) equal to rc for r € L(Y°) (which means that [r,j] = 
0) is of the form 
p 0 
0 pl’ 


1.3.8 (Pseudo-)Kdahler spaces 


Let (V, (-|-)) be a (pseudo-)unitary space. Then Ya is a (pseudo-)Euclidean space 
for the scalar product 


for p € L(Z). 


y2 : vy := Re(yo|y1), (1.34) 
a symplectic space for the symplectic form 
y2 wyi := Im(y2|y1), (1.35) 
and has an anti-involution 
jy := iy. (1.36) 


The name “(pseudo-)Kähler space” is used for a unitary space treated as a 
real space with the three structures (1.34), (1.35) and (1.36). Below we give a 
more precise definition: 


Definition 1.85 We say that a quadruple (Y,v,w,j) is a pseudo-Kähler space 
if 
1 


2 


(1) Y is a real vector space, 
(2) 
(3) w is a symplectic form, 
(4) 
(5) 


v is a non-degenerate symmetric form, 


4) j is an anti-involution, 


5) wj = 
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If in addition v is positive definite, then we say that (Y,v,w,j) is a Kahler 
space. 


Definition 1.86 If (Y,v,w,j) is a (pseudo-)Kéhler space, we set 
(yily2) = yı -vyz + iyı - Wye. (1.37) 


Then (VE, (-|-)) is a (pseudo-)unitary space. 


1 


Definition 1.87 If a Kahler space Y is complete for the norm (y-vy)?, we say 
that Y is a complete Kahler space. In other words YE equipped with (-|-) is a 
Hilbert space. 


Two structures out of v,w,j determine the other. This is used in the following 
three definitions. In all of them yY is a real vector space, w is a symplectic form 
and v is a non-degenerate symmetric form. 


Definition 1.88 (1) We say that a pair (w,j) is pseudo-Kahler if wj is symmet- 
ric. If in addition wj is positive definite, then we say that (w,j) is Kahler. 

(2) We say that a pair (v,j) is pseudo-Kahler if —vj is a symplectic form. If in 
addition v is positive definite, then we say that (v,j) is Kahler. 

(3) We say that a pair (v,w) is pseudo-Kahler if Ranw = Ranv and w tv is 
an anti-involution. If in addition v is positive definite, we say that (v,w) is 
Kahler. 


The definitions (1) and (2) have other equivalent versions, as seen from the 
following theorem: 


Theorem 1.89 (1) Let (Y,w) be a symplectic space. Consider the following 
conditions: 
(i) j*wj =w (j preserves w), 
(ii) jew +wj =0 6 € sp(V), or equivalently wj is symmetric), 
(iii) j? = —1 (j is an anti-involution). 
Then any pair of the conditions (i), (ti), (iii) implies the third condition and 
that the pair (w,j) is pseudo-Kahler. 
(2) Let (Y,v) be a (pseudo-) Euclidean space. Consider the following conditions: 
(i) jévj =v (j is (pseudo-)isometric), 
(ii) j*v + vj =0 6 € o(Y), or equivalently vj is anti-symmetric), 
(iii) j? = —1 (j is an anti-involution). 
Then any pair of the conditions (i), (ti), (iii) implies the third condition and 
that the pair (v,j) is (pseudo-)Kéhler. 


1.3.9 Complezification of a (pseudo-)Kéhler space 


Let (Y,v,w,j) be a (pseudo-)Kahler space. We have seen that the space CY is 
equipped with 
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1) 
2) the Hermitian form (w)|w2) := Wy: vew, 
3) the symplectic form w; -wewe, and 

4) the charged symplectic form Wr - wows, 


(1) the symmetric form w1 - vcw2, 
( 
( 
( 


where w1, w € CY. 

The spaces Z and Z introduced in Subsect. 1.3.6 are isotropic for both bilinear 
forms vc and we and are mutually orthogonal for both sesquilinear forms. 

Let us concentrate on the (pseudo-)unitary structure on CY given by the form 
(-|-). Using the fact that j is anti-self-adjoint for v on Y we see that jc is anti- 
self-adjoint for (-|-) on CY. Therefore, the projections Iz and lz are orthogonal 
projections and hence the spaces Z and Z are orthogonal for (-|-). The map T VB 
introduced in (1.29) is (pseudo-)unitary, if we interpret Y as a (pseudo-)unitary 
space VY? equipped with the scalar product (1.37). This is the main reason why 
the identification T z is often used, at least for bosonic systems. 

The converse construction is as follows. Let Z be a (pseudo-)unitary space. 
Set V := Re(Z $ Z). Recall from Subsect. 1.3.6 that Z is naturally isomorphic 
to the holomorphic space for (Y,j), where the anti-involution j is given by 


(2,2) = (iz, iz) = (iz, —iZ). 
Y is equipped with the symmetric form 
(21,21) + V(Z2, Z2) := 2Re(z1 |22), 
and the symplectic form 
(21,21) + w(22, Z2) = 2Im(z1|22). 


Then (V, v,w,j) is a (pseudo-)Kahler space. 

If we first take a (pseudo-)Kahler space V, take its holomorphic space Z 
equipped with its (pseudo-)unitary structure, and then go to the (pseudo-)Kahler 
space Y = Re(Z © Z) constructed as above, we return to the original structure. 

If Z is complete, then the topological dual Y” can be identified with Re(Z @ 
Z) by setting 


((2,2)|(W, w)) := (z|w) + (Zw) = 2Re(z|w). 
With this identification we have 


w(z,Z) = (—iZ, iz). 


1.3.10 Conjugations on a (pseudo-)Kdhler space 


Proposition 1.90 Let (V,v,w,j) be a Kahler space. Let r E€ L(Y) be an invo- 
lution. Then the following statements are equivalent: 


(1) T is anti-unitary on (YS, CH). 
(2) r € OY, v), Tj = Jr. 
(3) T is anti-symplectic, Tj = —jr. 
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Definition 1.91 If the conditions of Prop. 1.90 are satisfied we say that T is a 
conjugation of the Kahler space V. 


Def. 1.91 is consistent with the definitions of a conjugation on a complex space, 
a symplectic space and a (pseudo-)unitary space. 

Assume that Y is a complete Kahler space with a conjugation T. Let ¥ := Y~7, 
which is a real Hilbert space for v. We can identify Y with ¥ @24 by (1.22), 
as in Subsect. 1.3.2. Having in mind applications to CCR representations (see 
Subsect. 8.2.7), we prefer, however, to describe a more general identification. We 
fix a bounded, positive and invertible operator c on ¥. Then the map 


T 


—ı. l+ ill 
yayo (Coti n 2o) 


= 


v) exer (1.38) 


is bijective. With this identification we have 


Se l 


xt, a7) v(x}, £3) = af -v2cxr? + a7 -vlo lx, 
1971 21% 1 2 1 1 


LI, 27) wld pay) = £] -vrz — r] vr}, (fsa Vex ex, i=1,2. 
19% 2 T2 1 2 1 2 ioti 


1.3.11 Real representations of the group U(1) 
Let Y be a real space. Consider the group U (1) ~ R/27Z and its representation 


U(1) € Ar w € L(Y). (1.39) 


Definition 1.92 Let n € {0,1,...}. A representation (1.39) is called a charge 
n representation if there exists an anti-involution jen such that 


ug = cos(n0) 1 + sin(n0)jen, 0 € U(1). (1.40) 


Proposition 1.93 (1) If (1.39) is a charge 1 representation, then 
uyF#y, OAYEY, OF 0EU(1), (1.41) 


and the operator jen in (1.40) coincides with ug /2. 
(2) If the representation (1.39) satisfies (1.41), then uz /2 is an anti-involution. 


Proof (2) Clearly, u2 = 1. Therefore, ux is diagonalizable and $(1+u,) are 
the projections onto its eigenvalues +1. By (1.41), Ker(1 — ur) = {0}. Therefore, 
ur = — Il. Now Us fy =u, =—l. 


Proposition 1.94 Assume that Y is either finite-dimensional or a real Hilbert 
space and the representation (1.39) is orthogonal. In both cases we suppose that 
the representation is strongly continuous. Then 


(1) Y= ® Vn, where Y, are invariant and (1.39) restricted to Y, is a charge 
n=0 
n representation. 
(2) The set of vectors y € Y satisfying (1.41) equals Yı. 
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idc 


Proof We can complexify Yy and write that ug c = e 
c. Clearly, specc C Z. Then V, := Ran lin ny (6) NY. 


on CY, for some operator 


Charge 1 representations are related to (pseudo-)Kahler structures. 


Proposition 1.95 Consider a charge 1 representation 
ug = cos(0)1 + sin(@jn, 0 € U(1). (1.42) 
(1) If Y is a real Hilbert space and ug € O(Y), 0 € U(1), then jen is a Kahler 


anti-involution. 
(2) If Y is a symplectic space and ug E€ Sp(y), 0 € U(1), then jen is a pseudo- 
Kahler anti-involution. 


1.4 Groups and Lie algebras 


In this section we fix terminology and notation concerning groups and Lie alge- 
bras, mostly consisting of linear or affine transformations. 
Throughout the section, Y and W denote finite-dimensional spaces. 


1.4.1 General linear group and Lie algebra 


Definition 1.96 GL(Y,W) denotes the set of invertible elements in L(Y, W). 
The general linear group of Y is defined as GL(Y) := GL(Y,y). 


SL(Y) := {r €GL(Y) : detr=1} 
is its subgroup called the special linear group of Y. 


Definition 1.97 The general linear Lie algebra of Y is denoted gl(Y) and equals 
L(Y) equipped with the bracket [a,b] := ab — ba. 


sl(Y) := {a € gl(Y) : Tra=0} 


is its Lie sub-algebra called the special linear Lie algebra of Y. 


1.4.2 Homogeneous linear differential equations 
Assume that R > t > a € gl(Y) is continuous, and t > s. 


Definition 1.98 We define the time-ordered exponential by the following con- 
vergent series: 


t oo 
Texp | audu := 5 SFS Qu,’ Qu, dun . . . duz. 


n=0 tou, >- 2u 2s 


For y € V, s € R, there exists a unique solution of 


d 
gtt T UY Ys = (1.43) 
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It can be expressed in terms of the time-ordered exponential as 


t 
Y= Texp | audu y. 


Clearly, if a, = a € gl(Y) does not depend on t, we can use the usual exponen- 
tial instead of the time-ordered exponential: 


t 
Texp | adu = e79", 


1.4.3 Affine transformations 


Definition 1.99 AL(Y, W) will denote W x L(Y,W) acting on Y as follows: 
if (w,a) E AL(Y,W) and y € Y, then (w,a)y := w + ay. Elements of AL(Y,W) 
are called affine maps from Y to W. We set AL(Y) := AL(Y,y). 


Definition 1.100 If GC L(V,W), we set AG:=WxG as a subset of 
AL(Y,W). 

In particular, if G C L(Y) is a group, then so is AG. The multiplication in 
AG(Y) is 

(y2, r2)(y1; r1) = (y2 + r241, r271). 

Thus AG(Y) is an example of a semi-direct product of Y and G, determined by 
the natural action of G on y, and is often denoted by Y x G. 
Definition 1.101 The general affine Lie algebra of Y is agl(V) := VY x L(V) 
equipped with the bracket 


[(y2,a2), (y1,a1)] = (a241 — a142, a201 — a102). 


Definition 1.102 If g C gl(Y), then we set ag := Y x g as a subset of agl(V). 


Clearly, if g is a Lie algebra, then so is ag. It is an example of the semi-direct 
product of Y and g, determined by the natural action of g on J, and is often 
denoted by Y x g. 


1.4.4 Inhomogeneous linear differential equations 


Consider a continuous function R 3 t — (w, a+) € agl(Y). Then, for y € V, s € 
R, there exists a unique solution of 


d 
at = Wi + Yt, Ys =Y. (1.44) 


It can be written as 


t t t 
Yi = (te f audu) w,dv + (tex f audu) y. (1.45) 
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If (wr, a) = (a, w) € agl(Y) does not depend on t, then (1.45) reduces to 
Y= ia (e99 — l)w + etay, 
This motivates setting 
e0) :— (at (e — 1w, ef) € AGL(Y). 
Note in particular that 


(9) — (0,e°), (0) — (w, 1). 


1.4.5 Exact sequences 
Let 7: F = G, p : G — H be homomorphisms between groups. 
Definition 1.103 By saying that 
F&GŻŁH (1.46) 
is an exact sequence, we mean that Rana = Ker p. 


Often, if they are obvious from the context, 7, p are omitted from (1.46). 
The one-element group is often denoted by 1. Therefore, 


1=>F>G>H->1 (1.47) 


means that F is a normal subgroup of G and we have a natural isomorphism 
H ~ G/F. 


1.4.6 Cayley transform 
Let Y be a vector space. Let r € L(V) and r + 1 be invertible. 
Definition 1.104 We define the Cayley transform of r as 
y:= (l-r) +r). 
Note that y+ 1 is again invertible and 
r=(1-)A+7y)'. 
Hence the Cayley transform is an involution of 
{a € L(Y) : r+ lis invertible}. (1.48) 


Let r1,r2,r belong to (1.48) with r = rirg. Let 71, %2, y be their Cayley trans- 
forms. Then we have the identity 


1+ y= (1+ ~%)(1+ 1%) (+ 1). (1.49) 


Suppose that V is a finite-dimensional symplectic space. Then the Cayley 
transform is a bijection of 


{r € Sp(V) : r+ 1 is invertible} 
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onto 
{+ € sp(Y) : y+ lis invertible}. 


If Y is a Euclidean space, then the same is true with S'p(V), sp(V) replaced 
with O(Y), o(Y). 

If Y is a unitary space, then the same is true with S'p(V), sp(V) replaced with 
UW), u(y). 


1.5 Notes 


Most of the material in this section is a collection of concepts and facts from 
any basic linear algebra course, after a minor “cleaning up”. The need for a 
particularly precise terminology in this area is especially important in differential 
geometry. Therefore, in the literature such concepts as Kahler, symplectic and 
complex structures typically appear in the context of differentiable manifolds; 
see e.g. Guillemin-Sternberg (1977). They are rarely considered in the (much 
simpler) context of linear algebra. 
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Operators in Hilbert spaces 


In this chapter we recall basic properties of operators on topological vector 
spaces. We concentrate on Hilbert spaces, which play the central role in quantum 
physics. 


2.1 Convergence and completeness 


We start with a discussion of various topics related to convergence and complete- 
ness. 


2.1.1 Nets 
Nets are generalizations of sequences. In this subsection we briefly recall this 


useful concept. 


Definition 2.1 A directed set is a set I equipped with a partial order relation 
< such that for any i,j € I there exists k € I such thati < k, j < k. 


We will often use the following directed set: 


Definition 2.2 Let I be a set. We denote by oF the family of finite subsets of 
I. It becomes a directed set when we equip it with the inclusion. 


Definition 2.3 Let S be a set. A net in S is a mapping from a directed set I to 
S, denoted by {x; pier. 


Definition 2.4 A net {x;}ier in a topological space S converges to x € S if for 
any neighborhood N of x there exists i € I such that if i < j then xj EN. We 
will write x; —> x. If S is Hausdorff, then a net in S can have at most one limit 
and one can also write lim z; = x. 


Definition 2.5 Let X be a topological space and U C X. Then U? will denote 
the closure of U, which is equal to the set of limits of all convergent nets in U. 


2.1.2 Functions 
Definition 2.6 Let X,Y be sets. Then c(X, V) is the set of all functions from 
X to Y. Clearly, c(X,K), is a vector space over K. We often write c(¥) for 
c(¥,C). f € ce(%,K) is called finitely supported if f~t (K\{0}) is finite. ce(%, K) 
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denotes the space of finitely supported functions in c(¥,K). If x € X, define 
l, Sy; 

bx € ce(X, K) by z(y) = ; zp ane Clearly, each element of c.(¥,KK) can be 
» LF Y. 

written as a unique finite linear combination of {ôs : x € X}. Sometimes, it 

will be convenient to write x instead of ôr. 


Definition 2.7 Let X,Y be topological spaces. Then C(X,Y) is the set of all 
continuous functions from X to VY. Clearly, C(X, K) is a vector space over K. We 
often write C(X) for C(X,C). C.(¥,K) denotes the set of compactly supported 
functions in C(4’, KR). 


We will use various styles of notation to introduce a function f with domain 
X, such as ¥ 5 x> f(x) or {f(x)}cex. Sometimes, we will simply write that 
we are given a function f(x). This is possible, if we declared before that x is the 
generic variable in X, or at least if it is clear from the context that x should be 
understood this way. Thus z is not a concrete element of 1, it is just a symbol 
for which we can substitute an arbitrary element of ¥. 

For example, the notation [a;;] is sometimes used for a matrix. Here, i is 
understood as the generic variable in {1,...,n} and j as the generic variable 
in {1,...,m}, where n, m should be clear from the context. Thus [a;;] is an 
abbreviation for {1,...,n} x {1,...,m} 3 (i, j) = a,j. 

Generic variables are also used in some other situations, e.g. as a part of the 
notation for integration or differentiation. 


2.1.3 Topological vector spaces 
Let E be a topological vector space. 
Definition 2.8 If U C E, we will use the shorthand Span (U) for (Span())". 
Definition 2.9 A net {xi}icr in a topological vector space E is Cauchy if, for any 


neighborhood N of 0, there exists i € I such that if i < j,k, then zj —a, EN. 
E is complete if every Cauchy net is convergent. 


Proposition 2.10 There exists a complete topological vector space containing E 
as a dense subspace. If E1 and Ez are two such complete spaces, then there exists 
a unique linear homeomorphism T : €; — E> such that rae = Ig. 


Definition 2.11 The complete vector space, described in Prop. 2.10 uniquely up 
to isomorphism, is called the completion of E and denoted E™®!. 


2.1.4 Infinite sums 


Let E be a topological vector space and {x;}ie7 a family of elements of E. 
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Definition 2.12 We say that the series X` x; is convergent if the net 
ier 
Ser ey jez , is convergent. The limit of the above net will be denoted by 
‘ fin 


ys oe 


iel 
Assume that € is a normed space. 


Definition 2.13 We say that the series X` x; is absolutely convergent if the 
tel 
numerical series X. ||x;|| is convergent. 
tel 

Proposition 2.14 (1) For every absolutely convergent series, the set 
{i : x; #0} is at most countable. 

(2) Every absolutely convergent series in a Banach space is convergent. 

(3) In a finite-dimensional space, a series is convergent iff it is absolutely con- 
vergent. 


2.1.5 Infinite products 
Let {a;}ie, be a family in C. 


Definition 2.15 First assume that x; 4 0 for alli € I. In this case, the infinite 


product [] 2; is called convergent if the net {II Tit jez converges to a non- 
iel ied fin 
zero limit in C. The limit will be denoted by 


IEZ 
tel 


In the general case, one says that [| x; is convergent if Io = {i € I : x; = 0} is 


icl 
finite and the infinite product [| 2x; is convergent in the above sense. If In £0, 
i€I\Io 
one sets 
[[«: = 0. 
icl 


It is easy to see that the convergence of [| z; is equivalent to the convergence 
i€l 
of X` |x; — 1|. Therefore, if [] x; converges, then the set {i € I : x; £1} is at 
i€l i€l 
most countable and x; —> 1. 


2.2 Bounded and unbounded operators 
2.2.1 Normed vector spaces 


Let H, K be normed spaces over K = R or C. 
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Definition 2.16 We equip the complex conjugate space H with the norm \|®|| := 
|e, €H. 


Definition 2.17 B(H,K) denotes the space of bounded linear operators from 
H to K. We set B(H) := B(H, H). H* := B(H,K) is the topological dual of H 
and H* := B(A, K) =H? =H" is the topological anti-dual of H. 


Remark 2.18 Note that the meaning of the symbol H*, resp. H* depends on 
the context: if we consider H as a vector space without a topology, it will denote 
the algebraic dual, resp. anti-dual. see Defs; 1.8, resp. 1.54. If H is considered 
together with its topology, it will denote the topological dual, resp. anti-dual. 


Definition 2.19 By saying that A is a linear operator from H to K, we will 
not necessarily mean that it is defined on the whole H. We will just mean that 
there exists a subspace D of H such that A € L(D,K). The space D will be called 
the domain of A and denoted Dom A. The subspace Gr A := {(®, A®) : ®E 
Dom A} CHEK is called the graph of A. 


Definition 2.20 A linear operator A from H to K is closed if Gr A is closed 
in H@®K. It is called closable if it has a closed extension. Its minimal closed 
extension is called the closure of A and denoted by A. Cl(H,K) will denote the 
set of closed, densely defined operators from H to K. 


Proposition 2.21 Let A € B(H,K). Then A is closable as an operator from 
H?! to KPL and A € B(H®!, K®!). 


Definition 2.22 Let A be an operator on H. We say that z € C belongs to the 
resolvent set of A if A — z1 : Dom A — H is bijective and (A — z1l)~! € B(H). 
The resolvent set of A is denoted by res A. The set spec A = C\res A is called the 
spectrum of A. 


Definition 2.23 (1) If A is an injective linear operator, then we set 
Dom A7! := Ran A. 
(2) If A,B are two linear operators, we set 


Dom AB := {$ € Dom B : B® € Dom A}. 


(3) If A,B are two linear operators on H, their commutator and anti- 
commutator are the operators given by 


|A, B] := AB — BA, [A,B], := AB + BA, on Dom ABN Dom BA. 


In the case that H is a Hilbert space, sometimes we will consider |A, B], 
[A, Bl, as quadratic forms on Dom AN Dom A* N Dom BN Dom B*. For 
example, 


(O|[A, BJ) := (4* | BY) — (B*O| AV). 
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2.2.2 Scalar product spaces 


Let H be a unitary space (a complex space equipped with a scalar product). 
The scalar product of ®, Y € H will be denoted by (®|WV) or ®- Y. Recall that 
a complete unitary space is called a complex Hilbert space, where one usually 
omits the word “complex”. Note that if H is a Hilbert space, then H equipped 
with the scalar product (W|®) := (W|®) is a Hilbert space as well, and the map 
H > +> © € His anti-unitary (see Subsect. 1.2.10). The Riesz lemma says that 
H* =H’ is naturally isomorphic to H. Sometimes, however, other identifications 
are convenient; see Subsect. 2.3.4. 

In a Euclidean space (a real space equipped with a scalar product) we prefer 
to denote the scalar product by (®|V) or ® - Y. Recall that a complete Euclidean 
space is called a real Hilbert space. If is a real Hilbert space, the Riesz lemma 
says that H* is naturally isomorphic to H. 


Remark 2.24 If we compare Def. 1.54 with this subsection, we see that Z-w 
or (w|z) may stand for the pairing between vectors in two distinct spaces in an 
anti-dual pair, or for the scalar product of two vectors in the same Hilbert space. 

Analogously, if we compare Def. 1.8 with this subsection, we see that v-y or 
(uly) may stand for the pairing within a dual pair, or for the scalar product in 
the same real Hilbert space. 

There are more such ambiguous notations, whose exact meaning depends on 
the context; see e.g. Remark 2.18. These ambiguities should not cause any diffi- 
culties. 


Remark 2.25 As we see above, there are minor differences in the notation and 
terminology between real and complex Hilbert spaces. In what follows, we often 
discuss both cases at once. We then use the notation and terminology of complex 
Hilbert spaces, their modification to the real case being obvious. 


Definition 2.26 Let H be a real or complex Hilbert space. A family of vectors 
fe;}ier is called an orthonormal system if (e;|e;) = 5;;. If in addition Span" {e; : 
i € I} = H, we say that it is an orthonormal basis, or an o.n. basis for brevity. 


Definition 2.27 Let H be a topological vector space. We say that it is a Hilbert- 
izable space if there exists a scalar product on H that generates its topology and 
H is complete in the corresponding norm. 


2.2.8 Operators on Hilbert spaces 


In this subsection we discuss basic definitions concerning operators on complex 
and real Hilbert spaces. We try to be as close as possible to the usual terminology, 
fixing, however, some of its obvious flaws (see Remark 2.30). 

We start with the complex case. Let H1, H2, H be complex Hilbert spaces. Let 
A be a densely defined operator from Hı to H2. 
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Definition 2.28 The operator A* from Hə to Hı defined by 
(®2, V1) € Gr A* & (®2| A81) = (V181), $1 € Dom A, 


is called the adjoint of A. We set A* := A = A*, which is an operator from Ho 
to Hı. 


Note that A* and A* are automatically closed. Moreover, A is closable iff 
Dom A*, or Dom A* is dense. We then have A** = A*# = A". 

If A is bounded, then so are A* and A”. As an example of adjoints, consider 
® € H and let us note the identities |®)* = (®| (see Def. 1.70). 


Definition 2.29 (1) Densely defined operators on H satisfying A C A* are 
called Hermitian. 

(2) Densely defined operators from H to H satisfying A C A* are called sym- 
metric. 


Remark 2.30 Note that, unfortunately, in a part of the literature the word 
“symmetric” is often used to denote Hermitian operators. This is an incorrect 
usage. 


Definition 2.31 (1) Densely defined operators on H satisfying A* = A are 
called self-adjoint and those satisfying A* = —A anti-self-adjoint. The set 
of bounded self-adjoint operators on H is denoted by By(H), and the set of 
all self-adjoint operators on H by Ch (H). 
The set of bounded symmetric, resp. anti-symmetric operators from H to H 
is denoted B,(H,H), resp. B,(H,H). The set of all operators from H to H 
satisfying A = A*, resp. A = —A* is denoted Cl,(H,H), resp. Cl,(H, H). 

Self-adjoint and anti-self-adjoint operators are automatically closed. Likewise, 
operators in Cl, (H, H) and Cl,(H,H) are automatically closed. 

A is anti-self-adjoint iff iA is self-adjoint. 

Let us now consider the real case. Let H1, H2, H be real Hilbert spaces. Let A 
be a densely defined operator from Hı to H2. 


Definition 2.32 The operator A* from Hə to Hı defined by 


As, 
N 
YS 


(Bo, Y1) E GrA* ($| A®1) = (WU, |®,), PE Dom A, 


is called the adjoint of A. 


Note that A* is automatically closed. Moreover, A is closable iff Dom A* is 
dense and we then have A**# = A‘. 

If A is bounded, then so is A*. As an example of adjoints, consider ® € H and 
let us note the identity |&)* = (®| (see Def. 1.24). 


Definition 2.33 Densely defined operators on H satisfying A C A* are called 
symmetric. 
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Definition 2.34 Densely defined operators on H satisfying At = A, resp. 
At = —A are called self-adjoint, resp. anti-self-adjoint. The set of bounded self- 
adjoint, resp. anti-self-adjoint operators on H is denoted by B,(H), resp. B,(H). 
The set of all self-adjoint, resp. anti-self-adjoint operators on H is denoted by 
Cl,(H), resp. Cla (H). 


Self-adjoint and anti-self-adjoint operators are automatically closed. 


2.2.4 Product of a closed and a bounded operator 


Proposition 2.35 Let G € CH1, H2), H E€ B(H2, H3). We define HG and 
G* H* with their natural domains, as in Def. 2.23. Then HG is densely defined, 
so that we can define its adjoint, and we have 


(HG)* = G*H*. (2.1) 
Besides, G* H* is closed. 
Proof By Def. 2.23, 


Dom HG = DomG, i 
Dom G* H* = {® € Ha : H*® € Dom G*}. (2.3) 


G is densely defined. By (2.2), so is HG. It immediately follows that 
(HG)? 2G H*. 


Suppose that Y € Dom(HG)*. This means that for some C 


(U|HG®)| < C||®||, ® € DomG. 
Thus 

|(H*U|G®)| < C||®||, & € DomG. 
Hence, H*Y € Dom G*. Thus 
(HG)* c G*H*. 


This ends the proof of (2.1). G*H* is closed as the adjoint of a densely defined 
operator. 


2.2.5 Compact operators 
Let H1, H2, H be real or complex Hilbert spaces. 


Definition 2.36 We denote by Bx.(Hi,H2) the space of compact operators from 
Hı to Hz and set Bx(H) := Bæ(H, H). 
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Proposition 2.37 If A € Bo(H) is self-adjoint, then H has an o.n. basis 
{e;}jer of eigenvectors of A for a family {A;}jer of real eigenvalues having 
0 as its only possible accumulation point. 


2.2.6 Hilbert—Schmidt and trace-class operators 
Let Hı, H2, H be real or complex Hilbert spaces. 


Definition 2.38 A € B(Hı, H2) is called Hilbert-Schmidt if TrA*A < co. The 
space of Hilbert-Schmidt operators is denoted B? (Hı, H2) and is a Hilbert space 
for the scalar product Tr B* A. 


Definition 2.39 If A € B(Hı, H2), then |A| := VA*A is called the absolute 
value of A. We say that A is trace class if Tr|A| < co. The space of trace-class 
operators is denoted B‘(H1,H2). 


Note the following proposition: 


Proposition 2.40 Let A € B'(H)and B, € B(H), with B, — B weakly. Then 
Tr B A — Tr BA. 


Definition 2.41 Positive elements of B!(H) having trace 1 are called density 
matrices. 


Definition 2.42 If 3 > 0 is a number, H a self-adjoint operator and Tre~?# < 
oo, then the density matrix 


ee Te e fH 


is called the Gibbs density matrix for the Hamiltonian H and inverse temperature 


b. 
Definition 2.43 For 1 < p< œ, the p-th Schatten ideal is 


B’ (Hı, H2) := {A € B(M1, Hə) : TrlAl? < oo}. 


2.2.7 Fredholm determinant 
Let H be a real or complex Hilbert space. 
Definition 2.44 We denote by 1+ B! (H) the set of operators of the form 1+ A 
with A € B'(H). If H is a complex, resp. real Hilbert space, we set 


U (H) := U(H) N (14+ B'(H)), resp. O(H) := O(H) A (1 + B! (H)). 


Theorem 2.45 There exists a unique function 1+ B!(H) 3 R+ det R € C sat- 
isfying the following properties: 
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(1) F H=H, Hə with dim Hı < œ and R= R, Gl, then det R = det Ri, 
where det R, is the usual determinant of the finite-dimensional operator R,. 
(2) B'(H) > A> det(1+ A) is continuous in the trace norm. 


Definition 2.46 det R is called the Fredholm determinant of R. 


The following properties follow easily from Thm. 2.45: 


Proposition 2.47 (1) det Ri Ro = det Rı det Ro, det R* = det R. 
(2) Let A € B'(H). Then 1+ A is invertible iff det(1+ A) 4 0. 
(3) If H is a complex, resp. real Hilbert space, then 


|det R| = 1, for R € U\(H), resp. det R= +1, for RE O,(H). 


Definition 2.48 Let A € B?(H). The regularized determinant of 1+ A is 
det2(1 + A) := det((1+ A)e~“). (2.4) 
The regularized determinant can sometimes be used instead of the usual deter- 
minant. 


Proposition 2.49 Let A € B?(H). Then 1+ A is invertible iff detz(+ A) Æ 0. 


2.2.8 Derivatives 
For functions on a vector space, one can distinguish several kinds of deriva- 
tives. In the following definition we recall the directional derivative, the Gateaux 
derivative and the (most commonly used) Fréchet derivative. 

Let V be a real or complex vector space and G be a complex-valued function 
defined on a subset U of VY. To define the directional derivative of G at a point 
yo EU, U has to be finitely open, i.e. the intersection of U with any finite- 
dimensional subspace of Y should be open (for its canonical topology). 


Definition 2.50 Let Y be a real or complex normed space and G be a complex- 
valued function defined on a subset U of Y. 


(1) Assume that U is finitely open. We say that the derivative of G in the direc- 
tion of y E€ Y at yo exists if 

d 

-VG := — 

y: VG(yo) = a 


(Here t is a real parameter if Y is real, and complex if Y is complez.) 
We say that G is Gateaux differentiable at yo if 


D:={y EY : y- VG(yo) exists} 


is a dense linear subspace of Y and the map 


G(yo + fy) | cas exists. 


Dayry-VG(yo)EC 


is a bounded linear functional. 
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(2) Assume that U is open. We say that G is Fréchet differentiable at yo if there 
exists a bounded linear functional v such that 


Gyo + y) — G(yo) = vy _ 


0. 
y>0 llyll 


If such a functional exists, it is necessarily unique and is denoted VG(yo). 


Note that if the Fréchet derivative exists, then so does the Gâteaux derivative, 
and they are equal. 

For example, consider the function Dom H? 3 y œ G(y) = (y| Hy), where H 
is a positive self-adjoint operator. The set Dom H? is obviously finitely open. G 
is Gâteaux differentiable at yo iff yo € Dom H. It is Fréchet differentiable iff H 
is bounded. 


2.3 Functional calculus 
2.3.1 Holomorphic functional calculus 
Let H be a Banach space and A € B(H). The basic construction of the holomor- 


phic functional calculus is described in the following definition: 


Definition 2.51 Let f be a function on spec A that extends to a function holo- 
morphic on an open neighborhood of spec A. Let y be a closed curve encircling 
spec A counterclockwise and contained in the domain of f. We set 


jaan 


Oni 


proca- A)~' dz. (2.5) 


y 
It is easy to see that (2.5) does not depend on the choice of the curve y. 
Let © be a subset of spec A. 

Definition 2.52 The characteristic function of the set O is defined as 


1, z€ ©, 
le (z) := 
0, z€specA\O. 
Suppose that © is a relatively open and closed subset of spec A. Then 


the function lọ satisfies the assumptions of the holomorphic spectral 
calculus. 


Definition 2.53 1lo(A) is called the (Riesz) spectral projection of A onto ©. 
Clearly, if y encircles ©, staying outside of spec A\O, then 


bana fen — A) ldz. (2.6) 


Ori 
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2.3.2 Functional calculus for normal operators 


In the case of Hilbert spaces, besides the holomorphic calculus, we have another 
functional calculus based on the spectral theorem, which applies to normal oper- 
ators. 

Let us be more precise. Let H be a real or complex Hilbert space. 


Definition 2.54 An operator A on H is called normal if Dom A = Dom A* and 
(A®|AV) = (A*O|A*V), 6, Y € Dom A. 


Self-adjoint and unitary operators are normal. In the case of normal operators 
the spectral theorem can be used to extend the functional calculus to a much 
larger class of functions. 

Let A be a normal operator on a complex Hilbert space. 


Definition 2.55 If f : spec A — C is Borel, we define f(A) by the functional 
calculus for normal operators. 


For normal operators we can extend the definition of spectral projections to a 
much larger class of sets. 


Definition 2.56 Let © be a Borel subset of spec A. The operator le (A) is called 
the spectral projection of A onto ©. 


Let us now consider the functional calculus on real Hilbert spaces. Let H 
be a real Hilbert space and A a normal operator on H. Then we can apply 
the functional calculus to the operator Ac on CH. Note that spec Ac satisfies 
spec Ac = spec Ac. If a Borel function f on spec A satisfies 


IO) =f), (2.7) 


then f(Ac) preserves H, and the formula f(A) := f (Ac)| n defines an operator 
on H. 

These conditions are satisfied, for instance, if A is a self-adjoint operator on 
H and f is a real Borel function. Note that in this case f(A) is a self-adjoint 
operator on H. 

Let us describe another application of functional calculus on real Hilbert spaces 
that we will need. Let R € O(H) be such that Ker(R + 1) = {0}. Consider the 
function f(z) = z' for t € R, where if t ¢ Z we take the principal branch of 2, 
with a cut along the negative semi-axis. Note that z* is not defined for z = —1. 
However, Il;_1;(Rc) = 0; therefore Ri is well defined. Moreover 2* satisfies (2.7), 
so we can define Rt. Note that Rt € O(H) and Rt R: = R*+. For |t| < 1, we have 
Ker(R! + 1) = {0} and (R‘)* = R*. 


2.3.8 Spectrum of the product of operators 
It is well known that if A, B € B(H), then 


spec (AB)\{0} = spec (BA)\{0}. 
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This is also true if AB and BA are closed with spec (AB), spec(BA) 4 C; 
see Hardt—Konstantinov-Mennicken (2000). We will need the following related 
facts: 


Proposition 2.57 (1) Let A,B be two linear operators on a Hilbert space H 
such that AB and BA are closed. Let z € C such that z ¢ spec (AB) U 
spec (BA). Then 


A(z — BA)~' = (z1 — AB)"'A. 


Moreover, if A,B € B(H) and f is holomorphic near spec (AB) U spec (BA), 
then 


Af(BA) = f(AB)A. 
(2) If A€ Cl(H) and f is a bounded Borel function, then 
Af(A*A) = f(AA*)A. 


Proof Let ® € Dom A and (zl— BA)W = ®. Then BAY = zY — ® € Dom A 
and ABAY = zAV — A® hence AV € Dom AB and (zl — AB)AY = A®. This 
proves (1). 

To prove (2) we note that A*A and AA* are self-adjoint, so the identity 
A(z1— A*A)! = (z1 — AA*)~A for z € C\R is true by (1). It extends by the 
usual argument to all bounded Borel functions. 


2.3.4 Scale of Hilbert spaces associated with a positive operator 
Let H be a real or complex Hilbert space. 
Definition 2.58 For an operator B on H we will write B > 0 if it is positive 
self-adjoint. If in addition 0 is not an eigenvalue of B, then we will write B >Q. 

Let B > 0. Let us introduce the scale of Hilbert spaces associated with B. The 
Hilbert space H will play the role of a “pivot” space. 

If H is real, we will identify H* with H, and if H is complex, we identify H* 
with H, using the scalar product. 


Definition 2.59 We equip DomB~* with the scalar product (®|V)_, := 
(B-*®|B-*W) and the norm ||B~*®||. We set 


B*H := (DomB~*)™. 


Proposition 2.60 (1) B-*H = Dom B® ifs > 0 and 0 ¢ spec B. 

(2) B': Dom B-*N Dom B' > Dom B~* extends continuously to a unitary 
map from B°H to BSH. 

(3) (B'FH = BVH. 
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(4) If H is complex, the sesquilinear product (V|®) on Dom B® x Dom B~* 
extends continuously to BH x B*H and one can unitarily identify (B*H)* 
with BH. 

(5) If H is real, the bilinear product (¥|®) on Dom B® x Dom B~* extends con- 
tinuously to BSH x B*H and one can isometrically identify (B°H)* with 
BH. 


Definition 2. 61 If Bi, By are two positive self-adjoint operators, we write Bı < 
Bə if Dom B? a Dom B? and 


1 1 
|B? Ol? < |B; Ol)”, ® € Dom By. 


If 0 < Bı < By, then the Kato-Heinz theorem says that 0 < BY < Bs for 
a € [0,1]. If0 < Bı < B2, then also 0 < By° < B,“, for a € [0,1]. This implies 
the following fact: 

Proposition 2.62 Let0 < Bı < By and — 
dings 


t <a< E. Then the natural embed- 
Ia : BYH — B; H 
are contractive and I% = I-a. 
Note also the following useful fact, which follows from the three lines theorem. 


Proposition 2.63 Let B > 0 be a self-adjoint operator. Let Y € Dom B. Then 
{z : 0<Rez<1}>z=> B’Y 


is a continuous function holomorphic in the interior of the domain and satisfying 
the bound 


| BY || < eR BY]. 


2.3.5 Co-semi-groups 
Let H be a real or complex Hilbert space. 
Definition 2.64 A Co-semi-group is a one-parameter semi-group [0,co[D t => 


U(t) € B(H) continuous in the strong topology. Every Co-semi-group U(t) has 
the generator A defined by 

Dom A := {o EH ::s-— lim t (U(t)® — ®) =: A® exists} ; 
In such a case we will write U(t) =: 4. 


The generator of a Co-semi-group is always closed and densely defined. 
The set of generators of Co-groups in O(H) and U(H) coincides with the set 
of anti-self-adjoint operators. This fact is known as Stone’s theorem. 
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Definition 2.65 If R 5t U(t) is a unitary Co-group, then the self-adjoint 
generator of U(t) is the operator B defined as U(t) =e’? . 


Definition 2.66 A is a maximal dissipative operator if it is a closed densely 
defined operator such that Re(®|A®) < 0 for ® € Dom A and Ran(—A+ Al) = 
H for some A > 0. 


The Hille-Yosida theorem says that the set of generators of Co-semi-groups 
of contractions coincides with the set of maximal dissipative operators. A is 
maximal accretive if —A is maximal dissipative. 


2.3.6 Local Hermitian semi-groups 


Let H be a real or complex Hilbert space. Clearly, if [0, oo[5 t => U(t) € B(H) 
is a Cy-semi-group of self-adjoint contractions, then U(t) = e~'4 for A positive 
self-adjoint. 

The notion of local Hermitian semi-groups, due to Klein—Landau (1981a) and 
Fröhlich (1980), allows us to extend this construction to the case of semi-groups 
of unbounded Hermitian operators. It is particularly important in the Euclidean 
approach to quantum field theory, especially at positive temperatures. 


Definition 2.67 Let T >0. A local Hermitian semi-group {P(t),D;}:e0,r) is 
a family of linear operators P(t) on H and subspaces D, of H such that 


(1) Do = H, Di D Ds fOst<s<sTandD= Yp Pi is dense in H; 
< 


(2) P(t) is a Hermitian linear operator with Dom P(t) = D; such that P(0) = 
1, P(s)Di C Dis forO<s<t<T, and P(t)P(s) = P(t + s) on Dis for 
t,s,t+ s € [0,T]; 

(3) tr P(t) is weakly continuous, i.e. for ED, the map [0,s]>t—> 
(®, P(t)®) is continuous. 


Remark 2.68 In the literature, local Hermitian semi-groups are often called 
local symmetric semi-groups. 


An example of a local Hermitian semi-group is P(t) = e~", D, = Dome", 


with T = œ, if H is a self-adjoint operator on H. The following theorem shows 
that all local Hermitian semi-groups are restrictions of groups of unbounded 
self-adjoint operators of this form. 


Theorem 2.69 Let {P(t),D;}iejo,r} be a local Hermitian semi-group on H. 
Then there exists a unique self-adjoint operator H on H such that 

(1) Di C Dome ™” , e |, = P(t) for0 <t <T; 

(2) For any 0 < T' <T, 5 U U P(s)D; is a core for H. 


<t<T! 0<s<t 


(The core of a Hermitian operator is defined in Subsect. 2.3.7). For the proof 
one needs a definition and a lemma due to Widder (1934). 
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Definition 2.70 A continuous function r :|Ti, To] —> R is OS positive if for 
any NEN and t,...,t, ER such that Ti <t, +t; < Th the matrix [r(t;+ 
ty i<ij<n is positive. 


Lemma 2.71 The continuous function r : [T,,T2] > R is OS positive iff there 
exists a positive measure v such that \+>e~ belongs to L'(R,dv) for each 
te Ti, To] and 


r(t) = f ava). 


Proof of Thm. 2.69. We fix 0 <t<T and © € D; and set r(s) = || P(s/2)®||? 
for s € [0, 2t]. The function r is continuous by the weak continuity of P(s). Using 
the symmetry and semi-group property we see that r is OS positive on (0, 2t]. 
By Lemma 2.71, there exists a measure v on R such that r(s) = f,e~**dv(A), 
s € [0,2t]. We note that 


(P(s:)®|P(s.)®) = r(s; + 59) = J sar OS 81,82 St. (2.8) 

R 

For z € C, set g.(A) :=e7*. Since the span of {gs : 0 < s < t} is dense in 
the Hilbert space L? (R, dv), we see that the map 


J: L?(R,dv) 3 gs P(s)® € H 


extends by linearity and density to a unitary map between L?(R,dv) and the 
closed span of {P(s)® : s € [0,t]}. The map 


zt g: (A) € L’ (R, dv) 


is clearly holomorphic in the strip {0 < Rez < t} and continuous up to the 
boundary. Applying J, we obtain that the map s — P(s)® is the restriction 
to [0, t] of a map z+> ®(z) with the same properties. We define now 


U(y)® := ®(iy), yER. (2.9) 


Clearly, U(y) is defined on D. We claim that U(y) extends to H as a strongly 
continuous unitary group. To prove that U(y) is isometric, we use the identity 


(®(21)|®(22)) = f e- F-2)Ady(), 


which follows from (2.8) by analytic continuation. The map U(y) is clearly linear 
on D, if we note that U(y)® is independent of the space D, to which ® belongs 
and use that two vectors 6, ¥ € D always belong to a common space D;. The 
strong continuity of y+ U(y) follows from the norm continuity of ®(z). 

To prove the group property, we pick ®e€D, and set (51,582) = 
P(s1)P(s2)® = P(s; + s2)® for 51, 82,81 + s2 € [0,t]. We first analytically con- 
tinue ®(s;, s2) in sı to ®(iy, s2) = U(y,)P(s1)® and then in s2 to ®(iy, iy2) = 
U(yi)U(y2)®. Since P(s)® analytically continues to ©®(z), we see that 
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P(sı + 52)f analytically continues in (51,52) to (iyı + iy.) = U (yı + y2) f. 
Therefore, U(y1)U(y2)® = U (yı + y2)®. 

We now uniquely define a self-adjoint operator H by U(y) =: e7”". We note 
that if ® € D;,, then 


(eu y)e) = fear, 
R 
hence dv(A) = d(®|j_..,y)(H)®), which implies that 6 € Dome~”. The two 
functions e~'”" ® and ®(iy) coincide and are the boundary values of the functions 
e-*"@ and (z), both holomorphic in the strip {0 < Rez < t} and continuous 
up to the boundary. It follows that these two holomorphic functions coincide 
everywhere and hence in particular 


D(t) = P(t)6 =e "6, 


This shows the existence of a self-adjoint operator H satisfying (1). If Hi, Hə 
are two such operators, then the same analytic continuation argument shows 
that eH: = eH: ð for ® € D, which implies that Hı = Hy. We refer to 
Klein—Landau (1981a) for the proof of (2). 


2.3.7 Essential self-adjointness 
Let A be a Hermitian linear operator on a Hilbert space H, i.e. such that A C A*. 
Definition 2.72 A is called essentially self-adjoint if A is self-adjoint. If the 
domain D of A needs to be specified, one says that A is essentially self-adjoint 


on D. If a self-adjoint operator A is the closure of Al one says that D is a 
core for A. 


Definition 2.73 If A is any operator, vectors ® € ()„, Dom A” satisfying for 
somet >0 


SS Aal o o 


n! 
n=0 


are called analytic vectors of A. 
Let us give three criteria for essential self-adjointness, all due to Nelson. 
Theorem 2.74 (1) (Nelson’s commutator theorem) Let A be Hermitian and B 
self-adjoint positive on H with Dom B C Dom A. Assume that 
|A®|? < CII(B + Ie’, |(A®|B8) — (BS|A®)| < C(S|(B + 1)8), 
® € Dom B. 
Then A is essentially self-adjoint on Dom B. 


(2) (Nelson’s invariant domain theorem) Consider U; = e4, a strongly con- 
tinuous unitary group on H. Let D be a dense subspace of H such that 
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D C Dom A and D is invariant under U,. Then A is essentially self-adjoint 
on D. 

(3) (Nelson’s analytic vectors theorem) Let A be a Hermitian operator possessing 
a dense space of analytic vectors. Then it is essentially self-adjoint on this 
space. 


A useful application of the notion of essential self-adjointness are the following 


two versions of Trotter’s product formula: 


Theorem 2.75 (1) Let A, B be two self-adjoint operators on H such that A+ B 
with domain Dom AN Dom B is essentially self-adjoint. Then 


. c , ? n 
el(At+B) 1 =s — lim (e4/neitB/n ) f 


n—> o 


(2) Suppose in addition that A, B are bounded below. Then 


e™t(A+B)® Lg — lim (E t>0. 


n—> coo 


2.3.8 Commuting self-adjoint operators 
Let A, A> be self-adjoint operators on H. 
Definition 2.76 We say that A; and Ay commute if all their bounded Borel 


functions commute in the usual sense. (It is enough to demand e.g. that e41 
commutes with e242 for any ti, tz E€ R.) 


If A,,..., A, are commuting self-adjoint operators, then for any Borel function 
F on R” we can define F(A1,..., An) by the self-adjoint calculus. 
One can generalize this as follows. Let ¥ be a real vector space. 


Definition 2.77 We will say that 
X > a (x|A) € Ch,(H) (2.10) 


is an X* -vector of commuting self-adjoint operators if there exists a unitary 
representation X > a> U(x) E€ U(H) such that, for all x € X, R 5t U(tz) 


is strongly continuous and U (tx) = elt (lA), 


Consider a vector of commuting self-adjoint operators (2.10). Clearly, (xı |A}, 
(£x2| A) commute for any £1, x2 € X. If F is a Borel function that depends on 
a finite-dimensional subspace of X¥#, we can define F(A) by the self-adjoint 
functional calculus. 


Definition 2.78 C% vectors for (2.10) are elements of 


N N Dom (#11) -- (en|4)) 


n=l tiyn EX 
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2.3.9 Conjugations adapted to a self-adjoint operator 
Let H be a complex Hilbert space. Recall that 7 is a conjugation on H if it is an 


anti-unitary involution. 


Proposition 2.79 Let A be a self-adjoint operator on a (complex) Hilbert space 
H. Then there exists a conjugation T such that TAT = A. We then say that T is 
adapted to A. 


Proof By the spectral theorem, there exists a collection {Q;, Hi }ie, of measure 
spaces such that H = © L? (Qi, ui) and A is unitarily equivalent to the multi- 
i€l 


plication by a real measurable function. Then we take the standard conjugation 
on @ L (Qi, li). 
tel 


2.4 Polar decomposition 


Every operator on a Hilbert space possesses a canonical decomposition into the 
product of a positive operator and a partial isometry. It is called the polar decom- 
position. In this section we discuss various forms and consequences of the polar 
decomposition of an operator on a complex or real Hilbert space. 

We will mostly consider the polar decomposition for operators that have a 
trivial kernel and co-kernel. In this case the decomposition into a positive oper- 
ator and a partial isometry (which in this case is a unitary, resp. orthogonal 
operator) is unique, and not only canonical. 


2.4.1 Polar decomposition 
Let H,K be real or complex Hilbert spaces and A € Cl(H,K). 
Theorem 2.80 There exist a unique positive operator |A| € Cl(H) and a unique 


partial isometry U € B(H,K) such that A = U|A| and Ker |A| = (RanU)+. We 
have |A| := (A*A)?. Moreover one has A = |A*|U for |A*| = (AA*)?. 


Definition 2.81 The decomposition A =|U|A described in Thm. 2.80 is called 
the polar decomposition of A. 


We will actually mostly need a special case of the polar decomposition, 
described in the following proposition: 


Proposition 2.82 Assume that Ker A = {0} and Ran A is dense in K. Then 
there exists a unique positive operator |A| and a unique orthogonal, resp. unitary 
operator U such that 


A = UJA] =|A*|U. (2.11) 
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2.4.2 Polar decomposition of self-adjoint and 
anti-self-adjoint operators 


In the self-adjoint case the polar decomposition has additional properties: 


Proposition 2.83 Let A be a self-adjoint operator on a real or complex Hilbert 
space. Assume that Ker A = {0}. Let A=U|A| be the polar decomposition of A. 
Then |A|U = U|A| and U? = 1. 


Next let us consider anti-self-adjoint operators. Only the real case is interest- 
ing, because in the complex case the multiplication of anti-self-adjoint operators 
by the imaginary unit makes them self-adjoint. Therefore, until the end of this 
subsection H will be a real Hilbert space. 


Proposition 2.84 (1) Let A be an anti-self-adjoint operator on H such that 
Ker A = {0}. Let A=U|A| be its polar decomposition. Then U € O(H), 
U? = —1 (U is a Kahler anti-involution) and U|A| = |A|U. 

(2) Let RE O(H) such that Ker(R? — 1) = {0}. Define C= (R + R*). Then 
-—1<C<1. Moreover, we have the polar decomposition }(R—R*) = 
VV1—C?2, where V € O(H), V? = —1 and [V,C] =0. Finally, we have 
R=C+VvV1-C?. 


Proof (1) The identity A = U|A| = |A*|U implies that U = —U* since A= 
—A*. Since U € O(H), we have U? = —1. 

(2) Since R € O(H), we get that —1 < C < 1. The operator $(R— R*) is 
anti-self-adjoint and has a zero kernel since Ker(R? — 1) = {0}. Moreover, 


1 1 1 
5 (R R*)*5(R R*) = 721 R? — R?)=1- 0. (2.12) 


Applying (1), we get that V? = —1 and [V, V1 — C?] = 0. Also V1 — C2[V,C] = 
[V1 — C2V, C] = [R, C] = 0. Since by (2.12) we know that Ker(1l — C?) = 0, this 
implies that [V,C] = 0. 


Let R € O(H). Set H4 := Ker(R F 1) and Hı := (H_ + H,)+. Then 7, is a 
subspace invariant w.r.t. R and (R? — 1) ba, has a trivial kernel. Thus Prop. 2.84 
can be applied also in situations when Ker A and Ker(R? — 1) are non-trivial. 


Corollary 2.85 (1) Let A be an anti-self-adjoint compact operator. Then there 
exists an o.n. basis {e;4,e;}ier,je7 and real numbers {A; }ier with A; > 0 
such that 


Ae;, = rie; 3 Ae; = —Ajej4, Ae; = 0. 


(2) Let RE O(H)N (14+ Bo(H)). Then there exist an o.n. basis 
{eit, fi, gk jicr jeJskex and numbers {0;}icr with Im 6; > 0 such that 


Rey, = ieiz, Rei- = biei, Rf; = fj, Rox =—gn- 
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Proof Since A preserves (Ker A)+, we can assume that Ker A = {0}. Let 
A = V|A| the polar decomposition of A. Let {A;}ier be the eigenvalues of |A| 
and Hi = Ker(|A| — ài). Then H; is invariant under V, so V is a Kahler anti- 


involution of H;. Let (e1,--- ,en) be an o.n. basis of the complex Hilbert space 
CH;. We set ej} = ej, ej- = Vej, so that (e14,+-+€n4,€1-,---,€n—) is an o.n. 
basis of the real Hilbert space H; and Ae; = Aje;_, Ae;_— = —A;e;+. Collecting 


the above bases of H; we obtain the first statement of the corollary. 


Proposition 2.86 Let (V,v,w,j) be a complete Kahler space. 


(1) Let A be a self-adjoint or anti-self-adjoint operator on (Y,v) such that 
Ker A = {0} and Aj =jA. Let |A|, U be as in Prop. 2.83 or Prop. 2.84 
(1). Then j|A| = |Alj, Uj = jU. 

(2) Let R € O(Y) such that Ker(R? — 1) = {0} and Rj =jR. Let C, V be as in 
Prop. 2.84 (2). Then Vj =jV and jC = Cj. 


Proof To prove (1) we use that j* = —j, since (v,j) is Kahler, and hence [A*, j] = 
0. This implies that [A*A,j] = 0 and hence [|A|,j] = 0, [V,j] = 0. The proof of 
(2) is similar. 


2.4.8 Polar decomposition of symmetric and 
anti-symmetric operators 


—* 


In this subsection is a complex Hilbert space. We use the notation A* = A 
defined in Subsect. 2.2.3. Recall that Cla ( H) stands for the set of operators 
A from H to H satisfying A = A*, resp. A = —A*. 


Proposition 2.87 Let A € Cl,/,(H,H) such that Ker A = {0}. Consider 
the polar decomposition A = U|A|. Then we have 


Ue U(H,H), U|A| = |A|U, UU = +1. (2.13) 


Proof Consider the real Hilbert space Hp, that is, the realification of H. It can 
be identified with the realification of H. Let Ap denote the operator A understood 
as an operator on Hp. It is easy to see that 


(A)r = (Ar)*, 


where the superscript * is defined in the complex sense on the left and in the 
real sense on the right. Therefore, Aj = +A. By the real case of Prop. 2.83, 
resp. Prop. 2.84 (1), we obtain Ap = Ug|Ag| with Ur € O(Hp): 


URE O(Hrp), Up|Ap| = Ag|UR, UR = +1. (2.14) 


Then we go back from Hpg to H and H, and (2.14) becomes (2.13). 
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Corollary 2.88 (1) Let A € B,(H,H) be compact. Then there exists an o.n. 
basis of (Ker A)+, {ei}icr, and positive numbers {\;}ier such that A7; = 
ANE; 

(2) Let A € B,(H,H) be compact. Then there exists an o.n. basis of (Ker A)+, 
{ei}, e;_}icr, and positive numbers {\;}icr such that A&i = A;e;_, A&i- = 
—Ajej4. 


2.5 Notes 


The standard reference for operators on Hilbert spaces is the four-volume mono- 
graph by Reed—Simon (1975, 1978a,b, 1980), and also the books by Kato (1976) 
and by Davies (1980). 
The Fredholm and regularized determinants are discussed e.g. in Simon (1979). 
Thm. 2.69 about local Hermitian semi-groups is shown in Klein—Landau 
(1981a) and Fröhlich (1980). 
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Tensor algebras 


In this chapter we study various constructions related to the tensor product of 
vector spaces. In particular, we introduce symmetric and anti-symmetric tensor 
algebras, whose Hilbert space versions are called bosonic and fermionic Fock 
spaces. Fock spaces are fundamental tools used to describe quantum field theories 
in terms of particles. 

We also discuss the notions of determinants, volume forms and Pfaffians, which 
are Closely related to anti-symmetric tensors. 


3.1 Direct sums and tensor products 


There are several non-equivalent versions of the tensor product of two infinite- 
dimensional vector spaces. We will introduce two of them, which are especially 
useful: the algebraic tensor product and the tensor product in the sense of Hilbert 
spaces. The former will be denoted with & and the latter with @. 

There is a similar problem with the direct sum of an infinite number of vector 
spaces, where we will introduce the algebraic direct sum & and the direct sum in 
the sense of Hilbert spaces ®. 


3.1.1 Direct sums 


Recall that if V,,...,V, is a finite family of vector spaces, then 


® 
1l<i<n 


stands for the direct sum of the spaces Y;, i = 1,...,7; see Def. 1.2. It is equal 


to the Cartesian product [] J; with the obvious operations. 
1l<i<n 
The notion of the direct sum can be generalized in several ways to the case of 
an infinite family of vector spaces. One of the most useful is described below. 


Let {Vi }ier be a family of vector spaces. 


Definition 3.1 The algebraic direct sum of vector spaces {Y;};c7, denoted 
by, (3.1) 


is the subspace of the Cartesian product [| V; consisting of families with all but 
tel 
a finite number of terms equal to zero. 
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Note that for a finite family of spaces the symbols ® and & can be used 
interchangeably. 
If {Vi hez is a family of Hilbert spaces, then & Vi has a natural scalar product 
i€l 


({yi}ierl{wi}ier) = So (yilwi), 


icl 


where {y;}icr, {Wibier are elements of ® Ji. 
icI 


Definition 3.2 The direct sum in the sense of Hilbert spaces is defined as 
cpl 
al 
8 Vi := (2 x) . 
tel tel 


3.1.2 Direct sums of operators 
Let {Vihier, {Wi}ier be families of vector spaces. 
Definition 3.3 If a; € L(V;,W;), i € I, then their direct sum is defined as the 


unique operator ® a; in L (3 vi, & m) satisfying 
ier icI ier 


( @ ai) oiher = {ays fier: 
tel 
Let {Vi her, {Wi}ier be families of Hilbert spaces, and a;, i E€ I, be closable 
operators from V; to W; with domains Dom a;. Then the operator ® a; with 
i€l 


. al : A 
the domain © Doma; is closable since 
i€l 


Ra c(a a). 
icr’ (a i) 


Definition 3.4 The closure of 6 a; E€ L (2 Vi, a w) is denoted by the same 
ie iE el 


a $ 


symbol © ai af D Vi, Q m): 


i€ ger icl 
Clearly, © a; is bounded iff a; are bounded and sup ||a;|| < oo, and then 
ie! icI 


|| © a; |] = sup |la;|l. 
tel iel 


Similarly, ® a; is essentially self-adjoint on ® Doma; iff a; are essentially self- 
iel iel 
adjoint. 
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3.1.3 Algebraic tensor product 


Let VY, W be vector spaces over K. Let Z = c.(Y x W,K), that is, the space of 
finite linear combinations of (y, w) E€ VY x W with coefficients in K (see Def 2.6). 
Let Z be the subspace of Z spanned by elements of the form 


(y, wi + w2) — (y, wi) — (y, w2), (y1 + y2,w) — (y1, w) — (y2, w), 
(ày, w) — Aly, w), (y, àw) — Aly,w), AEK, y, y, y2 E VY, w, w1, we E W. 
Definition 3.5 The algebraic tensor product of Y and W is defined as 
VOW := Z/ Zo. 
The formula y ® w := (y, w) + Zo defines the bilinear map 
YxWly,w) = y@wE VOW, 


called the tensor multiplication. 
We have natural isomorphisms 
V ~ KOY~VOK. 


More generally, let Vı,..., Yn be a finite family of vector spaces. Let Z := 
Ce (Vi X +++ X Va, K), that is, the vector space over K of finite linear combinations 
of (y1,---,Yn) E Vı X- X Yn. Let Zo be the subspace of Z spanned by elements 
of the form 


O A E E a A 
(ae AY S ACY AEK, yiyi E Vi, i=1,...,N. 
Definition 3.6 The algebraic tensor product of Vı,..., Yn is defined as 
Vb- Vr = Z/Zo. 
The formula yı Q- 8 Yn := (Y1, ---, Yn) + Zo defines the n-linear map 
Vi X X Yn D (Yrm) FY D Yn EVB B Yn, 
called the tensor multiplication. 


We have a natural identification 
V IV BV) & (Wi BI2)OVs ~ V ÈVÈ Vs. (3.2) 
The tensor multiplication ® is associative. 


Remark 3.7 Note that we can replace the set {1,...,n}, labeling the spaces Y; 
in Def. 3.6, by any finite set I. Then we obtain the definition of b Viz 
i€ 


If Y, W are real vector spaces, then we have the identification 


C(YOW) ~ CVS CW. (3.3) 
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Clearly, if Y and W are complex spaces, then YW can be identified with 
Yow. 

If one of the spaces Y or W is finite-dimensional then we will often write 
Yy @W instead of Veo W. 

If Y and W are finite-dimensional, then (Y & W)* will be identified with 


W? & VY” using the following convention: if € € Y*, 0 € W* then 


(0 8 Ely @ w) := (Ely) (Ow). (3.4) 


(Note the reversal of the order.) 


3.1.4 Tensor product in the sense of Hilbert spaces 


If Y, W are Hilbert spaces, then Y & W has a unique scalar product such that 
(yı 8 wily @ we) = (yily2)(wilwe), y1,y2 EVY, wi, w2 E W. 


Definition 3.8 We set 
VOW := (VY W)”, (3.5) 


and call it the tensor product of Y and W in the sense of Hilbert spaces. 

If one of the spaces Y or W is finite-dimensional, then (3.5) coincides with 
Yow. 

The remaining part of the basic theory of the tensor product in the sense of 
Hilbert spaces is analogous to that of the algebraic tensor product described in 
the previous subsection. 


3.1.5 Bases of tensor products 


Let Y,W be finite-dimensional vector spaces. If {e;}ie7 is a basis of Y and 
{fitjes is a basis of W, then 
{ei 8 fi}(jerxs 
is a basis of Y & W. 
If {e }ier is the dual basis in Y#* and {ff }jez is the dual basis in W* then 


{F 2 e }gijesxI 


is the dual basis in (V @ W)* ~ W# @ y*. 

Suppose now that Y and W are Hilbert spaces. If {e;};ez is an o.n. basis of 
V and {fj}je7 is an o.n. basis of W, then {e; ® fj }(jerxs is an o.n. basis of 
Yow. 
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3.1.6 Operators in tensor products 
Let Vi, Y2, W1, W2 be vector spaces. 
Definition 3.9 If a, E€ L(Vı, W1) and az E€ L(VY2,W2), then a, Qaz is defined 
as the unique operator in L(y; B Yo, W, & Wa) such that 
(a1 Q az)(y1 Q y2) := ays Q a242. 


If Vi, Y2, W1,WəṢz2 are Hilbert spaces and aj, resp. az, are closable opera- 
tors from Y, to W,, resp. from V2 to We, then a, Qaz with the domain 
Dom a1 Q Dom az is closable, since 


a; Q ay C (a1 ® ag)”. 


Definition 3.10 The closure of a; ® a2 E L(V; Q V2, W1 ® Wa) will be denoted 
by the same symbol a, ® az E€ CI(V1 8 Yo, W1 Q Wy). 


If both a; and az are non-zero, then a, ® a2 is bounded iff both a, and az are 
bounded, and then ||a; ® a2|| = |/a1]|||a2||. 

If both a; and az are essentially self-adjoint, then a, ® az is essentially self- 
adjoint on Dom a1 & Dom as. 


3.1.7 Permutations 


Let V,,...,, be vector spaces. 


Definition 3.11 Let S, denote the permutation group ofn elements anda € Sy. 
al al 


O(c) is defined as the unique operator in L(Y, Qs Yn, Vo-1 1) @+++@V,z-1(n)) 
such that 


O(c) 8R Yn = Yo- (1) ® "++ @Yo-1(n)+ 


If Yj,...,¥, are Hilbert spaces, then O(c) is unitary. 


3.1.8 Identifications 


Let Y, W be vector spaces, with W finite-dimensional. Then there exists a unique 
linear map L(W, Y) — Y Q W* such that 


El > y BE. 


If Y, W are Hilbert spaces, then there exists a unique unitary map B?(W, Y) > 
VY QW such that 


ly)(wl = y 8 W. 
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Note the identity that uses the above identification, valid for y € VY, w € W, 
Be B’(W,Y): 


(y|Bw) = (y 8 W|B). 


3.1.9 Infinite tensor product of grounded Hilbert spaces 


It is well known that there are problems with the definition of the tensor product 
of an infinite family of Hilbert spaces. The most useful definition of such a tensor 
product depends on the choice of a normalized vector in each of these spaces. 


Definition 3.12 A pair (H, Q) consisting of a Hilbert space and a vector Q € H 


of norm 1 is called a grounded Hilbert space. 


Let (Hn U) Jer be a family of grounded Hilbert spaces. If Jı C Jo C I are 
two finite sets, we introduce the isometric identification 


Q®HIV+-VE © QE 8 Hi. 


ied, i€Jo\ Jı iEJ2 
Definition 3.13 The tensor product of grounded Hilbert spaces {(Hi, G) } P 
is defined as 
cpl 
8 (Hi, Qi) = i 
ee Mi) U one 
JE2! 


fin 
The image of Y E€ & H; will be denoted by 
ict 


VS 8 Qi. 
iEcI\J 


Such vectors are called finite vectors. Similarly, if B € B( ® H;), we will use the 
ieJ 


obvious notation 


BS ® Ly, eB(@). 
i€l\J iel 
Clearly, if I is a finite set, then ® (Hi, Qi) = & Hi for any family of normal- 
i€l i€l 
ized vectors 0;. Moreover, for I) N In = 0 we have 


Eel, icl 


ich Ul 


7 


3.1.10 Infinite tensor product of vectors and operators 
Theorem 3.14 Let ®; € Hi, i € I, have norm 1. Set 


U7 := ©6@ @ Q (3.6) 
ied i€I\J 


for JE2h. Then the net {Wa} seat is convergent iff the infinite product 


TI (Q:|®:) is convergent. 
iel 
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Definition 3.15 The vector lim W, will be denoted by ® ®,;. 
i€l 


Proof of Thm. 3.14. Assume first that the net {Wy}je9, is convergent in 
S (Hi, Qi). If Io = {i€ I : (®,|Q;) = 0} is infinite, then clearly lim(Ws|W) =0 
icl 


for all finite vectors Y. Since finite vectors are dense this is a contradiction, since 
lim || 7|| = 1. Therefore, Jp is finite. 


It remains to prove that the net II ‘in| has a non-zero limit. 
JE2 


iE J\Io I 
Clearly, 
limU¥; = @ 62 @ 4G. (3.7) 
J i€Io i€1\Io 


If Io C J, then 


(v @ 62 Q a.) = [JI (819), 


i€lo i€I\Io ivi 
i 0 


which proves that the net ‘en (®; 9%}, , İs convergent in C. If the limit 
i 2 


fin 
is 0, then, since (®;|Q;) 40 for i € Io, we obtain that the vector @ ©; 
i€l\Io 
is orthogonal to all finite vectors in @ (Hi, Qi), which using (3.7) yields a 
i€I\Io 
contradiction, since lim ||¥z|| = 1. Therefore, the infinite product |] (®,|Q;) is 
icI 


convergent. 
Conversely, assume that the infinite product [] (®;|Q;) is convergent. Then 
ier 
S = |1 = (B:|2i)| < 00. 


i€l 
Note that if J; C Jo, then 


Ws, -— Ws, |? =2-2Re [| (8:9. 
i€J2\Jo 


Therefore, the net {Wj} je: is Cauchy, and hence converges in @ (Hj, i). 
i i€l 
Using Thm. 3.14, we immediately obtain the following theorem. 
Theorem 3.16 Let A; € B(H;) be contractions. Then there exists the strong 
limit of 


Bj := ® AID Q lr, (3.8) 
ied icI\J 


iff the infinite product [] (Q;|A;Q;) is convergent. 
icl 


Definition 3.17 The operator lim By will be denoted by @ Aj. 
i€l 
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3.2 Tensor algebra 


In this section we introduce the tensor algebra over a vector space. This concept 
has two basic versions: we can consider the algebraic tensor algebra, or if the 
vector space has the structure of a Hilbert space, the complete tensor algebra 
(which is also a Hilbert space), called sometimes the full Fock space. Full Fock 
spaces play the central role in the so-called free probability. For us, they are 
mainly intermediate constructions to be used in the discussion of bosonic and 
fermionic Fock spaces. 


3.2.1 Full Fock space 


Let Y be a vector space. 


al 
Definition 3.18 Let &") (or YS”) denote the n-th algebraic tensor power of 
al 0 
Y. We will write Y := K. The algebraic tensor algebra over Y is defined as 
al al 


OV:= & &Y. 


0<n<oco 


The element 1 € a YV is called the vacuum and denoted by Q. If Y is a finite- 
dimensional space, we will often write 8” Y instead ofo V. 


& J is an associative algebra with the operation ® and the identity Q. 
Assume now that YV is a Hilbert space, 


Definition 3.19 We will write @"Y (or YS”) for the n-th tensor power of Y 
à cpl 
in the sense of Hilbert spaces. Clearly, it is equal to (&"y) . We set 


aV:i= © aty=(by)”. 


0<n<oco 


QY is called the complete tensor algebra or the full Fock space. 
We will also need notation for the finite particle full Fock space 


@iny = & Q"y. 


0<n<oco 


QY and @*"y are associative algebras with the operation @ and the identity 
Q. 


3.2.2 Operators dl and T in full Fock spaces 
The definitions of this subsection have obvious algebraic counterparts. For sim- 
plicity, we restrict ourselves to the Hilbert space case and assume that V, V1, Və 
are Hilbert spaces. 
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Definition 3.20 Let p be a linear operator from Yı to 2. Then we define 
T” (p) := p®” with domain &"Dom p, and the operator T (p) from QV; to @V2 


with domain & Dom p. 


By Subsects. 3.1.2 and 3.1.6 we see that if p is closable, resp. essentially self- 
adjoint, then so is T (p). T (p) is bounded iff ||p|| < 1. T(p) is unitary iff p is. 


Definition 3.21 If h is a linear operator on Y, we set 


OES @ne@ ig? 


j=l 


with domain &" Dom h, and 


with domain & Domh. 

Again, if h is closable, resp. essentially self-adjoint, then so is dr (A). 
Definition 3.22 The number operator and the parity operator are defined 
respectively as 

N := dr (1), (3.9) 
I := (-1)* =T(-1). (3.10) 


Proposition 3.23 (1) Let h,hi,h2€ BO), pı € B(X, Vi), po € BOW, Yə), 
llipi ll, ||p2|| < 1. We then have 


3.3 Symmetric and anti-symmetric tensors 


In this section we describe symmetric, resp. anti-symmetric tensor algebras. Their 
Hilbert space versions are also called bosonic, resp. fermionic Fock spaces. 
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Unfortunately, there seems to be no uniform terminology, and especially nota- 
tion, in this context in the literature. We try to introduce a coherent nota- 
tion, which in particular stresses parallel properties of the symmetric and anti- 
symmetric cases. 


3.3.1 Fock spaces 


Let VY be a vector space. Recall that in Subsect. 3.1.7, for o € S, we defined the 
operators O(c) € L(®&"). Clearly, 


ih 


Sn Dar O(a) € L" Y) 


is a representation of the permutation group. 


Definition 3.24 We define the following operators on gry: 


©? := =i 5 O(o), 
oES , 
1 
or > sgn(o)O(0). 
OESn 


We will write s/a as a subscript which can mean either s or a. 


It is easy to check that Olja is a projection. 


Definition 3.25 Introduce the following projections acting on 9y: 


We set 


P, /a(Ņ) are called the algebraic symmetric, resp. anti-symmetric tensor algebras 
or algebraic bosonic, resp. fermionic Fock spaces. 


an 


If Y is a finite-dimensional space, we can write Tia) instead of D,), (9). 


al Nn 
Elements of È, ja(Y) consist of symmetric, resp. anti-symmetric tensors, as 
expressed in the following proposition: 


Proposition 3.26 Let Y € SY. Then 


(1) Vel. (Y) if O= Y, oE Shn; 

(2) VET, V) if Oo) = sen(o)V, o € Sh. 
Assume now that y is a Hilbert space. Then og 

projections. 


and ©,/, are orthogonal 


a 
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Definition 3.27 We define 


aln 


TO) = 0 a" Y = (Ep), 


al 


oo , cpl 


Ts/a(ŅV) is called the bosonic, resp. fermionic Fock space. 
Note that I's/,()/) itself is a Hilbert space (as a closed subspace of @)). 


Definition 3.28 We will need notation for the finite particle bosonic, resp. 
fermionic Fock space: 


aD) = B Ta). 


3.3.2 Symmetric and anti-symmetric tensor products 
Let U,6 € Psa (V). 
Definition 3.29 We define the symmetric, resp. anti-symmetric tensor product 
of ® and W: 
V @s/q ® = Osa V @ ®. 


T: /a(Ņ) is an associative algebra with the operation s/a and the identity Q. 
Note that the set of vectors of the form 


YB: QY =Y 8s: 8s Y, (3.11) 
n times n times 


for y € Y, spans E (VX). 
Definition 3.30 For brevity we will denote (3.11) by y®". 


The notation @, that we introduced is not common in the literature. Instead, 
one usually prefers a different closely related operation: 


Definition 3.31 The wedge product of vectors ® and Y is defined as 


(p +q)! 
plq! 


alq 


Veo, forWel.(y), deW). (3.12) 


VAG := 


The advantage of the wedge product over ®, is visible if we compare the 
following identities: 


YAN Yn = 2 sgn(0) Yo(1) 8+: 8 Yo(n)» 
TESn 


Yi Ba't Ba Yn = ap Do sen) Yor) D Yol Yo Yn Ez 
aESn 


Note that A is also associative. 
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Definition 3.32 One often writes "Y and AY for ix. (V) and P). 


Definition 3.33 If Y is a Hilbert space, we can define sja and ^ in Tsja(Y) 
in the same way, with the same properties. 


3.3.3 dV and T operators 
For brevity we restrict ourselves to the case of Hilbert spaces. 
Let p be a closable operator from Y to W. Then I” (p) maps Ta) into 
Tja OV). Hence T (p) maps Tsja (V) into Fsja W). 
Definition 3.34 We will use the same symbols IT” (p) and T (p) to denote the 
corresponding restricted operators. T (p) is sometimes called the second quanti- 
zation of p. 


Let h be a closable operator on Y. Then dI” (h) maps Teja) into itself. 
Hence, dr (h) maps Ts/a(V) into itself. 


Definition 3.35 We will use the same symbols dI” (h) and AT (h) to denote the 
corresponding restricted operators. Perhaps the correct name of AT (h) should be 
the infinitesimal second quantization of h. 


Note that in the context of bosonic, resp. fermionic Fock spaces the operators 
T(-) and dI (-) still have the properties described in Prop. 3.23 (1). Prop. 3.23 
(2) needs to be replaced by the following statement: 


Proposition 3.36 Let p€ B(VY,Vı), h € B(Y), VY, e TË? 


s/a 


(VY). Then 


T(P) ¥ s/a ® = (T(p)Y) s/a T(p)®), 
dE (h) Y Esja ® = (AL(A)V) sja B+ Y ej (AL (A)S). 


3.3.4 Identifications 


Let Y be a finite-dimensional vector space. Then T? Ja(V) can be identified with 
Lgj,(Y* ,Y), which were defined in Defs. 1.18 and 1.29. 

Let Y be a Hilbert space. Recall that B? (Y, W) denotes the space of Hilbert- 
Schmidt operators from VY to W. We introduce the following symbols for the 
spaces of symmetric and anti-symmetric Hilbert-Schmidt operators: 


BY, VY) := {a € BY) : a* =a}, 
B? (V, Y) := {a € B?(Y, Y) : a* = —a}, 


where as usual one identifies Y* with Y using the Hilbert structure of Y. Then 
the unitary map of Subsect. 3.1.8 allows us to unitarily identify T? JaV) with 
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3.3.5 Bases in bosonic Fock spaces 
Let V be a finite-dimensional vector space and {e; : i = 1,...,d} a basis of V. 


Definition 3.37 For k = (k1,...,ka) E N4, we set 


Ik] := ky + ka, Rl i= ky)... kal, 


Then 
{ez : KEN, |k| =n} (3.13) 


is a basis of r? (V). 
The dual of T? (Y) can be identified with T”?(Y*). Let {e : i=1,...,d} be 
the dual basis of Y*. 


Definition 3.38 We set eë := (e!)®* Q, +++ @ (e4)®", for k € Ni. 
Then 


is the basis of T”? (Y* ) dual to (3.13). 

Let Y be now a Hilbert space with an o.n. basis {e;}ier. 
Definition 3.39 Recall that c.(I,N) denotes the set of functions I > N with all 
but a finite number of values equal to zero. If k € c.(I,N), then the definitions 
of |k|, k! and ez have obvious versions in the present contest. 


Then 
4/ |k]! 3 5 
: kec(I,N), |k|=n 


eg : 
kl 


is an o.n. basis of r? (V). 


3.3.6 Bases in fermionic Fock spaces 
Let V be a finite-dimensional vector space and {e; : i = 1,...,d} a basis of Y. 


Definition 3.40 For J = {t,--- ,in} C {1,...,d} with 1 <i <- <i, <d, 
set 


eJ = ei Ba +++ Wa Cin- 
Then 
fez : Jc {l,...,da$, #J =n} (3.14) 
is a basis of r? (V). 
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The dual of r? (Y) can be identified as above with r? (Y*). 
Let {et : i=1,...,d} be the dual basis in Y*. 


Definition 3.41 For J = {i,,--- in} C {1,...,d} with 1i <- <i, <d 
put ey := em Ba++ Da el. 


Then 
{He : FCA dl; #J =n} 


is the basis of r? (Y*) dual to (3.14). 
Let Y be now a Hilbert space with an o.n. basis {e; : i € I}. Let us choose a 
total order in the set T. 


Definition 3.42 For a finite subset J of I, we define ej in an obvious way. 


Then 
{ V#Tley PCE #I =n} 


is an o.n. basis of r? (V). 


3.3.7 Exponential law for Fock spaces 


For brevity we restrict ourselves again to the case of Hilbert spaces. Let Yı and 
Və be Hilbert spaces and let j; : Yı — Vı © Və be the canonical embeddings. 
We introduce an identification 


U : TË O1) BT, (V2) TE @ Xə) 


as follows. Let Y, € r% (Vi), Uo € aA (V2). Then 


ni!ng! 


UW) @ Vy = fF! (PY) Sya (EG) V2). (3.15) 


Theorem 3.43 (1) U extends to a unitary operator from Ts/,(Vi) ® Ts/a(V2) 
to Vs/a(Vi @ Və). 


(2) UN O% =Q. 
dr (h @ hy)U = U (dT (h1) 8 1+ 18 dr (h2)). (3.16) 
(4) Tf pi E€ B(YVYi), then 


T (pı © p2)U = UT (p1) 8 T (pe). (3.17) 
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Proof Let us prove (1). To simplify the notation let us restrict ourselves to the 


symmetric case. Let Wy € r?! (V1), Ya € r?? (V2). Then 
P(ji)Wi Qs (jo) V2 = 


(ni +72)! 


~~ O()P (Gi) V1 @P(j2) V2 
TESn 1 tng 


ny!n2! 
(ni +72)! 


Now the elements of the sum on the right are mutually orthogonal. Hence 


IP (1) 1 8s T(j2)Y2||? (5 


a nyi!ng! 


~ (mino)! [Y 8 Wel’. 


II 


) COLAS WI)? 
[o]ESni+na/Snı X Sna 


Using the concept of the tensor product of grounded Hilbert spaces, one can 
easily generalize the exponential law to the case of an infinite number of Fock 


spaces. In fact, let V;, i € I be a family of Hilbert spaces and denote by ji 
jen 


UW; 8- 


li : Vi > 
® YV; the canonical embeddings. Let Q; denote the vacuum in Ts/a(V;). Then 


-8 Y; 8 & Q 
iEI\M{ir,-nin } 
(ii +e in)! 
— Tr VW, 8 
nip] TW e 
extends to a unitary map 


-Qs Tjin, Vi, 


u a (Paya), %) S Tsja @ z) l 


3.3.8 Dimension of Fock spaces 
Let dim Y = d. Then it is easy to see that 


dim T? (YX) — (d+n—1)! 


~ (d=1)In!? 
dim T? (V) = m 
We have the following generating functions for the above quantities 


(1 -= t)i = È gr 6 (d+n—1)! 


(d— Sa 


(3.18) 
(+t) = > gpm 


d!(n—d)! 


Recall that we have the identifications 


DaD @Y2)~ B Da) 8 TR” O). (3.19) 


O(a) (j1)¥ı @ T(J) We. 
[7]€Sn,403/ Sn, X Sna 
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Assume that dim Y, = dı, dim Və = d). Then comparing the dimensions of 
both sides of (3.19) we obtain the following identities: 


n 


(dy +d2+n— 1) => (dy +m—1)! (dg+n—m-—1)! 
n!(d1 +d2—1) m!(dı—1)! (n—m)!(d2—1)!? 
m=0 
(di +d2)! as dy! 
n!(dı +d2 =n) o m! Ce m)! (n—m)!(dz—n+m)!" 
m= 


These identities can be easily shown using the generating functions (3.18) and 
the identities 


d=) S80 sa? = (1 =f, 


(1+ 8% (1+0)% = (1+4 th), 


3.3.9 Super-Fock spaces 


Let (V, €) be a super-space (that is, a vector space equipped with an involution; 

see Subsect. 1.1.15). Then we introduce the action of the permutation group in 
al 2 

L(® Y) as follows: 


Definition 3.44 Leto € Sn. Then O,(c) will denote the unique linear operator 
aln 
on® yY with the following property. Let yi,..., Yn E VY be homogeneous. Then 


O.(o)y QB Yn = sgn, (o) Yo- (1) 8- 8 Yo- (n); 
where sgn, (o) is the sign of the permutation o restricted to the odd elements. 


Definition 3.45 We define 


o! := L E edo) 


aESn 


Clearly, ©? is a projection on S'y. 
Definition 3.46 We set 


P.O) = 02 8"Y, 
PY) = 8 TO) 


If Y is a finite-dimensional space, we can write IT? (V) instead of in (VX). 
If Y is a Hilbert space, then ©? are orthogonal projections. 
Definition 3.47 We define the super-Fock spaces 
re) = O? 8" Y, 
rO) = E TO). 
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We extend various definitions from the context of bosonic, resp. fermionic Fock 
spaces to super-spaces in an obvious way. In particular, we define the operation 
Qe, creation, resp. annihilation operators (generalizing the definitions of Sect. 
3.4 below) and the operators T(-) and dI(.). 


T? (V) is naturally a super-space with the involution T (e). 

Super-Fock spaces enjoy the exponential property analogous to that described 
in Thm. 3.43 for bosonic and fermionic Fock spaces. Thus if (V, €), (W, €) are 
two super-Hilbert spaces, then 


Tege (V B W) ~T.(Y) @T-(W). (3.20) 


In particular, if Y = Vo OY, is the decomposition into the even and odd sub- 
space, we then have 


which can be treated as an alternative definition of a super-Fock space. 
We will often drop the index € in (3.21) 
Note that if c € L(Y) is odd, then dT (c)? = dI'(c?). In the matrix notation: 


2 
eo) LG eral): 
cio 0 0 c0Co1 


This identity plays an important role in super-symmetric quantum physics. 


3.4 Creation and annihilation operators 


Creation and annihilation operators belong to the most useful constructions of 
quantum physics. This section is devoted to their basic properties, in both the 
bosonic and the fermionic case. 

Throughout this section we will use the standard convention for the scalar 
product in the Fock spaces. Some of the properties of creation and annihilation 
operators actually look simpler on modified Fock spaces, which will be discussed 
in Subsect. 3.5.7. 

Throughout the section, Z, 2; and Z are Hilbert spaces. 


3.4.1 Creation and annihilation operators: abstract approach 
We prepare for the definitions of the creation and annihilation operators with 
two lemmas in an attract setting. We start with the bosonic case. 
Lemma 3.48 Let H be a Hilbert space, D C H a dense subspace, and c, a two 
linear operators on D such that 
(1) ca: D > D; 
(2) cca ,acc; 
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(3) ac—ca = 1, as an operator identity on D; 
(4) ca is essentially self-adjoint on D. 


* cl 


Then c, a are closable with a! = c*, c = a*. If we write a for a, one has 
aa* — a*a = l, as a quadratic form identity on Dom(a) N Dom(a*). 


Proof Since c C a* and a C c*, c* and a* are densely defined, and hence c and 
a are closable. Moreover, since ¢ C a* we have c C a°!*. From now on we will 
denote a‘, c! simply by a, c. 

Set N := (ca). Using (4), we see that N is a positive self-adjoint operator 
and D is a core for N. Since 


||a®||? = (®|ca®), |||]? = (&|ca®) + (P|) for 6 € D, 
we see that Doma = Dom c = Dom N°. This implies that 
a(N + 1)7?, c(N+1)7?, (N+ 1)7?c, (N+ 1)77a€ BUH). (3.22) 
Next, for ®, Y € D, we have 
[(c®|¥)| = |(@laW)| = |((N + 1)? O(N + 1) FaW)| < CIIN + 1)? B| 


Since D is dense in Dom N? and in Dom a, we obtain that Dom N? C Dom a’, 


and a* | =C. 


1 
DomN 2 
To prove that a* = c, it remains to prove that Doma* = Dom N?. Note that 


® € Dom N? iff 
|N(eN +1)7!8| < C7, € > 0. (3.23) 


From the identity a(N +1) = Na valid on D, we deduce first that (eN + 
1)~'a(eN + 1— €) =a on D and then on Dom N, and then that 


(eN + 1)"'a=a(eN + 1-6) on H, (3.24) 
since both operators are bounded by (3.22). For ® € Doma* and W € D, we have 


|(®|N(eN + 1)! W)| = |(S|\(eN + 1)~tca)| 
= |(®|(eN + 1)~lacW) — (®|(eN + 1)7! W)| 
(®la(eN + 1—€)~tcW) — (@|(eN + 1)! W)| 
CIIN +1- etet] + CI] ; 
CIN + 1)? (eN +1- e) IN + Dt] + CIE] 
Ce? ||], 


A IAIA Il 


where we have used (3.24) and the fact that ® € Doma*. Using (3.23), we obtain 
that ® € Dom N z, which completes the proof that a* = c, and hence that c* = a. 
The quadratic form identity on Dom a N Dom a* follows then by density from the 
operator identity on D. 


The following lemma describes properties of fermionic creation and annihila- 
tion operators in the abstract setting: 
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Lemma 3.49 Let H be a Hilbert space, D C H a dense subspace, and c, a two 
linear operators on D such that 


(1) ga: D > D; 
(2) cCa*,acc; 
(3) a2 =c? = 0, ac + ca = 1 as operator identities on D. 


Then c, a extend as bounded operators on H, c= a* and |lal| = ||c|| = 1. 
Proof We obtain from (2) and (3) that 
lc®l? + [abl]? = |8], BED, 


and hence c and a extend as bounded operators on H with a = c*, c = a*. Next 
we use 


a*aa*a = ařa — (a*)°a? = a*a, 


and hence |a||* = ||a*aa*a|| = ||a*a|| = ||a||?. By [a,a*], = 1, |la|| cannot be 0. 
Therefore, ||a|| = |a*|| = 1. 


3.4.2 Creation and annihilation operators on Fock spaces 
We consider the bosonic or fermionic Fock space P's/,(Z). 
Definition 3.50 Let w € Z. The creation operator of w, resp. the annihilation 


operator of w, are defined as operators on a (Z) by 


c(w)Y := vn + 1w sia Y, 
n—-1 n 
a(w)V := vn(w|gIg! Y, We gee): 
Theorem 3.51 (Bosonic case) In the bosonic case, the operators c(w) and a(w) 


are densely defined and closable. We denote their closures by the same symbols. 
They satisfy a(w) 


* 


Sel REDE: Wie Will WIPO Wa sedo eu): 
(1) ‘The following quadratic form identities ‘are valid: 
[a* (w1), a" (w2)] = [a(wi), a(we)] = 0, 
[a(w1),a*(we)] = (wi|we) 1. 
(2) For UET.(Z), we Z, 
lalwt] < lwl NYl], la” (w) |] < lwll + 0)? GI). 


Proof We apply Lemma 3.48 to c(w), a(w) with D =Tf"(Z) (without loss of 
generality we can assume that ||w|| = 1). Then c(w)a(w) = dT ((w)(w|), which is 
essentially self-adjoint on D. 

We have 


a*(w)a(w) = dP (|w)(w|), a(w)a*(w) = dP (|w)(w|) + lwl]? 1. 
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Using that |w)(w| < ||w||?1 on Z, we get 
aP (jw) (wl) < lwl?N, 


which implies (2). 


Theorem 3.52 (Fermionic case) In the fermionic case, the operators c(w) and 
a(w) are densely defined and bounded. We denote their closures by the same 
symbols. They satisfy a(w)* = c(w). Therefore, we will write a*(w) instead of 


c(w). 
(1) The following operator identities are valid: 


[a* (w1), a” (w2)]+ = [a(w1), a(w2)]+ = 0, 


[a(w1), a” (w2)]+ = (wı|w2)1. 


(2) |la(w)|| = lla*(w) I] = hwl]. 


Proof We apply Lemma 3.49 to c(w), a(w) with D = TË? (Z) (without loss of 
generality we can assume that ||w|| = 1). 


Proposition 3.53 If p € B(Z,, Z2) and h € Cl(Z), one has 

(1) a(we)T(p) = P(p)a(p*w2), T (p)a* (wi) = a* (pw1)T (p), 

(2) [dr (A), a(w)] = —a(h*w), [dT (h), a*(w)] = a* (hw), 

the last two identities being quadratic form identities on P, ja(Dom h). 


For further reference we note the following obvious facts: 
{WET ,4(Z) : a(w)¥ =0, weZ} = CQ, (3.25) 


Span”! fi a*(w;)Q, wi... Wn E€ Z, n=0,1,.. A =Tya(Z). (3.26) 


Remark 3.54 The notation for creation and annihilation operators introduced 
in this section is typical for the mathematically oriented literature. In the physical 
literature it is common to assume that the one-particle space has a distinguished 
o.n. basis {ej }je7. One writes af and a; instead of a*(e;) and a(e;), j € J. 
Clearly, every vector w € Z can then be written as X` 


AE 


iez Wjej, and we have 


the following dictionary between “mathematician’s” and “physicist’s” notations: 


w) = So wj, 
jEJ 
(w) = X Tjaj. (3.27) 
JES 
Note that the latter notation is heavier and depends on the choice of a basis, 


but has a useful advantage: it does not hide the anti-linearity of the annihilation 
operator. 
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Sometimes, instead of choosing an o.n. basis of Z it is more natural to assume 
that Z = L?(Q,dq) for some measure space (Q, dq). Clearly, w € Z can be rep- 
resented as a function Q 5 q w(q). One introduces “operator-valued distribu- 
tions” Q > q> a}, aq, which are then “smeared out” with test functions to obtain 
creation and annihilation operators: 


alu) = f waada 


a(w) = | oda (3.28) 


(3.28) can be viewed as a generalization of (3.27). 


The following operator seems to have no name, but is useful, especially on 
fermionic Fock spaces: 


Definition 3.55 Set 
A := (—1)7 D72, (3.29) 
The following property is valid in both the bosonic and the fermionic case: 


Aa*(z)A = —Ia*(z) = a (2I, 
(3.30) 
Aa(z)A = Ia(z) = —a(z)I, 


where J denotes the parity operator. In the fermionic case, (3.30) allows the 
conversion of the anti-commutation relations into commutation relations: 
[Aa*(z21)A, a*(z2)] = [Aa(21)A, a(z2)] = 0, 


[Aa*(z1)A, a(z2)] = I(z2|21). 


3.4.3 Exponential law for creation and annihilation operators 


Let N;, Ii, A; be the operators on Ts/a(Z;) defined as in (3.9), (3.10) and (3.29). 
Recall that the unitary operator U : Ts/a(Z1) @V's/a(Z2) > V's/a(Z1 © Z2) was 
defined in Thm. 3.43. 

The exponential law for creation and annihilation operators is slightly different 
in the bosonic and fermionic cases: 


Proposition 3.56 Let (w1, w2) € Z1 ® Z2. 
(1) In the bosonic case we have 
a* (w1, w2)U = U(a*(w1) 8 1+ 1@ a*(wr)), 
aļwı, w2)U = U(a(w1) 8 1+ 18 a(we)). 
(2) In the fermionic case, we have 
a* (w1, w2)U = U (a*(w1) 8 1+ D 8 a*(w2)), 
aļwı, w2)U = U(a(w,) 8 1+ i 8 aļ(w2)). 
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Proposition 3.57 (1) IU = UL 8 h, 
(2) AU = U (A 8 42)(—1)0 8M, 
(3) In the fermionic case, 


Aa* (w, w2)A U = U(a* (wi) h 8h + 1 @ a*(we)Io), 
Aa(wy,w2)A U= U(-a(wi) hh ® Ip —= 18 aļ(w2)I2). 


Proof We use 


NU =U(N; 81+18 Ny), 
1 
2 


N(N 1) = İM (N: 1) + 


5 No(No — 1) + Ni N2, 


3.4.4 Multiple creation and annihilation operators 
Let BET” (Z). 


s/a 
Definition 3.58 We define the operator of creation of ® with the domain 
TË? (Z) as 


s/a 


a*(®)W := y(n +1) (n+ m) s/a Y, Ver? (Z). 


s/a 


a*(®) is a densely defined closable operator. We denote its closure by the same 
symbol. 


Definition 3.59 We set 


a(®) is called the operator of annihilation of ®. 
For w1,..., Wm E Z we have 
a* (w1 @s/a*** @s/a Wm) = a* (w1) +a” (wm), 
a(wı Bsa t @s/a Wm) = a(Wm) +++ a(wi). 
Note that in the fermionic case we have 
a(A wi Ba +++ Ba Wm) = a(w1) +++ a(Wm ), 
where A was defined in (3.29). 


3.5 Multi-linear symmetric and anti-symmetric forms 


We continue to discuss symmetric and anti-symmetric tensors. In this section 
we will look at them mostly as multi-linear functions. This leads to somewhat 
different notational conventions. 

Let Y be a real or complex vector space. 
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3.5.1 Polynomials 
Let Y € Ti), Then Y determines the function 


Yt xe x PPD (U1,.-.,Un) = U(ur,---, Un) 
(3.31) 
= (vy Qs/a +++ @s/a Un |W) E€ K. 


Definition 3.60 The space Pa) will often be denoted by Pol,;,(Y*), if we 
want to stress the interpretation of its elements given by (8.31). (Pol stands 
for “poly-linear” or “a polynomial”.) It will be called the symmetric, resp. anti- 
symmetric tensor algebra written in the polynomial notation. 

More generally, if Y = Vo ® Y) is a super-space, the super-tensor algebra P (Y) 
will be also sometimes denoted by Pol.(Y*). Clearly, 


Pol, (Y*) = Pols (VË ) & Pola (V ). (3.32) 


Thus an element of Pol.(Y*) is a polynomial in commuting variables from Yo 
and in anti-commuting variables from Ņı. 
We will often drop the subscript € in (3.32). 
Co 
In the symmetric case we can make yet another identification. Let Y = X Y, 
n=0 
with Y, € Pol? (y*). 


Definition 3.61 We introduce the function called the polynomial function asso- 
ciated with WU: 


YF 3v (v) := X wt). (3.33) 
n=0 
Note that if we know the function (3.33), we have full knowledge of U € 


Pol; (Y* ). 
In the following proposition V,® € Pol,(Y*) are interpreted as polynomial 
functions and v € y*: 


Proposition 3.62 (1) [(p)¥(v) = U(p* v). 
(2) Y 8; O(v) = V(v) ®(v). 


Motivated by Prop. 3.62, we will often replace Y ®, ® with U-.®. We will 
often do the same in the anti-symmetric case as well. 

In (3.31), v1,..., Un are elements of Y*. In (3.33) and in Prop. 3.62, v has the 
same meaning. Sometimes, however, we will write Y(v) without having in mind 
a concrete v E€ Y*. We will treat the symbol v as the “generic variable in )*”; 
see Subsect. 2.1.2. 

In the anti-symmetric case we do not have an analog of (3.33). Nevertheless, 
following the common usage of theoretical physics, one often calls elements of 
Pol! (Y*) “polynomials in non-commuting variables from Y*”. This suggests 
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the notation U(v) instead of Y(v1,..., Yn). In this context v is just the name 
of the generic variable in Y*. Similarly, motivated by Prop. 3.62 (1), we will 
write U(p* v) instead of [(p)U(v). This point of view will be further developed 
in Chap. 7. 


3.5.2 Multiplication and differentiation operators 


As mentioned above, we will use the letter v as the name of the generic variable 
in Y*. This symbol will appear in the multiplication and derivative operators 
that we define below. 


Definition 3.63 For y € V, the operator of multiplication by y is defined by 
y(v)V = Y sja Y, Y E€ Pols, (Y*). 


We will often write y-v instead of y(v). 
More generally, if P € Pols/,(Y*), ®(v) will denote the operator of multipli- 
cation by ®: 


O(v)V := Ë sja Y. 


Definition 3.64 For w € Y* , the derivative in the direction of w is defined by 
w(V,)¥ := n(w|g 18 YW, € Poll’), (Y*). (3.34) 


We will often write w-V, instead of w(V_). 
More generally, if ® € Pol,/,(Y), we define the derivative ®(V,). For ® € 
Polf),(Y), it acts on Y € Poly,,(Y*) as 


®(V,)¥ = n(n- 1) (n-m + 1)(G|@12®"—™ y., (3.35) 


Then we extend this definition by linearity. 


Note that in the symmetric case the differentiation operator defined above is 
the usual differentiation of polynomials. In particular, w(V,) in (3.34) coincides 
with the directional derivative Def. 2.50. 

The operators of multiplication and differentiation are essentially equivalent 
to the creation and annihilation operators. We will discuss this equivalence in 
Subsect. 3.5.7. 

In the following propositions y,y,,y2€Y, w,wi,w2€Y* and ©,WeE 
Pols ja (YF ): 


Proposition 3.65 (Symmetric case) 
1 yı (v), Y2 (v)] =0, [wr (Vo); w2 (Vo)] =0, 
(w|y)1, 


= Y 18D g (w| 12") on Pol” (Y*). 


i=l 
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Proposition 3.66 (Anti-symmetric case) 


(1) [yi (w), y2(v)]+ = 0, [wi (Vo), w2(Vo)]+ = 0, 

(2) [w(Vr), y@)]+ = (wly) 1, 

(3) w(Vv)V 8a ® = (w(Vv)¥) 8a P + (IV) @a (WVy)®), 

(4) w(V,) = (1) 8 (w| @ 178 on Pol” (Y*). 


Proposition 3.67 Let p,heE L(y). In both the symmetric and the anti- 
symmetric case we have 


Y € Polf,,(* ) can be treated as an n-linear function on (Y*)”. Let us denote 
the generic variable of the j-th Y* by vj. We can write an identity 


VY = (Vo, ++ Va) Y, (3.36) 


where on the left we use the functional notation, and on the right we treat Y as 
a function depending on n separate variables. (3.36) should be compared with 
(4) of Props. 3.65 and 3.66. Note that in the anti-symmetric case one has to 
remember that V,, anti-commutes with the operator of multiplication by vj, 
hence the alternating sign. 


3.5.8 Right derivative 


Definition 3.68 In the anti-symmetric case the derivative defined in Def. 3.64 
should actually be called the left derivative. One can also introduce another oper- 
ator with the name of the right derivative. For w € Y*, the right derivative in 
the direction of w acts on Y € Pol} (Y*) as 


w(V,)v = nl’ Y®@(wlW, 


More generally, if ® € Pola(Y), we can define the right derivative a(V,). For 
® € Pol!” (V) and Y € Pol? (Y*), it is given by 


8(V,)U = n(n—-1)---(n—m4F II —™ ®@aQl(Glv. (3.37) 
Note that we need to invert the order (compare with Prop. 3.67 (3)): 
b,(V,)Oo(V,)U = (3: Qa &1)(F,)W. (3.38) 
Here is the relation between the left and right derivative: 


B(V,)U = (1) -d @(7,)W, © € Pol” (Y), Y € Pol? (*). 
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3.5.4 Exponential law in the polynomial notation 


The exponential law described in Subsect. 3.3.7 is not the only convention used 
in the context of the tensor product of symmetric and anti-symmetric tensor 
algebras. In fact, there exists another convention that avoids the complicated 
multiplier involving the square roots of factorials. This convention is commonly 
used in the “algebraic case” (when we are not interested in the Hilbert space 
structure). 

Let Vı, V2 be two vector spaces. Let j; : Yı —> Yi @ Yo, i = 1,2, be the canon- 
ical embeddings. 


Definition 3.69 
Um : Polsja (Vf) ® Polsya (V$ ) — Pols/a (V4 © W2)") 
is defined as the unique linear map such that if Yı € Poly, (Vi), Yoe 
Pol®, (V3), then (in the tensor notation) 
UP, @ P = (T(j1)Y1) @sya T(j2)Y2). (3.39) 


We will use v; as the generic variables in Y*%, i = 1,2. In the “polynomial 
notation”, Y := U™°*U, Q Y, will be simply written as 


(v) = Yi (v1) @s/a Yolu), v = (U1, v2). (3.40) 


Often, we will even omit s/a between the factors. Note that in the symmetric 
case, if we use the “polynomial interpretation”, the exponential law is just the 
usual multiplication of polynomials in two separate variables, which is consistent 
with the notation (3.40). 

Clearly, the identities (3.16) and (3.17) hold with U replaced with U™°*. 


Proposition 3.70 (1) (Symmetric case) 
(y1, yo)(v)UM = US (ys (v1) Q 1+ 18 yo(v»)), 
(w, we)(Vy)Um4 T Um (wy Wa ) & 1 + 1 & We (Voz )). 
(2) (Anti-symmetric case) 


(y1, ¥2)(v)JUM = UM (y (v1) @ 1+1 @ y2(v2)), 
(w1, w2)(Vy U4 = U™4 (w (Vo, ) & 1 + qi & we (Vou, )). 


3.5.5 Holomorphic continuation of polynomials 
Let Y be a real vector space. The identification (3.3) leads to the following 


isomorphism: 


CTs/a (V) = Tsja (CYX). (3.41) 
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In the polynomial notation this isomorphism is written as 
CPols/a(* ) = Pol, /,(CY* ). 


Note that in the polynomial interpretation V € CPol¢,,(V*#) is a complex 
multi-linear function on Y*, whereas the corresponding Yc € Pol, MEY") is 
a multi-linear function on C*, which restricted to Y* equals Y. 


Definition 3.71 The polynomial Ve will be called the holomorphic extension of 
Ẹ. 


(Of course, instead of polynomials one can consider more general holomorphic 
functions.) 


3.5.6 Polynomials on complex spaces 


Let Z be a complex vector space. Recall that Zp denotes its realification. We 
can distinguish four basic families of polynomials related to Z: 


Definition 3.72 (1) Elements of Polsja(Zr) are called real-valued polynomials. 
(2) Elements of CPolsja(Zr) are called complex-valued polynomials. 
(3) Elements of Polsja(Z) are called holomorphic polynomials. 


(4) Elements of Polsja(Z) are called anti-holomorphic polynomials. 


Assets, Zp, Z and Z can be identified. With these identifications, CPol, /a(Zp) 
is the largest family — it contains the other three. 

Let us use the notation and results from Subsect. 1.3.6. In particular, we 
recall the space Re(Z @ Z) = {(z,z) : z € Z}, whose complexification can be 
identified with Z @ Z. We have the obvious map (which according to Def. 1.84 
is called T,') 


Zr dz (z,Z) € Re(Z Z). (3.42) 
Its complexification is 
CZp Dm +iz (2 +iz,%1 +122) € ZOZ. (3.43) 
With these identifications, we have 


Polsja (Zr) = Pols/a (Re(Z ® Z)) ; 
CPolsja (Zr) = Pol,/a(CZp) = Pol,/,(Z ® Z) = Pol,/a(Z) 8 Polja (Z). 


In the last line, we first used (3.41), then (3.43), and finally the exponential law. 
In the symmetric case, the polynomial functions corresponding to all four 
cases of Def. 3.72 can be viewed as functions on the same space Zg. By allowing 
convergent series, we can also consider more general functions, in particular 
holomorphic and anti-holomorphic functions on Z, with obvious definitions. 
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3.5.7 Modified Fock spaces 


Let Z be a Hilbert space. Recall that the scalar product in the Fock space Ts/a (Z) 
is inherited from the scalar product in the tensor algebra ®Z. This choice has 
some disadvantages. Instead, many authors adopt a different convention, which 
we will describe in this subsection. 

Recall that N denotes the number operator on I's/,(Z). 


Definition 3.73 Let us set ri (z) := Domy N! equipped with the scalar prod- 
uct (V|®) moa := (U|N!®). We introduce also the unitary operator 


1 
mod a mod 
Teja(Z) > Y => TMD := om” erraz: (3.44) 


Sometimes we will write Y™?4 for T™°lW. 


The operators dI'(h) and T (p) keep the same form after conjugation by T™°*. 
If {e;}ic7 is an o.n. basis of Z, then 


1 = 
=e; : Fe Wa! 
k! 


is an o.n. basis of P™°¢(Z), and 


fey : JEn} 


is an o.n. basis of '™°4(Z), where e; and ey are defined in Subsects. 3.3.5 and 
3.3.6. 

Often we will consider the “polynomial notation” for P, /a(Z), where Z is a 
Hilbert space. In this case, it is convenient to use elements of the topological 
dual of Z, instead of the algebraic dual, as arguments of the polynomial. The 
topological dual of Z is identified with Z. Thus the polynomial notation for 
P.ja(Z) will be Pol,/,(Z). Clearly, Pols/a(Z) is dense in I™04(2). 

The generic variable of Z will be often denoted Z. Thus an element of Pol,/,(Z) 
in the polynomial notation will be written as U(Z). If w € Z, then the correspond- 
ing multiplication and differentiation operators are w(Z) and W(V=). They are 
related to the creation and annihilation operators as 


et aa) (Pye = w(V=), Tmod 4* (w)(T™°4)-1 5 w(Z). (3.45) 


If Z,, Z2 are Hilbert spaces, then the map U™° defined in Def. 3.69 extends 
to a unitary map from TES (Z1) ® ro (22) to Toae (Z, © Z2). It is related to 


the map U : Tsja (21) @V's/a(Z2) > V's/a(Z1 © Z2) defined in Subsect. 3.3.7 by 
pmod = pedi (qed Q i isaac ue 


where T™°4, T7704, T#04 are the unitary identifications of the corresponding Fock 
and modified Fock spaces; see (3.44). 
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3.6 Volume forms, determinant and Pfaffian 


In this section we recall some well-known concepts related to anti-symmetric ten- 
sors, such as volume forms, the determinant of a matrix and the Pfaffian of an 
anti-symmetric matrix. They are usually introduced in a coordinate-dependent 
fashion. In our presentation, we try to stress the coordinate-independent 
approach based on the anti-symmetric tensor algebra. 


3.6.1 Volume forms 


Let X be a (real or complex) d-dimensional space. A special role is played by 
the space A¢¥* of anti-symmetric d-forms on Æ, which is one-dimensional. 


Definition 3.74 A non-zero element of \4X* will be called a volume form on 
X. If the name of the generic variable in X is x, then a volume form on X will 
be often denoted by dz. 


Suppose that we choose a basis (e,,...,é€q) in Æ. Let (e!,...,e%) be the dual 
basis in ¥*. Then we have a distinguished volume form on ¥ defined by 


Bse Neee. (3.46) 
(Note the reverse order and the use of A and not of ®,.) We have 


(Ele; @, +++ Qa eg) = 1. 


Definition 3.75 If X is a Euclidean, resp. unitary space of dimension d, then 
we say that a volume form = is compatible with its Euclidean, resp. unitary 
structure if there exists an o.n. basis of X (e1,...,ea) such that 


B=elA---Ael. 
If Xi, i = 1,2, are vector spaces with volume forms =;, then on +, 6 Xə we 


take the volume form =2 ^ E1. (Note again the reverse order and the use of ^ 
and not of Qa.) 


Definition 3.76 If we use the notation dx; for Zi, we will often write dxzdx, 


for da A dzı. 


Definition 3.77 If = is a distinguished volume form on X, then we have a 


dual 
= 


distinguished volume form on X* determined by 
(S|Eauely = di. 
If in coordinates E is given by (3.46), then 


zdal — e] A+++ A eg. 


Note that (E¢¥!)¢""! — =, We will often use € as the generic variable of ¥*, and 
then the dual volume form on ¥* will be denoted by dé. 
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3.6.2 Hodge star operator 
Let d = dim X. Let us fix a volume form © € [/(4*) = Polt (X) on &. 
Definition 3.78 The Hodge star operator is defined as the map 


6: Pol, (¥*) > Pola (£) 
by 


(|v) := (V Qa BIZ), Ve Pol? (¥*), Be Pol!" (v*). 


1 
(d-n)! 


Note that 6 maps Pol? (X*) onto Pol?™” (4). We will see in Subsect. 7.1.7 that 
the Hodge star operator can be viewed as an analog of the Fourier transforma- 
tion. 

Let us fix a basis (e1,..., eq) of ¥ such that Z = ef A--- Ael. Let o € Sq be 
a permutation and 0 < n < d. Then 


9 €5(1) Ba *** Ba Eo(n) = Sgn(0) el) Ba Ba OTD, 


3.6.3 Liouville volume forms 
Let (Y,w) be a symplectic space of dimension 2d. Note that w € La(Y,Y*) ~ 
PVF) 
Definition 3.79 YV possesses a distinguished volume form called the Liouville 
form, 


‘ 1 
mliouv .__ = ad 
a = 7 Aw. (3.47) 


Recall that Y* is equipped with the symplectic form w71. Thus it possesses 
its own Liouville form + A^? wt. It is easy to see that it equals the volume form 
dual to Ehery, l 


3.6.4 Liouville volume forms on X* Ð X 


Assume that ¥ is a vector space of dimension d. Consider VY = X* © & with its 
canonical symplectic form (1.9). If we choose an arbitrary basis e1,..., eq of X 
and e!,...,e¢ is the dual basis, then one can use the wedge product to write the 
canonical symplectic form as 


d 
w= 5 eine. (3.48) 
i=1 


Hence the Liouville form on V* @ X is 


eg AeA eg Aese AAAA. (3.49) 
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Proposition 3.80 Choose an arbitrary volume form = on X. Then the Liouville 
volume form on Y is equal to 2" A E. 


Proof We choose a basis of ¥ and the dual basis of 4* as above. Now for any 
volume form = on Æ there exists À Æ 0 such that 


B= ret A--- Ae!" agdal L ATle A... A eg. 


The symplectic form w7! on Y* = X P X* can be also written as (3.48). 
Hence the Liouville form on Y* can be written as (3.49). 

Recall that often the symbols dz is used for a fixed volume form on 4’, and its 
dual form on ¥* is denoted by dé. Then the symbol dad€ denotes the Liouville 
volume form on ¥* ® X and on X Q &*#. 


3.6.5 Densities and Lebesgue measures 
Let ¥ be a real d-dimensional vector space. 
Definition 3.81 An element of \¢X*/{1,—1} will be called a density on #. 
The density associated with a volume form = will be denoted by |=|. Thus |=| = 


{E,-=}. If |E| is a density on X, we define the corresponding dual density on 
Xt by [ejeuet = jama, 


Clearly, the set of volume forms compatible with a Euclidean structure is a 
density. 

Recall from Def. 3.74 that if the generic variable of X is denoted x, then dx 
denotes a fixed volume form on ¥. Thus, according to Def. 3.81, the correspond- 
ing density should be denoted by |dz}. 


Definition 3.82 By a Lebesgue measure on ¥ we mean a non-zero translation 
invariant Borel measure on X finite on compact sets. 


If |E] is a density on ¥, then |=| induces a Lebesgue measure u on Æ by setting 
u(V(er, Hiss ,€a)) = (ler Qa t Ba ea), 


where V(e1,...,e€a) := DD tiei : t; € [0,1] } is the parallelepiped with edges 


€1,-..,€d. Conversely a Lebesgue measure on ¥ yields a unique density on æ. 
Therefore, we will often identify the concepts of a Lebesgue measure and a den- 
sity. 


The integral w.r.t. a Lebesgue measure is called a Lebesgue integral. If F is a 
function on ¥, its Lebesgue integral is denoted f F(x)dx (although, according to 
Def. 3.81, the notation f F(x)|dz| would be more appropriate, since a Lebesgue 
integral depends only on the density |dz|, and not on the volume form dz). For 
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further reference let us list elementary properties of a Lebesgue integral: 


LOALO =0, ® € CPol2'(4’*); 
J flere =f e)a, yE X; 
T E J i mer. (3.50) 


3.6.6 Determinants 


Definition 3.83 Ifa = |a;j] is ad x d matriz, one defines its determinant as 


d 
det(a) := 5 sgn(o) [[ cico. 
oESa i=1 


It is possible to give a manifestly coordinate-independent definition of the 
determinant. Let ¥ be a d-dimensional vector space over K. 


Definition 3.84 Fora € L(X), its determinant is defined as the unique number 
deta satisfying 


T(a)| =: det all. 


AMX 
Clearly, this definition is possible, because (a) sends A“ into itself. If 

(e1,...,eq) is a basis of X and (e!,...,e“) its dual basis, then det a coincides 

with the determinant of the matrix [(e'|ae;)]. 

Proposition 3.85 (1) If X is real and a E€ L(¥), then det a = det ac. 

(2) Ifa,b € L(X), then det ab = det a det b. 

(3) Ifa; E€ L(X;), i = 1,2, then det(a, ® ag) = det a; det ay. 

(4) Ifae L(X), then deta = det a*. 


3.6.7 Determinant of a bilinear form 
Now let ¥ be a finite-dimensional vector space equipped with a density |=]. 


Definition 3.86 If C€ L(Y,%*), we define the determinant of ¢ w.r.t. the 
density |=| as the unique number det ¢ satisfying 


T(¢*)E = det ¢ 3%, (3.51) 


(Note that the above definition does not depend on the sign of ©.) 

If (e1,..., eq) is a basis of X such that = = e? A--- A et}, then det ¢ is equal to 
the determinant of the matrix [(e;, ¢e;)]. 

If |=| is compatible with a Euclidean scalar product v, then the determinant 
of ¢ w.r.t. |E] is equal to the determinant of the operator v~'¢ € L(&). 
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3.6.8 Orientations of vector spaces 


Let X be a finite-dimensional real vector space. 


Definition 3.87 Two bases of X are said to be equivalent if the determinant of 
the matrix of the change of basis is positive. An orientation of ¥ is the choice of 
one of two equivalence classes of bases. Bases in this class are called compatible 
with the orientation. A space equipped with an orientation is called oriented. 


Sometimes it is useful to have the concept of an orientation also on a complex 
vector space. Its definition is identical to that on the real vector space. The only 
difference is that on a complex vector space the set of orientations is not made 
of two elements but is homeomorphic to a circle. 


3.6.9 Volume forms on complex spaces 


Let Z be a complex space of dimension d equipped with a complex volume form 
denoted by =. On Z we have the volume form = defined by (E|W) = (2|W 
Y €14(Z). We will also need Z°“ = (—1)?4¢-E_ We will usually denote 
by dz and = by dz. If e!,...,e¢ is a basis of Z* and dz = ef A- -+ Ae! then 
dz=€' A--- Ae. 

On Z © Z we have a distinguished volume form given by 


), 
= 
a 


.— q= TeV 
1 qe 


SE AB =i “dz dz. (3.52) 


We claim that the restriction of iv4dz A dz to Re(Z © Z) is a real volume form. 
This can be seen by noting that the canonical conjugation 


ZoZz =) (Z1, 22) = €(Z1, 22) = (Ze, 21) E ZoZz 


fixes Re(Z © Z) and transforms i~¢dz A dz into its complex conjugate. 

Recall that the realification of Z is denoted Zp. It is a real 2d-dimensional 
space. Zp has a distinguished real volume form obtained by pulling back i~4dz A 
dz from Re(Z @ Z) to Zr by the transformation 


Zr dz (z,zZ) €Re(ZO2Z), (3.53) 


(which we encountered before, e.g. in (3.42)). The Lebesgue measure obtained 
from this volume form will be adopted as the standard measure on Z. Thus, a 
typical notation for the Lebesgue integral of a function Z € z+ F(z) will be 


J F(z)i-¢dz A dz. (3.54) 


Let us give an argument for why i~¢dz A dz is a natural choice for the distin- 
guished volume form on a complex vector space. Assume that Z is a unitary space 
and that dz is compatible with its structure (see Subsect. 3.6.5). We have seen 
in Subsect. 1.3.9 that Re(Z @ Z) is equipped with a Euclidean scalar product 
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and with a symplectic form. We claim that i~4dz A dz is compatible with these 
two structures. To see this, note that if (e',...,e“) is an o.n. basis in Z* ~ Z, 
then 


i4dzdz = ig! A. AS ACTA: Ale! 


— e+e! A —ie! +iz' NN el +e" A —ie! +ie4 


v2 v2 v2 v2? 
and (ae ; aoe pary = ss ; oe ) is both an o.n. and a symplectic basis 
in Re(Z © Z). 


Remark 3.88 The following remark may sound academic, but actually it is 
related to a true computational nuisance — factors of V2 in various formulas, 
which are often difficult to keep track of. 

We saw that the volume form i~4dzZAdz is compatible with the natural 
Euclidean structure on Re(Z ® Z). Its pullback to Zp, however, is not com- 
patible with the usual Euclidean structure on Zp, that is, with the real scalar 
product Re Z - z2. To see this, note that the map (3.53) is not orthogonal. (3.53) 
becomes orthogonal only after we multiply it by Fi: A volume form compatible 
with the Euclidean structure of Zp is (2i)~7dz A dz. 

One can say that when we consider integrals on Z, we actually view them 
as integrals on Re(Z @ Z), where the integrand has been pulled back from Z 
onto Re(Z @ Z) by (3.53). Therefore, when normalizing the Lebesgue measure 
in (3.54), we prefer the convention adapted to Re(Z @ Z) rather than to Z. 


3.6.10 Pfaffians 


Definition 3.89 Let deN. We denote by Pairgg the set of pairings of 
{1,..., 2d}, i.e. the set of partitions of {1,...,2d} into pairs. 


A pairing can be uniquely written as 


(iji), (i2, j2), a) (ia, ja)), 


where ip < jk and ii < i2 < --- < iq, and we can identify Pairgg with the subset 
of permutations 

Pairoq = {0 € Soq : o(2i— 1) < 0(2i), o(2i—1)< o(2i+1), 1<i<d}. 
It is easy to see that Pairog has Cay elements. 


Definition 3.90 If ¢ = [Qij] is a 2d x 2d anti-symmetric matriz, one defines its 
Pfaffian by 


d 
P£(¢) := 5 sen(o) | | 6o(2i-1),0(21): 
i=1 


o €Pairod 
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It is possible to give a manifestly coordinate-independent definition of the 
Pfaffian. Now let Y be a (real or complex) vector space of dimension 2d, equipped 
with the volume form =. 


Definition 3.91 For ¢ € La(Y*,Y) ~T?(Y), its Pfaffian w.r.t. = is defined by 


1 = 
Pf(¢) := zaz (2212). (3.55) 
An alternative definition is 
A@¢ =: d PEED”. (3.56) 


If (e!,...,e?®) is a basis of Y* such that = = e?4 \--- A el, then Pf(¢) coincides 
with the Pfaffian of the matrix [(e’|¢e’)]. 


Proposition 3.92 (1) If¢ € La(V*,Y), r € L(Y), then 
Pf(r¢r* ) = Pf(¢) det r. 
(2) Let G € La(Yf, VM), i= 1,2. Then 
Gg O}]\ 


where the Pfaffian on the Lh.s. is computed w.r.t. =, A E2. 
(3) For ¢ € La(Y*,Y), one has 


PE(¢)? = det ¢, 


where det a is computed w.r.t. the density |E%*"]. 
(4) Let X be a finite-dimensional vector space equipped with a volume form = 
and let us equip Y = X* © X with the volume form =" A E. Leta € L(X), 


0 at 
so that ad € La(ŅV*, YV). Then 


3.7 Notes 


The tensor product of Hilbert spaces is studied e.g. in the monograph by Reed- 
Simon (1980). The notions of Fock spaces and second quantization were originally 
introduced by Fock (1932). Mathematical expressions can be found e.g. in Reed- 
Simon (1980), Simon (1974), Bratteli-Robinson (1996) and Glimm-Jaffe (1987). 


A 
Analysis in L?(R®) 


In this chapter we describe basic properties of operators acting on L? (R°). After 
a preliminary Sect. 4.1, we will study the Weyl commutation relations and prove 
the famous Stone-von Neumann uniqueness theorem. Then we define the so- 
called x, D-quantization, with position to the left and the momentum to the 
right. We will compare it to the D, x-quantization, which uses the reverse order of 
position and momentum. The Weyl- Wigner quantization, in some sense superior 
to the x, D- and D, x-quantizations, will be introduced in Chap. 8, which can be 
viewed as a continuation of the present chapter. 


4.1 Distributions and the Fourier transformation 


Throughout this section, ¥ is a real vector space of dimension d with a Lebesgue 
measure daz. As in Subsect. 3.6.5, the dual space ¥* is then equipped with a 
canonical Lebesgue measure, which we denote dé. If additionally ¥ is equipped 
with a Euclidean structure, we take dx to be the unique compatible Lebesgue 
measure (see Subsect. 3.6.5). 


4.1.1 Distributions 
Let 2 be an open subset of X. 
Definition 4.1 Co°(Q) denotes the space of smooth functions compactly sup- 
ported in Q. We equip Co°(Q) with the usual topology and rename it D(Q). 
D'(Q) denotes its topological dual. Elements of D'(Q) are called distributions. 
A large class of distributions in D’(Q) is given by functions f € Lj,.(Q) with 
the action on ® € C&°(Q) given by 


(F10) = f fe) Ode. (4.1) 


We will use the integral notation on the r.h.s. of (4.1) also in the case of distribu- 
tions that do not belong to L}.,.(Q). Here are some examples with Q = ¥ = R: 


loc 


fe +i0)*®(t)dt := lim | (t + ie)? (t)dt. 
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4.1.2 Pullback of distributions 
Let x : Q1 > Qə be a diffeomorphism between two open sets Q; C Rf, i = 1,2. 
Definition 4.2 One defines the pullback x* : D'(Q2) —> D' (Qı) by 


[oe feayeterjan, = J f(22)® 07a) det Vx‘ (a2)\dr2, ® € D(M). 


Clearly, if f € Lj,.(Q2), then x* f(a1) = f o x(x). 

The pullback of distributions can be generalized to a large class of transforma- 
tions between sets of different dimension. Let Q; C R“, i = 1,2, be two open sets 
and T : Qı — Q2 a submersion, that is, a smooth map whose derivative is every- 
where surjective. We can find an open set Q C R“~® and a diffeomorphism 
X: Qı —> Q2 x Qz such that 

Ta, OX=T, (4.2) 


2 


where mo, is the projection onto Q2. We then define the map T* : D’(Q2) > 
D'(Qı) as 


T* f = x" (f 81), 


where we consider f ® 1 as an element of D’(Q2 x Q3). One can show that 7# is 
independent on the choice of x satisfying (4.2). 


Definition 4.3 The map T* : D'(Q2) = D'(Qı) is also called the pullback of 
distributions. 


In particular, if f € Lj,.(Q2), then 


fr f(x1)®(a1)da, = J fer(ey@a)an. (4.3) 


We will use the notation of the r.h.s. of (4.3) also for the pullback of distributions 
that do not belong to Lj,,(Q). For instance, 


J 5(r(t)) ®( e Ir'(s)|-28(s). 


4.1.3 Schwartz functions and distributions 


Definition 4.4 The space of Schwartz functions on ¥ is defined as 
S(X) := {V E C®(X) : flae°VEW(x) Pdr <œ, a,8EN*}. (4.4) 


(In the definition we use an identification of X with R°. It is clear that S(¥) 
does not depend on this identification.) 


Remark 4.5 The definition (4.4) is equivalent to 


S(x) = {Y ECR(X) : |x V2 U(x)| < CoB, Q, BE N°}. (4.5) 
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The definition (4.5) is more common in the literature, even though one can argue 
that (4.4) is more natural. 


Definition 4.6 On S(X) we introduce semi-norms 


i 
Iles = ( f vv Par)”, 
which make it into a Fréchet space. S'(X) denotes its topological dual. 
Note that we have continuous inclusions 


D(X) CSA) CE (4) c S'(X) CDA). 


4.1.4 Derivatives 


Let f be a complex function on ¥. Recall from the real case of Def. 2.50 (1) that 
the derivative of f at xo E X in the direction q € X is defined by 


d 
aVef(00) = E eo +t) (4.6) 


Proposition 4.7 The derivative of a C! function at a point is a complex linear 
functional on X, that is, Vi f(xo) E€ C¥X*. 


Definition 4.8 If f € C?(X,R), its Hessian at xp € X is denoted V2) (a0) € 
Ls(&,X*) and defined by 
2 
WV) ela 
gaVi f(zo)a dt dtz 


If E Li(&#*#, X), then Vi-CVx denotes the corresponding differential operator: 
VeV z f (Xo) := Tr CV) F(x). 


If X is a Euclidean space with the scalar product denoted by x, - x2, then 
Vz: Vz = V2 =A, stands for the Laplacian. 


f(mo + tig + t292)|,, 1-07 q E X. 


4.1.5 Complex derivatives 
Let Z be a complex vector space. Let f be a complex function on Z. 


Definition 4.9 The holomorphic, resp. anti-holomorphic derivative of f at zo € 
Z in the direction of w € Z, resp. W € Z is defined by 


wV: fleo) = 55 (Pleo + te) — if eo + itu) hio 
W-Vef (20) = EE (F20 + tw) + if eo + ite) pao 


Proposition 4.10 The holomorphic, resp. anti-holomorphic derivative of a 
C! function at a point is a linear, resp. anti-linear functional on Z, that is, 


V.f (zo) € Z*, resp. Vef(zo) € Z“. 
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Recall from the complex case of Def. 2.50 (1) that f possesses a (complex) 
derivative at zo in the direction of w if there exists the limit 


u—0 u 


where u is a complex parameter. 


Definition 4.11 Assume that Z is finite-dimensional and let U C Z be an open 
set. We say that f : U — C is holomorphic in U if it possesses a complex deriva- 
tive at each z E U. 


Proposition 4.12 A function f:U—C is holomorphic iff f € Li,.(U) and 
Vzf =0 in U in the distribution sense. Then (4.7) equals w-V + f (zo). 


We consider also the realification of Z, denoted Zp, where the multiplication 
by i is denoted by j. 

Let VE denote the usual (real) derivative on Zg. We can express the holomor- 
phic and anti-holomorphic derivative in terms of the real derivative: 


1 
wV2 = 5 (w-VE — i(jw)-VE) , 
1 
UVr= 5 (w-VE + i(jw)-VE) , 
wV,+0-Vz=wVF. (4.8) 


(On the left w is treated as an element of Z and on the right w as a real vector 
in Zp.) 

Note that if we make the identification Zp 3 w > (w,W) € Z @ Z, as in (1.31), 
then (4.8) can be written as V; + Vz = VE. 


4.1.6 Position and momentum operators 
Definition 4.13 Forn € XË andq E€ X we set 


(nct) (x) = nrt (x), Dom na := fv ce P(X): f malae < o} ‘ 
(q:-DW)(x) := -i¢g VU(x), Dom ¢-D:= fo ce L(x): OSORES: : 


nx and qD are called respectively position and momentum operators and are 
self-adjoint operators. 


Remark 4.14 In the formulas above the symbol x is used with as many as three 
different meanings: 


(1) as an element of the space X, e.g. in U(x) or in mx on the right of :=; 
(2) as the name of the “generic variable in X”; e.g. in dx or Vz; 
(3) as a vector of self-adjoint operators, e.g. in nx on the left of :=. 
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This ambiguous usage of the same symbol, although sometimes confusing, seems 
to be difficult to avoid and is often employed. Sometimes one tries to differentiate 
the third meaning by decorating x in some way, e.g. writing ĉ. 


Proposition 4.15 The Schwartz space S(X) is the largest subspace of L? (X) 
contained in the domain of position and momentum operators and preserved by 
all the operators n-x and qD. 

The operator 7-7 and q-D, viewed as operators on S(¥), satisfy the so-called 
Heisenberg commutation relations: 


[m-2,n2-t] = [a D, q: D] =0,  [nx, q D] = iņqt. (4.9) 


Definition 4.16 The algebra of differential operators with polynomial coeffi- 
cients will be denoted CCR?°'(X* © 2). 


Elements of CCR?"(4* @ X) act naturally on S(#). By duality, they also act 
on S’(X). 


Remark 4.17 In Subsect. 8.8.1 we will define a more general class of algebras, 
denoted CCR?°'(Y), where Y is a symplectic space. 


Remark 4.18 The algebra CCR?°'(X* © X) is sometimes called the Weyl alge- 
bra. However, we prefer to use this name for a different class of algebras; see 
Subsect. 8.3.5. 


4.1.7 Fourier transformation 


Definition 4.19 We denote by Co (X) the Banach space of continuous functions 
on X tending to 0 at oo. 


Definition 4.20 For f € L'(X) the Fourier transform of f, denoted either F f 
or f, is given by the formula 


Oe f J(aj? Sade. 


It is well known that F extends to a unique bounded operator from L? (X, dz) 
to L? (X* dE), where dé is the dual Lebesgue measure on &*. 

The Riemann-Lebesgue lemma says that if f € L'(#), then f € C% (&*). 

(2r)? F is unitary, and we have the Fourier inversion formula 


f(a) = (2n)~4 T KOLETA 


The space S(&¥) is mapped by F continuously onto S(&*). F can be extended 
to a unique continuous linear map from S’(4’) onto S'(&X*). 
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4.1.8 Gaussian integrals 
Let v € L,(X,X*) be positive definite. Let n € CY*. Then 
= 


(217$ f emtevetvsde = (det v) 3e7" "n, (4.10) 


Note that the determinant det v is defined w.r.t. the Lebesgue measure dx (see 
Subsect. 3.6.6). In particular, if f(x) = e77®”®, then 


F(E) = (27)? (det v)~Ze7 7EY E, (4.11) 
If v € L.(X, X*) is not necessarily positive definite and 7 € ¥*, then 
lim (27)? / errr deu sextant e ane 7, (412) 
R-oo |a|<R 


In particular, if g(x) = e7"”", then 


9(E) = (2m) Fet™ mert (det v) Fe ey E, 


We will sometimes abuse the notation and write det(—iv)-? for 
| det v|- zer" inert v, 


4.1.9 Gaussian integrals for complex variables 


Let Z be a complex space of dimension d. Recall from Subsect. 3.6.9 that the 
integral of a function Z 5 z+ F(z) over Z is interpreted as the integral of the 
pullback of F by 


Z>2z+(z,Z) € Re((Z 9 Z) 


on the space Re(Z @ Z), and i~¢dZdz is used as the standard volume form. 
Let us translate formula (4.10) into the context of complex variables. Let 
B € Iy(4, Z*) be positive definite, and w1, w2 E€ Z*. Then 


(2ni)~4 1 2 dzdz = (det B) Ler pT T, (4.13) 


where det 8 is computed w.r.t. the volume form dz. 

Let us explain the proof of (4.13). As mentioned above, the integral in (4.13) 
is interpreted as an integral on the real vector space Re(Z @ Z). We choose 
any scalar product on Z compatible with dz. Note from Subsect. 3.6.9 that 
the volume form i~¢dZdz is compatible with the Euclidean scalar product on 
Re(Z @ Z). We identify 8 with an element of L(Z) using the unitary structure 
of Z. Then, setting 


v= (z,Z), m=2d, dv =i “dzdz, 


Y := | | ; & = (w1, W2) € CRe(Z 9 Z) ~ CRe(Z 9 Z)*, 
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we see that (4.13) reduces to (4.10). To compute the determinant of v as an 
operator on Re(Z @ Z), we use that 


det v = det vc = det 8 det 3 = det 8 det B* = det 8?, 


since 3 = 8*. Then (4.13) follows from (4.10). 


4.1.10 Convolution operators 


Definition 4.21 If f € S'(X), Y € S(X), then their convolution product f x Y 
is defined by 


fxV(a D (x — xı )¥ (xı )dzı. 
We have 


F(f xY) = (Ff)\(FY). 

Recall that D = iV, is a vector of commuting self-adjoint operators. Note that 
FDF! = £ where € is the operator of multiplication by € € ¥* on L?(4*). 

Note the identities 

F(D)¥(a) = (27) fel fle Wy)aay 
(27)~ “fiw —a)U(y)dy, feS(r*). 
If v € L.(X*,X), then 
e Ps wD U(g) = et V= Y= D(a) (4.14) 
= (2r)~? (det v)~? fete ea jaar. 


As a consequence, we obtain the following identity for Y € CPol,(%): 
(@ony-# f w(wjer#?*ae = [det v=? (ec? Y=) (0). (4.15) 
As an example of (4.14) let us note 
eT} De De D(x, €) = (27t)! fe ter): (6-6) D(a, & dary dé. 


Let us write the analog of (4.14) on a complex space Z of dimension d, for 
B € L(Z, Z*) and 8 > 0: 


eV? VEU (Zz, z) = (27i) (det 8) f eo FAB (e-a) p(z, z1)dZ1dzı. (4.16) 
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4.1.11 Sesquilinear forms on S(X) 
Definition 4.22 A € B(L?(&)) is called an S-type operator if it is given by an 
integral kernel in S(X x X), that is, there exists A(-,-) E S(X x X) such that 
Ava) = | ACe.y)Wu)ay. 
The set of S-type operators is denoted CCRS(X* @ X). 
Definition 4.23 Continuous linear functionals on CCR°(X* @ X) are called 
S'-type forms. Their space is denoted by CCR® (X* @ X). 

Clearly, elements of CCR? (X * X) are represented by distributions in 
S'(X @X). We have the obvious pairing for B € CCRÎ (X# ẹ ¥) and A€ 
CCRĪ(X* @ X): 

B(A)= | f Ble. y)Alz, y)drdy. 

Let 

CCR (X* @X) 3 AH B(A) EC (4.17) 
be an S'-type form. Clearly, for any Yı, Y2 E€ S(%), the operator |Y2)(¥ı| 
belongs to CCR°(X* © X). Thus we obtain a sesquilinear form 

S(X) x S(X) > (Wy, Y2) > B(|Y2)(V1|) € C. (4.18) 

We can interpret (4.18) as the action of BW on Y1, where B is a continuous 
linear map from S(&) to S'(X). Thus (4.18) can be written as (Yı|BY2). We 
call it the “operator notation for (4.18)”, and we will use it henceforth. 

We can write 


CCR? (4? @.4) C B(L?(X)) c CGRE (&* @ X). 


Theorem 4.24 (The Schwartz kernel theorem) B is a continuous linear trans- 
formation from S(X) to S'(X) iff B belongs to CCR® (X* @ X), that is, iff there 
exists a distribution B(-,-) € S'(X © X) such that 


(Wy |BW.) = J Yi (2) B(a1 y z2)V2 (x2)dzıdz2, Yi, Y2 € S(X). 
Definition 4.25 The distribution B(.,-) € S'(X @ X) is called the distributional 
kernel of the transformation B. 


Definition 4.26 We define the adjoint form B* by (W,|B* Y2) = (V2|BY,). If 
B, or Bz are continuous operators on S(&), then we can define By o By as an 
element of CCR® (X* @ X) by 


(W,|Bo O Bı Y2) := (Yı|B2(B1Ẹ¥)), or (Yı|B2 fe) Bı Y2) := (BS VU|B, Y). 
In particular this is possible if Bı or By € CCR?” (X* @ X). 
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4.1.12 Hilbert-Schmidt and trace-class operators on L?(X) 


Note that B € B?(L?(2)) iff the distributional kernel of B belongs to L?(4 @ 
X). Moreover, if B,, B2 € B?(L?(4)), then 


Tr BiB = I Bı (£2, zı)B2 (xı, z2)dzıdz2. 
Consider a trace-class operator B € B!(L?(#)). On the formal level we have 
the formula 


RB = | B(e,2)dz, 


The following theorem gives some of many possible rigorous versions of the above 
identity: 


Theorem 4.27 (1) If B € CCR°(X* © X), then 
TB = | B(2,2)de 
(2) Fix an arbitrary Euclidean structure on X. If B € B'(L?(X)) then 
TrB= lim (21 /e)? J HEF Bler, man drs, 


Proof (1) is left to the reader. To prove (2) we set P, :=e72". Note that 
0<P. <1 and w - lim Fe = l. By Subsect. 2.2.6, we know that Tr B= 


lim Tr(P.B) = lim Tr(P./2BP./2). By (4.14), P. has the kernel 


(2m) Herd eame, 


and P./2BP.;2 has kernel B x T., where T, (£1, £2) = (me) teii +23), Now Bx 
T, € S(X X), and by (1) we get 


2 2 


L(2 z2) Bla, s z2)dzrıdzdz. 


Tr(PejaBPeja) = (797 fe Fe) 


Next we use (4.14) and the fact that e~*2°e~*9° = e7$P? to perform the inte- 
gral in x, which yields 


1 


Tr(P./2BP./2) = (27e)? f HE Blar, m)azdas, 


4.2 Weyl operators 


As in the previous section, ¥ is a finite-dimensional real vector space with the 
Lebesgue measure dz. 

The Heisenberg commutation relations (4.9) involve two unbounded operators: 
position and momentum. This makes them problematic as rigorous statements. 
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In the early period of quantum mechanics Weyl noticed that for many purposes it 
is preferable to replace the Heisenberg commutation relations by relations involv- 
ing the unitary groups generated by the position and momentum, since then 
called the Weyl commutation relations. These relations involve only bounded 
operators, hence their meaning is clear. On the formal level they are equivalent 
to the Heisenberg relations. 

Linear combinations of the position and the momentum are self-adjoint. Their 
exponentials are often called Weyl operators. They are very useful in quantum 
mechanics. 

One of the central results of mathematical foundations of quantum mechanics 
is the Stone-von Neumann theorem, which says that the properties of the position 
and momentum, up to a unitary equivalence, are essentially determined by the 
Weyl relations. 


4.2.1 Definition of Weyl operators 
Let us consider the one-parameter unitary groups on L?(X) 
X* >q #7 EU(L(A)), 
Xq ÁP e U(L(X)) 
generated by the position and the momentum operators. 


Theorem 4.28 Let 7 E X#, qE X. We have the so-called Weyl commutation 
relations, 


ell eit DP z= ered D eine | (4.19) 


The operator n-x + q-D is essentially self-adjoint on S(X). For Y € L?(X) we 
have 


llr et a DG (g) = e294 W(x + q). (4.20) 
Moreover, the following identities are true: 
ella tt+q-D) = gr teat? 5 Boers (4.21) 
= eri teigDernt = ert Pein era D_ 
Proof Clearly, we have 
ef? U(x) = U(r +q). 


This easily implies (4.19). 
Define 


E cle genase. E 
U(t) = ezt n Geil T gitq Dr 
or 


U(t)W (x) = ezt matine g g + tg). 
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We compute 
oU (t)Y = i(na + qD)U(HU, VE S(X). 


Clearly, if Y € S(¥), then U(t)W € S(X) for all t. Therefore, by Nelson’s invari- 
ant domain theorem, Thm. 2.74 (2), 


U(t) = eit(n-a+q-D) 


and S(¥) is a core of 7-2 + q-D. This implies (4.20). 
The identities (4.21) follow from (4.20). 


Theorem 4.29 If B € B(L?(X)) commutes with all operators in 
fert, elt? : nex, ger}, (4.22) 


then B is proportional to identity. In other words, the set (4.22) is irreducible in 
B(L?(#)). 


Proof L°(X), identified with multiplication operators in L?(4), is a maximal 
Abelian algebra in B(L?(4)). By the Fourier transformation, linear combina- 
tions of operators of the form e” are #-weakly dense in L®(A’). Hence if B 
commutes with all operators e'”"”, it has to be of the form f(x) with f € L® (X). 

We have ét? f(x)e"'4? = f(x +q). Hence if f(x) commutes with et? , then 
f(x+q) = f(x). If this is the case for all q € ¥, f has to be constant. 


Theorem 4.30 Let Y € L?’ (X). Then Y € S(X) iff 
X* OX D (n,Q) (Wle'” iP W) (4.23) 
belongs to S(X* @ X). 


Proof (4.23) is a partial Fourier transform of the function VY @ ¥ Ð (xz,q) > 
W(x) U(x + q). Thus (4.23) belongs to S(X* p X) iff U(x) W(x + q) belongs to 
S(X X), which is equivalent to Y € S(X). 


4.2.2 Quantum Fourier transform 


Operators can be represented as an integral of etet P , This fact resembles the 
Fourier transformation; therefore we call it the quantum Fourier transformation. 

The following proposition will be used in our analysis of the z,D and Weyl 
quantizations: 


Proposition 4.31 (1) Let w € L'(X* @ 2X). Then the operator 
(27)? / w(n, de” elt? dndq (4.24) 


belongs to Bx(L?(&)) and is bounded by (27)~“||w|1. 
(2) Let B € B'(L?(X)). Then the function 


w(n, q) := Tr Bet Pei (4.25) 
belongs to Ca(X* © X) and is bounded by Tr|B|. 
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(3) If B € B!(L?(X)) and w is defined by (4.25), then 


B = 2n)* f won getet? anda (4.26) 


as a quadratic form identity on S(&). 
(4) If, moreover, w € L'(X* X), then (4.26) is an operator identity on L? (X). 


Remark 4.32 Note that (4.26) follows from the following formal identity: 
Tre? tir? — (27)75(n)5(q). 


Proof (1) Let wn E€ S(X* @ X) be a sequence such that wn > w in L'(X* @ X) 
and 


B, = eny4 fw, (n, gel” lt? dndq. 


Then the integral kernel of B, belongs to S(4’), hence B, is Hilbert—Schmidt. 
Besides, Ba — B in B (r? (xX )); therefore B is compact as the norm limit of 
compact operators. 

(2) The map ¥* $ X > (n, q) ee Pe" € B(L?(X)) is continuous for the 
weak topology and e~"? e71"? tends weakly to 0 when (n, q) > oo. This easily 
implies that w E€ C.(¥* X). 

(3) Let us fix Y € S(X). It is enough to show that 


(U|BU) = (27)~4 i w(n, q) (Glee? W)dndq. (4.27) 


For B of finite rank, (4.27) follows by a direct computation. Let us extend it 
to B of trace class. 

From (2) we know that the map 

BML? (X)) 3 B= w € Cy(X* © 4) 
is continuous. Clearly, (7,q) + (Wle”*el4? Y) belongs to S(X* @X). The 
maps 
B! (L? (X)) 3 Be (U|BY), 
Ca(X! © X) 3 wi (0) | wn DP Danag 


are continuous. Hence we can extend (4.27) to an arbitrary B € B!(L?(4)) by 
density. 

(4) Clearly, if w € L'(¥* @ 2X), the r-h.s. of (4.26) is a norm convergent 
integral. 


Proposition 4.33 Let us equip X with a Euclidean structure. Let Py := 
|®o)(®o|, where Po € L? (X) is given by 
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Then 
(1) Po = Py = a 


(2) 7? Pe” f(a) = P f f(a)da, for f € LI(X), 
(3 ) P = (2 T) ee. —i4 +iF aN ein-® iP dndq, 
(4) Span‘ {eine Pb, neXt qE X} = B(X). 


a (1) is immediate, since ||®o||=1. To prove (3), we note that 
-inz Pe™itD has the kernel mter? e~M%e-7+9) which belongs to 
s ® X). Hence, by Thm. 4.27, 


ome Fe. d a oe ae 
Tr(Pye7i?'*e gD) — y 3 fe 2T eiTe z(£+q 


Then we apply Prop. 4.31. (2) and (4) are left to the reader. 


4.2.3 Stone—von Neumann theorem 


Theorem 4.34 (Stone-von Neumann theorem) Suppose that X is a finite- 
dimensional vector space and we are given a pair of strongly continuous unitary 
representations of the Abelian groups X* and X on a Hilbert space H, 


X* > n> V(n) € U(H), 
X >q T(q) € U(H), 


satisfying the Weyl commutation relations 
V(m)T(q) = IT) (n). 
Then there exists a Hilbert space K and a unitary operator 
U:P(X)9K>H 
such that 
V(n)U = Ud"? @ Ik, 


T(q)U = Uelt? @ Ik. 


Proof Step 1. Clearly, the groups V(7) and T(q) can be written as 


Vab=et*, Tg =e?, 
for some vectors of self-adjoint operators on H, and D. We can define 


ee ay oe en ee a = 
Þ := @ay4 fe Tag ton 1e? IP dndq 


= (21) ‘fe I= =m eiD in? Anda, (4.28) 
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and K := Ran Py. The definition of P) is suggested by Prop. 4.33. The identities 
of Prop. 4.33 are true for P) defined in (4.28), since they only rely on the Weyl 
commutation relations. Hence we get 


P= P = P, 
n? Pje? f(%) Py = Py | Faan, f EL (X). (4.29) 
Step 2. Let 
U®@QW:= rte? G(%)U, for BE S(X), YEK. 

(Note that, by (4.29), f € L? (X) implies e7* f(%)P) € B(H).) We have 

(U®, 9 Wy |UB, Q Y2) = r? (Vy Je” B (Z)Ha(Z) V2) 
n? (Y| Pie? BE) (2) Py V2) 
(Yala) f ®@)2(e)de, 


by (4.29). Hence U uniquely extends to an isometry from L?(4’) @ K into H. 
Step 3. We prove that U intertwines the Weyl commutation relations. To this 
end, using (4.29), we first obtain 


Il 


II 


eiD P) =e 4-77 Py, (4.30) 
Thus, for Y € K, 
et Dp = et- y, 


Hence 
et UG 9 Y = ricltPer® O(2)U 
= miter (ta) (z+ get? y 
= nier? O(%+q)U =U et? ygd, 
It is easier to check that U intertwines the position operators: 
eT US @ Y = Tiel er (3d = Ui @ W. 
Step 4. Finally, let us show that U is surjective. Clearly, if Y € K, then U®o ® 
W = W, where we recall that ®ọ = m-Te-?” . Hence K C RanU. Thus, using 
Prop. 4.33 (3) and the intertwining property of U, it is enough to show that the 
span of 


{rti y 2 next, gex, VEK} (4.31) 
is dense in H. g 
Let EEH and f(n,q) := (Ele #1 P E). Assume that = is orthogonal to 
(4.31). Then 
0= (Elentir P Pieire it DB) 
= (2m)# f dpd f(m, qe Ë EP -ensina ie, 
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By the properties of the Fourier transformation, f(n,q) = 0 a.e. (almost every- 
where). But (n,q) > f(n,q) is a continuous function and f(0,0) = ||E||?. So 
==0. 


4.3 x, D-quantization 


As in both previous sections, ¥ is a finite-dimensional real vector space with the 
Lebesgue measure dz. 

Looking at operators on L?(%) as a quantization of classical symbols, that is, 
of functions on the classical phase space X ® X* , has a long tradition in quantum 
physics. In mathematics the usefulness of this point of view seems to have been 
discovered much later. Apparently, among pure mathematicians this started with 
a paper of Kohn—Nirenberg (1965). The calculus of pseudo-differential operators 
introduced in that paper proved to be very successful in the study of partial 
differential equations and originated a branch of mathematics called microlocal 
analysis. 

In this section we discuss the two most naive kinds of quantizations, com- 
monly used in the context of partial differential equations — the x, D, and D, x- 
quantizations. Other kinds of quantization, in particular the Weyl quantization, 
will be discussed later in Chap. 8. 

We will start with a discussion of quantization of polynomial symbols, where 
certain properties have elementary algebraic proofs. (Actually, these proofs 
generalize to the case where the symbols depend polynomially only on, say, 
momenta.) The definition of the x, D- and D, «-quantizations has a natural gen- 
eralization to a much larger class of symbols, that of tempered distributions, 
which we will consider in the following subsection. 


4.8.1 Quantization of polynomial symbols 
Recall that CCR?°'(X* © X) denotes the algebra of operators on S(’) generated 
by x and D. 

Clearly, if f € CPol;(4), then f(x) is well defined as an operator on S(1). 
Such operators form a commutative sub-algebra in CCR?°'(4* © 2). 

Likewise, if g € CPol,(* ), then g(D) is well defined as an operator on S(%). 
Such operators form another commutative algebra in CCR?” (X* @ X). 
Definition 4.35 We define the x, D-quantization, resp. the D,x-quantization 
as the maps 

CPol, (4 @ X¥*) > bb Op” 


P(b) € CCR?! (X* @ X), 
CPol,(X  ¥*) > b Op? (b 
( 


) 
) € CCR?! (X* Gr); 


as follows: if b(x,&) = f(x)g(€), f € CPols(¥), g € CPol,(4*), we set 


Op"? (b) := f(x)g(D), (4.32) 


f( 
Op?" (b) := g(D) f(a). (4.33) 
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We extend the definition to CPol,(4&  X*) by linearity. 


We will treat the ordering x, D as the standard one. Instead of Op"? (b) one 
often uses the notation b(x, D). 


Remark 4.36 The x, D-quantization is sometimes called the Kohn—Nirenberg 
quantization. 


Definition 4.37 The maps inverse to (4.32) and (4.83) are denoted 


CORP'(4*  ¥) 3 B => sg” € CPol,(4 @ 4*), (234) 
CCRP'(4* $ X) 3 B > sp” € CPol,(¥ © 4*), 99) 


and the polynomials sg? and ane are called the x, D- and D,x-symbols of the 
operator B. 
Theorem 4.38 (1) [fb € CPol,(¥ 6 X*), then 

Op"? (b)* = Op?" (6). (4.36) 


(2) If b_,b, € CPol,(¥ @ X*), and Op?" (b_) = Op”? (b4), then 


by. (2, €) = = Peo_(a,€) 


= (27) ‘fe (em )(E-81) (a4, €) day dé. (4.37) 
(3) If bi, bo € CPol,(X © X*) then Op™? (b1)Op™? (b2) = Op™” (b), for 


b(a,€) = Ps Pee by (x1, 1 bo (a2, £2) Ti =T =T 


f=a=€ 
= (2n)~4 J e P71) (8-81) by (x, & bo (x1, &)dzıdé1. (4.38) 


The operator į¢P= P: in (4.37) and the similar operator in (4.88) are under- 
stood as the sums of differential operators. In the case of this theorem, the 
sum is finite, because we deal with polynomial symbols. 

The integral formulas in (4.87) and (4.88) should be understood in the 
sense of oscillatory integrals. 
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Proof To prove (4.37) it is sufficient to consider monomials. By a simple com- 
binatorial argument, 


(m£) (Mn:£)(M-D) +++ (Gm-D) 


min(n,m) 


= y Se eee) 


k=0 ti<-<te distinct ji,...,jr 


x II (qi-D) Il (1-2) 


em cided §€{1,...n Nini 
=p? #( OVE Ve)! lare) (dmn€)(m-2) +» (tm 2). 
(4.38) follows easily from (4.37). In fact, it is enough to assume that b;(x,€) = 
Fi(x)gi(€). Set a(x, €) = f (x)gı (£). Then 


Op™? (b1)Op™” (b2) = fi(z)Op”?* (a)g2(D) 
= fı (£)Op™? (b)g2(D) = b(z, D), 


where 


B(x, €) = eVe Ysa(x, £), blæ, £) = fi(x)b(x, E)g2 (£). 


Formulas (4.37) and (4.38) follow also (in a much larger generality) from inte- 
gral formulas considered in the next subsection. 

The following formula is a version of Wick’s theorem. It follows from (4.38). 
We will see similar theorems later on for other quantizations. 


Theorem 4.39 Let bı,...,bn,b E€ CPol.(X¥  X#) and 
b(x, D) = bı (x, D) --- bna (x, D). 
Then 


b(x, £) = exp (se D, ‘Dz, )bi (21, £1) +++ bn (ams En) y 


i<j 


4.8.2 Quantization of distributional symbols 


Recall that COR? (X * ®X) denotes the family of operators (or, actually, 
quadratic forms on S(4’)) whose distributional kernels belong to S’(¥ x æ). 
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Definition 4.40 If b < S'(X @X*), then we define Op’? (b) and Op”*"(b) as 
the elements of CCRS (X* @ X) whose distributional kernels are 


Opr? (ler) = xy" fl Hoar, gel 4a, 


Op?" (b) (a1, a2) = (27)? ie b(aa, Ee") dg. (4.39) 


Theorem 4.41 (1) For b € CPol,(¥ 6X*) CS'(X GX"), the above defin- 
ition coincides with (4.82) and (4.33). 
(2) The maps 
S'(X © X*#) >b Op”? (b) € CCRS (X* @ X), 
S'(X P X*) > bm Op? (b) € CCR® (X* @ X) 


are bijective. Denote their inverses (symbols) as in (4.34) and (4.35). Then 
for B € Op(S'(X p X*)) we have 


st)? (x, €) = i Banne dy 


s8 mE = f Ble tye) dy (4.40) 


(3) The formulas (4.86) and (4.37) are true. 

(4) The formula (4.38) is true, for instance, if either by E€ S'(X © X*) and bz € 
CPol,(¥ P X#), or the other way around. 

(5) (4.38) is also true if the Fourier transforms of by and bz belong to 
L! (X* X). 

(6) We have b(x, D) € B?(L?(X)) iff b € L’ (X  X*#). Moreover, 


Tr b(x, D)*a(x, D) = (2r)? Ta b(x, €)a(x,é)dadé, abe L’ (X @ X*). 


Proof (2) follows from (4.39) by the inversion of the Fourier transform. (4.37) 
follows by combining the first formula of (4.39) with the second formula of 
(4.40). 


Example 4.42 Fiz a Euclidean structure in X. Let Py be the orthogonal projec- 
tion onto the normalized vector ®y = mo tert (as in Prop. 4.83). The integral 
kernel of Po is 

P(x, y) =m Fen 3t EY 
Its x, D- and D,x-symbols are 


; d Dp Pee Me PD ican 
Spy (0,6) = Fer Fe ae ies, 
F a 


d ays AET 
sp” (2,6) = 226737 -rE tii, 
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4.4 Notes 


An exposition of the theory of distributions can be found e.g. in Schwartz (1966) 
and Gelfand—Vilenkin (1964). 

The Stone-von Neumann theorem was announced by Stone in 1930, but the 
first published proof was given by von Neumann (1931). Proofs can be found in 
Emch (1972) and Bratteli-Robinson (1996). 

The x, D— and D,x— quantization goes back to a paper by Kohn—Nirenberg 
(1965). 
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Measures 


The first section of this chapter is devoted to a review of basic definitions of meas- 
ure theory. Among other topics, we recall basic properties of positivity preserving 
operators, which provide tools useful in constructive quantum field theory. 

The rest of this chapter is devoted to measures on infinite-dimensional Hilbert 
spaces. It is well known that there are no Borel translation invariant measures 
on infinite-dimensional vector spaces. However, one can define useful measures 
on such spaces which are not translation invariant. In particular, the notion 
of a Gaussian measure has a natural generalization to the infinite-dimensional 
case. 

Measures on an infinite-dimensional Hilbert space ¥ is quite a subtle topic. A 
naive approach to this subject leads to the notion of a weak distribution, which 
is a family of measures on finite-dimensional subspaces satisfying a natural com- 
patibility condition. It is natural to ask whether a weak distribution is generated 
by a measure on X. In general, the answer is negative. In order to obtain such a 
measure, one has to consider a larger measure space containing X. Many choices 
of such a larger space are possible. A class of such choices that we describe 
in detail are Hilbert spaces BÆ for a self-adjoint operator B satisfying certain 
conditions. 

Measures on Hilbert spaces play an important role in probability theory and 
quantum field theory. One of them is the Wiener measure, used to describe 
Brownian motion. There are also natural representations of the Fock space as 
the L? space with respect to a Gaussian measure: the so-called real-wave and 
complez-wave CCR representations, which we will consider in Chap. 9. 

Note that for most practical purposes many subtleties of measures in infinite 
dimensions can be ignored. In applications, an important role is played by such 
concepts as L? spaces, the integral, the positivity a.e., etc. It is important that 
there exists an underlying measure space, so that we can use tools of measure 
theory. However, which measure space we actually take is irrelevant. Therefore, 
the choice of the operator B mentioned above is usually not important for appli- 
cations. 


5.1 General measure theory 


In this section we recall basic concepts and facts of measure and integration 
theory. 
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5.1.1 o-algebras 


Let Q be a set. Let 2° denote the family of its subsets. Let us introduce some 
useful kinds of subfamilies of 2@. 


Definition 5.1 Let Rc 2°. 

(1) We say that R is a ring if A,BER > A\B, AUBER. 

(2) R is a o-ring if it is a ring and Aj, A2,.. ER > U An ER. 
n=1 


Definition 5.2 Let G c 22. 


(1) G is an algebra if it is a ring and Q E€ G. 
(2) G is a o-algebra if it is a o-ring and an algebra. 


Definition 5.3 If T C28, then there exists the smallest ring, o-ring, algebra 
and o-algebra containing T. It is called the ring, o-ring, algebra, resp. o-algebra 
generated by T. 


Definition 5.4 If (Q;,6;), i= 1,2, are spaces equipped with o-algebras, we say 
that F : Qı —> Qə is measurable if for any A € G2, F~'(A) € Gy. 


5.1.2 Measures 
Let (Q, ©) be a space equipped with a o-algebra. 


Definition 5.5 A finite complex measure is a function 
GsArypA)EC 
such that u(0) = 0 and for any Ay, Ao,...€ G, AN A; =9, 14 J, 


oO co 
U4i=4 > MA) =Y MA), (5.1) 
j=l j=l 
where the above sum is absolutely convergent. A finite real, resp. finite positive 
measure on (Q,G) has the same definition, except that we replace C with R, 
resp. [0, co|. In the case of a positive measure we usually drop the word positive. 
(In this case the requirement of the absolute convergence of the series in (5.1) is 
automatically satisfied, and hence can be dropped from the definition). 
We say that a positive finite measure u is a probability measure if u(Q) = 1. 


In the positive case Def. 5.5 has a well-known generalization that allows the 
measure to take infinite values. 


Definition 5.6 A (positive) measure, is a function 


6G 3 A> pA) € (0, co] 
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such that (0) = 0 and for any Ay, Ao,...€ ©, AIN A; =0, i £j, 
UA =A = (A) = >2 H(A). (5.2) 
j=l 


Such a triple (Q,G, u) is often called a measure space. If in addition u is a 
probability measure, (Q, ©, u) is called a probability space. 


A measure space (Q, S, u) is complete if B C A with A € G and p(A) =0 
implies B € G. If (Q,G, u) is a measure space, one sets 


ovr! = {B € 2Q : JA, Ag € 6 with Aj CBC Ao, p(A2\A1) = O}, 
u®(B) := (Ay). 


Then (Q, G®!, uP!) is a complete measure space called the completion of 
(Q, G, u). It admits more measurable sets and functions and therefore is more 
convenient for the theory of integration. 


5.1.3 Pre-measures 


Generalizing Def. 5.6 to the real or complex case poses problems because the 
series in (5.1) could be divergent. In this case, one of the possible solutions is to 
use the concept of a pre-measure, which is defined only on a ring, takes finite 
values and is conditionally o-additive. 

Let (Q, R) be a space equipped with a ring. 


Definition 5.7 A complex pre-measure on (Q, R) is a function 
RIArvV(A)EC 
such that v(0) =0 and for any Ay, Ao,...€ ©, AN A; =0, 14 J, 


U Aj=AER > u(A)= > A) (5.3) 


where the above sum is absolutely convergent. A real, resp. positive pre-measure 
on (Q,%) has the same definition, except that we replace C with R, resp. [0, ool. 


The following well-known theorem allows us to extend in a canonical way a 
positive pre-measure to a positive measure. 


Theorem 5.8 Suppose that (Q, R) is a space with a ring and v : R — (0, oof is 
a positive pre-measure. Let G be a o-algebra containing K. Then 


(A) := sup{v(B) : BER, BCA}, AEG, (5.4) 


is a measure on © extending v. If G coincides with the o-algebra generated by 
R, then u is the unique measure on © extending v. 
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5.1.4 Borel measures and pre-measures 
Let Q be a topological space. The following two families of subsets of Q play a 


distinguished role in measure theory: 


Definition 5.9 (1) The o-algebra generated by the family of open sets of Q will 
be called the Borel o-algebra of Q and denoted B(Q). 

(2) The ring that consists of pre-compact Borel sets in Q will be denoted R(Q). 
(We say that a set is pre-compact if its closure is compact). 


Definition 5.10 A complex, real, resp. positive Borel pre-measure on Q is a 
complex, real resp. positive pre-measure on (Q, R(Q)). Meas(Q) will denote the 
space of complex Borel pre-measures. 


Definition 5.11 pu is a positive Borel measure on Q if it is a measure on 


(Q,B(Q)) that is finite on R(Q) and 
(A) =sup{u(B) : Be R(Q), BC A}, Ac B(Q). (5.5) 
Meas” (Q) will denote the space of positive Borel measures on Q. 


Note that every positive Borel pre-measure possesses a unique extension to a 
Borel measure. Conversely, every positive Borel measure restricted to R(Q) is a 
positive Borel pre-measure. 


Definition 5.12 Let u be a complex Borel pre-measure on Q. The total variation 
of u is the positive Borel measure |u| defined for A E B(Q) by 


|p|(A) := sup > \u(Ai)], 


where the supremum is taken over all families A,, A2,- -- E€ R(Q) such that A; N 
A; =0,i4j and A; C A. Meas! (Q) will denote the space of finite complex Borel 
pre-measures on Q equipped with the norm |u|(Q), which makes it into a Banach 
space. 


5.1.5 Integral 
Let (Q, ©) be a space with a o-algebra. 


Definition 5.13 Let M, (Q, ©), resp. M(Q, ©) denote the set of G-measurable 
functions with values in [0, col, resp. C. 


Let (Q, ©, u) be a measure space. 

We will often abbreviate (Q,G) to Q and (Q, ©, u) to (Q, u). 
Definition 5.14 Let N(Q, u), denote the subset of M(Q) consisting of functions 
vanishing outside of a set of measure zero. We set M, (Q, u) := M+(Q)/N(Q, n) 
and M(Q, u) = M(Q)/N(Q, u). 
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Definition 5.15 For f E€ M4(Q), in a standard way we define its integral, 
which is an element of [0,co] and is denoted 


| Fad: (5.6) 


Clearly, (5.6) does not change if we add to f a function vanishing outside a set 
of measure zero, hence it makes sense to write f fdu also for f € M, (Q, p). 


5.1.6 LP spaces 
Definition 5.16 For f e€ M+(Q) we define 


esssup f := inf {sup flowy : Ne 6, n(N) =o}. (5.7) 


Clearly, (5.7) does not change if we add to f a function vanishing outside a set 
of measure zero, hence it makes sense to write esssup f also for f E M4 (Q, u). 


Definition 5.17 For1<p<o and f € M(Q, u), we set 


1/p 

= Pd ‘ 
Fle @ Ifan) 
I foo = ess sup] fl. 


We also introduce in the standard way the Banach spaces L? (Q, u) C M(Q, u). 
For f € L'(Q, u), we define its integral, denoted by f fdp. 


If q is used as the generic variable in Q, then instead of (5.6) one can write 
J f(@du(q). Often, especially if Q is a finite-dimensional vector space and p is 
a Lebesgue measure on Q, we will write f f(q)dq for (5.6). 

If the measure u is obvious from the context, we will often drop u from our 
notation and we will write LP (Q), M(Q) etc. for L (Q, u), M(Q, u), 

Let 1 < p,q < œ, p!+q'=1.If f,g € M(Q), the Hélder’s inequality says 


Ifall <fllellglla. 


Definition 5.18 We will write L} (Q) for LP (Q) n M4 (Q). 


Definition 5.19 Let g€ M(Q). We say that g is strictly positive (w.r.t. u), 
and we write g > 0, ifg > 0 and u ({q : g(q) = 0}) =0. 


Proposition 5.20 Let g € (Q), 1< p,q <œ, p'+q't=1. 
(1) 9 20 iff 


[ fodu>0, f € L4(Q). (5.8) 
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(2) g >0 iff 
[toe >0, fELN(Q), F#0. 


If the measure is finite, then q > p implies L7(Q) c L?(Q). 


5.1.7 Operators on L? spaces 
In this subsection we recall properties of linear operators on L? spaces. 


Let u; be a measure on (Q;, 6;), i= 1,2. 
Definition 5.21 T € B(L?(Q1), L’ (Q2)) is called 


(1) positivity preserving if f>0 > Tf >0, 
(2) positivity improving if f > 0, f#0 >Tf>0. 


Note that T is positivity preserving (resp. improving) iff T* is. 

Let us assume in addition that u;, i = 1,2, are probability measures. 
Definition 5.22 T € B(L?(Q1),L°(Q2)) is called hyper-contractive if T is a 
contraction and there exists p>2 such that T is bounded from L?(Q,) into 


L? (Q2). 

Let u be a probability measure on (Q, ©). Clearly, the constant function 1 
belongs to L? (Q). 
Definition 5.23 T € B(L?(Q)) is doubly Markovian if T is positivity preserving 
andT1=T*1=1. 


We recall some classic results. 


Proposition 5.24 A doubly Markovian map T extends to a contraction on 
L” (Q) for alll < p < œ. 


Theorem 5.25 (Perron-Frobenius) Let H be a bounded below self-adjoint 
operator on L? (Q), such that e™*¥ is positivity preserving for t> 0 and E = 
inf spec(H) is an eigenvalue. Then the following are equivalent: 


(1) inf spec(H) is a simple eigenvalue with a strictly positive eigenvector. 
(2) e™*E is positivity improving for all t > 0. 


5.1.8 Conditional expectations 


Let u be a measure on (Q, 6S). Let Go be a sub-o-algebra of ©. Let po denote 
the restriction of the measure u to Go. 

For 1 < p < œ, elements of L’ (Q, p) that are Go-measurable form a closed 
subspace of L? (Q, u) that can be identified with L?” (Q, jo). 
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Definition 5.26 We denote by Es, the orthogonal projection from L?(Q, u) 
onto the subspace L? (Q, uo). Es, is called the conditional expectation w.r.t. Go. 


The following properties are well known. 
Proposition 5.27 Let be a probability measure. 
(1) Es, extends to a contraction on L? (Q, u) for alll < p< oo. 
(2) Es, extends to an operator from M, (Q, ©) to M+ (Q, Go). 
(3) If g € L™(Q, u) is Go-measurable, then Eo, (gf) = gEs, (f) whenever both 


sides are defined. 
(4) Ife: R—R is convex and positive, then 


p(Es, f) < Eo, (y(f)) ae. 


(5) If Go C © are two sub-c-algebras of ©, then Es, < Ee.. 
(6) Let {Gyr }nen be an increasing sequence of sub-c-algebras of © such that © 


is generated by |) Sn. Then 
neN 


s — lim Eo, =1, in I’(Q, u), 1< p< oo. 


(7) Let F € L'(Q, pu) with F>0 ae. and set dup = (Jo Fay) Fdu. Denote 
by EE, the conditional expectation for the measure up. Then 


BE, (f)= Fe. 


5.1.9 Convergence in measure 


Let (Q, u) be a probability space. In this subsection we review various notions 
of convergence for nets of functions on a probability space. 


Definition 5.28 The topology of convergence in measure on M(Q) is defined by 
the following family V(e,6) of neighborhoods of 0: 


V(68) = {f € MQ) : w({a + IFI > e) < dh. 


It is a metric topology for the distance 


d(f,9) =X 2n (fa : If -—g(@|>2-}). 
n=0 


The following proposition is immediate: 
Proposition 5.29 If fa — f ae. then fa — f in measure. 


We also recall the useful notion of the equi-integrability. 
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Definition 5.30 A family {fi}ier in M(Q) is equi-integrable if 


lim sup | (fillin, oof (fi)du = 0. 
IJQ 


n=+ jg 


The following two results are well-known: 


Proposition 5.31 Let {f;}icr belong to M(Q). Then the following hold: 


(1) If f := sup | fi| is in LI (Q), then {fiyicr is equi-integrable. 
iE 


(2) If sup || fillp < œ for some p > 1, then {fi }icr is equi-integrable. 
i€l 


Theorem 5.32 (Lebesgue-Vitali theorem) Let 1 < p < œ, (fn)nen belong to 
Lr (Q) and f E€ M(Q). Then the following are equivalent: 


(1) f € LP (Q) and fa > f in P(Q). 


(2) (fn P) en is equi-integrable and fn —> f in measure. 


5.1.10 Measure preserving transformations 


Let u be a probability measure on (Q, 6). Clearly, L°(Q) is a commutative 
W*-algebra equipped with a faithful normal state, which we also denote by p, 
that is, 


a= / fap, fe L™(Q). 


(See Subsect. 6.2.7 for the terminology on W*-algebras.) Conversely, every com- 
mutative W*-algebra equipped with a faithful normal state can be represented 
as L™(Q) for some probability space (Q, ©, u). However, in general there may 
be many non-isomorphic choices of probability spaces that lead to the same 
W*-algebra and state. 

Clearly, if r is a measure preserving bijection on Q, then r, f := f o r7! defines 
an isometry on L?” (Q) for all 1 < p < oo. In the case of p = o9, it is in addition a 
o-continuous *-automorphism of the commutative W*-algebra L (Q) preserving 
the state u. However, if we are given a o-continuous «automorphism of L® (Q), 
we have no guarantee that there exists an underlying bijection of Q. Therefore, 
in the following proposition we do not insist on the existence of an underlying 
bijection for x-automorphisms of L°(Q). 


Proposition 5.33 (1) A *-automorphism of L® (Q) that preserves the state u 
extends to an isometry of L” (Q) for all 1 < p < +00. 

(2) Let RS t+ U(t) be a group of *-automorphisms of L® (Q) preserving the 
state u. Then the following statements are equivalent: 

(i) For some 1<p< œ and all f € P(Q), Rat U(t)f € L’ (Q) is 


norm continuous. 
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(ii) For all f e L” (Q), RS t= U(t)f is continuous in measure. 

(iii) For all 1<p<œ and f € P(Q), Rd>t= U(t)f € (Q) is norm 
continuous. 

(iv) For all f € L” (Q), R 5 t= U(t)f is o-weakly continuous. 


Proof Let T be a x-automorphism of M(Q) as in (1). Clearly, T preserves the 
LP norm of simple functions for all 1 < p < oo. Therefore, T is an isometry of LP 
for 1 < p < œ. Then using that || fll = lIm(f)||B(r2(Q)) if m(f) is the operator 
of multiplication by f, we obtain also that T is an isometry of L® (Q). 

We now prove (2). Since f|fPdu > PuU|f| > e}), we obtain that (i)=>(ii). 
Let us prove that (ii)=(iii). Using (1) it suffices by density to show that 


tim f UOS- FPau = 0, for f € L”. (5.9) 
We write 
fuos - fPdu < u ({UOS- A YPN +e. 


Choosing first € and then ¢ small enough we obtain (5.9). To complete the proof 
of the lemma it suffices to prove that (iii) > (iv) > (i). Since So fU(t)gdu = 
Jo U(-t) fadu for g € L®, f € L', we see that (iii) = (iv). Using that ||U(t)g — 
gll? = 2\lgll? — 2Re fo U(t)ggdu for g € L®, we obtain by a density argument 
that (iv) => (i). 


5.1.11 Relative continuity 
Let u be a measure on (Q, 6). 
Proposition 5.34 Let F € M,(Q). Then 


63 Ar vV(A) = ftaPan (5.10) 
is a measure. 


Definition 5.35 The measure (5.10) is called the measure with the density F 
w.r.t. the measure u and is denoted v = Fu. We will also write T = Ff, 
Proposition 5.36 (1) For F,G measurable functions we have 
F =G p-ae.> Fu = Gu. 

(2) If Fu is o-finite, then the converse implication is also true. 
Definition 5.37 Letv be a measure on (Q,G). v is called continuous w.r.t. p 
(or p-continuous), if 

w(N)=05vr(N)=0, NEF. 
Theorem 5.38 (Radon—Nikodym theorem) Let u be o-finite. Let v be a measure 
on (Q,6). Then the following conditions are equivalent: 
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(1) there exists a positive measurable function F such that v = Fu. 
(2) v is u-continuous. The function F is called the Radon—Nikodym derivative 


ofv w.r.t. u and denoted by oa 


Note that, in the notation of Def. 5.35, the map 


Pansat (F) rerQn 


is unitary. 


5.1.12 Moments of a measure 
Let u be a probability measure on (Q, 6). 
Proposition 5.39 Let f : Q — R be a measurable function. Let 


C(t) = fetlay, tER. 


(1) fe N P(Q) iff C(t) © C™(R), and then 


pEN 
d? 
J Pau= (yr eo. 


(2) Assume that C(t) extends holomorphically to {|Im z| < Ro}. Then for all 
|Im z| < Ro, f € L'(Q) and 


C(z) = fean 


Proof Let us first prove (1). The = part is immediate by differentiating under 
the integral sign. It remains to prove <. It suffices to prove that f € L?” (Q) 
for all n € N by induction on n. For ® € L?’ (Q), f® € L? (Q) iff 6 € Dom m(f), 
where m( f) denotes the operator of multiplication by f on L? (Q). This is equiv- 
alent to ||(e’f — 1)®||? < Ct for |t| < 1. If = 1, we get 


Ke- nal? = f 8- et = edy 
= 20 (0) - C(t) - O(-#) = O(?), 


since C(t) is C?, and hence f € L? (Q). Assume now that f € L°” (Q). We then 
have 


d2” 


qa cl) =i poeti 
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Applying the above remark to 6 = f?”, we get 


Me = perp = feel eo) Fm 
= 20°) (0) — CO”) (e) — CP”) (—t) = O(#), 


since C(t) is C?"+?. Hence f € L”+?(Q). l 
To prove (2), it clearly suffices to show that e*®f € L! (Q) for all 0 < R < Ro. 
By Cauchy’s inequalities, we get for all 0 < R < Ro 


IC™ (O| < CRR” n!, 


and hence 


[ Fans Cre? Qn), 


L L 
puree tan < ¢ Pran) (J Pie < Cr R+) Van! (2n + 2)!. 
Using Stirling’s formula, we see that V2n!,/(2n + 2)! ~ (2n + 1)!, and hence 
Jii < Ch RCTI (2n + 1)!. 


From these bounds, by expanding the exponential, we deduce that et”! € L'(Q) 
for all R < Ro 


5.2 Finite measures on real Hilbert spaces 


In this section we describe the basic theory of probability measures on real 
Hilbert spaces. 

Throughout this section, ¥ will be a real separable Hilbert space. For x1, x2 € 
X we denote their scalar product by x, - x2. 


5.2.1 Cylinder sets and cylinder functions 


Let Y be a closed subspace of X. Recall that Py denotes the orthogonal projec- 
tion on Y. Recall also that B(V) stands for the o-algebra of Borel sets in Y. We 
will write B for B(X). 


Definition 5.40 Fin(¥) will denote the family of finite-dimensional subspaces 
of X. For Y € Fin(X) and A C Y, the set 


Py'(A):={xeEX : Pyr €A} 
is called the cylinder set of base A. Denote by BY the c-algebra of cylinder sets 
of bases in B(Y). 
Bev U B 
VEFin(¥) 


is the algebra of all cylinder sets. 
Clearly, BY! C BY” if Yı C Və. 
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Proposition 5.41 % is the a-algebra generated by Bey. 


Definition 5.42 We say that F : X — C is based on Y € Fin(%) if it is meas- 
urable w.r.t. BY. F is called a cylinder function if it is based on Y for some 
Ye Fin(&). 


Each cylinder function is of the form F(x) = Fy(Pyx) for some measurable 
function Fy on yV. 


5.2.2 Finite-dimensional distributions of a measure 


Until the end of this section we fix a probability measure u on (4, 8). 


Definition 5.43 If VY € Fin(¥), we define the probability measure py on 
(Y,B)) by 


uy(A) = w(Py'(A)), Ae BY). 


The collection {uy : Y € Fin(&)} is called the set of finite-dimensional distri- 
butions of the measure p. 


Finite-dimensional distributions satisfy the following compatibility condition: 


uy, (A) = py, (P (A)N D2), AE BM), WC. (5.11) 


Proposition 5.44 The set of finite-dimensional distributions uniquely deter- 
mines the measure u on the whole B. 


Proof Finite-dimensional distributions uniquely determine p on Bey1. But Bey) 
generates B. 


5.2.3 Characteristic functional of a measure 


Recall that X” denotes the space dual to V. Even though there exists a canonical 
identification of Y and 4%, it is sometimes convenient to distinguish between V 
and ¥*. 


Definition 5.45 For € € X*, we set 
AE = f etala). 
xX 


The function ù: X* — C is called the characteristic functional of u, or the 
Fourier transform of u. 


Proposition 5.46 The characteristic functional of u satisfies the following three 
conditions: 


(1) Ao) =1, 
(2) > WE — §))%iz3 20, & EX”, HEC, 
éj= 


(3) ¥* > EH ACE) E€ C is sequentially continuous for the weak topology of X*. 
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The condition (2) above is called positive definiteness. 
Proposition 5.47 The characteristic functional ù uniquely determines the 


measure u. 


Proof The restriction of fi to Y* for VY € Fin(4) is the Fourier transform of 
y, so ft determines the finite-dimensional distributions of u. By Prop. 5.44 this 
determines ju. 


5.2.4 Moment functions 


Proposition 5.48 Let po > 0. Assume that for all € € X*, the function xz => 
E- x belongs to L (X,du). Then, for 0 < p < po, there exists C such that 


WE = f 1E- alPay(e) < CIE. (5.12) 


Proof For e >Q, set 


Els 2 
rnel6) = f E apet apa). 
For n € N, set 


Án := fec x* : PE <n}, 
Án, = {Ee x* : Wel) <n}. 


Clearly, Yp, e(£) 7 Yp (£) when e€ — 0, hence An = (),..) An,e- Since € > Yp,<(€) 
is norm continuous, Ane is closed and so is A, as an intersection of closed sets. 
Finally ¥* = U,en An- 

Since V* has a non-empty interior, there exists by the Baire property a set 
Am with a non-empty interior. Let & € ¥*, 6 >0 such that B(&,6) C Am. If 


\|é|| < 6, we write € = £o + £1, & = € — ĉo E€ Am. Using that 


kapse SO [fa ler eP 


Pitp2=p 


and the Holder inequality, we obtain that 


wl) $C, NIE < â, 


which proves (5.12). 


Definition 5.49 Assume that the conditions of Prop. 5.48 are satisfied. The 
moment functions of order 1 < p < po of the measure u are the maps 


Ei) > oli) = S 2) E ddla). 
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Moment functions are well defined by the Holder inequality. 
The following proposition follows directly from Props. 5.39 and 5.48: 


Proposition 5.50 (1) The moment functions op are multi-linear symmetric 
functionals on X* . 


(2) 
lop(f15-+ Sl < Clll M&M. (5.13) 


(3) u admits moments of all orders iff its characteristic functional ji is weakly 
infinitely differentiable. We then have 


oplEn oe) = CP aE zE te), 


By Prop. 5.50 and the Riesz theorem, if the assumptions of Prop. 5.48 hold 
with n = 1, then there exists q E€ ¥ such that 


cam f Eada), EEx, 


Definition 5.51 The vector q is called the mean of the measure pu. 


Again by Prop. 5.50, if assumptions of Prop. 5.48 hold with n = 2 and q is the 
mean of u, there exists a bounded positive A € B,(4’) such that 


fs Age =f (6-0) (Ge (e- D)o), E é E X. 


Definition 5.52 The operator A is called the covariance of the measure p. 


Proposition 5.53 Assume that the measure u has mean zero and 


| WelPan(2) < 2 
x 


Then the covariance A of u is trace-class and 


TrA= | lelana) 


Proof It suffices to let n — oo in the equality 


a - Ae; = f st - ei} du(z), 
i=1 X i=1 


where (e;);en is an o.n. basis of X. 
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5.2.5 Density of exponentials 
Theorem 5.54 Let D be a dense subspace of ¥*. Then the space 


Span{e*: €€D} 
is dense in L? (X). 
Proof Let G € L? (X) such that 
f eS" G(x)du(x) =0, EED. (5.14) 
x 

Without loss of generality we can assume that G is real-valued. Let 

By ={xzE€X¥ : G(z)>0}, Bo={xeX : G(x) <0}. 
We can define the finite measures 

(A) = f ty, (2)G(e)an(x), mA) =- fp, (@) (eae) 


where A € B. From (5.14), we deduce that 


[e8ran@ f ean, Een (5.15) 
x x 


D is a dense subspace of ¥*. Hence it is weakly sequentially dense in ¥*. 
Since the characteristic functional of a measure is sequentially continuous for 
the weak topology, (5.15) extends to all € € ¥*. So yı and u2 have the same 
characteristic functionals, and hence are identical, i.e. pı (4) = u2(A) for all A € 
B. But uil A) = Lil AN Bi), — 1, 2, and Bı N Bə = 0. Hence, Hı = H2 >= 0. This 
implies that G(x) = 0 p-a.e., and hence G = 0. 


5.2.6 Density of continuous polynomials 
Let D be a subspace of +. 


Definition 5.55 Functions on X of the form (€ -x)--+(& +2), for &1,...,€ € 
D, are called monomials based on D. Finite linear combinations (with complex 
coefficients) of monomials based on D are called polynomials based on D. 


Note that polynomials based on ¥* are continuous functions. Therefore, they 
are sometimes called continuous polynomials. 

If the measure admits moments of all orders, then all continuous polyno- 
mials belong to L?(4). The following theorem gives a sufficient condition for the 
density of continuous polynomials in L? (X). 


Theorem 5.56 Let D C X* be a dense subspace of X*. Assume that for all 
E ED there exists R(E) > 0 such that the function 


Rath pa(té) eC 
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extends holomorphically to |Im t| < R(£). Then polynomials based on D are dense 
in L?(X). 


Proof Let G € L? (X) be a vector orthogonal to all polynomials based on D. 
Without loss of generality we can assume that G is real-valued. We then have 


1 Geje aan =0, €€D, neN. 


Let us fix € € D and let 2R < R(€). Then by Prop. 5.39 we know that e?#!6#l € 


L! (Q) and 
foo) G(a)e*S*du(x) = lim n | Ge) Ge ye GRE 2) aula. 


We can exchange sum and ies since the ca in the r.h.s. is less than 
|G@)|e***l < = (lele )P +e? R21) © LN); 
We obtain hence that 
[ewe ante) = 0, 
and, by differentiating w.r.t. R, 
fewe (€-2)"du(z) =0, nEeN. 


iRE-@ Wwe obtain 


Arguing as above with G(x) replaced by G(az)e 
[eet eR "ay(2) = 0. 
Hence, repeating this argument, we obtain 
J catana) =0, mEN. 
If we choose m € N and 2R < R(€) such that mR = 1, we finally obtain 
f G(x)eS*du(x) =0, EED. 


Applying Thm. 5.54, we obtain that G = 0. 


5.3 Weak distributions and the Minlos—Sazonov theorem 


Throughout this section, ¥ is a separable real Hilbert space. 

Suppose that we have a compatible family of measures on finite-dimensional 
subspaces of X. We can ask whether this family comes from a measure on a 
certain measure space. Often, there is no such a measure on V itself. However, 
if we enlarge ¥, usually in a non-unique way, then such a measure may exist. 
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5.3.1 Weak distributions 


Definition 5.57 A collection p, = {uy : Y € Fin(&)} is called a weak distri- 
bution or a generalized measure if, for each Y € Fin(4), uy is a Borel probability 
measure on Y, and these measures satisfy the compatibility condition (5.11). 


Note that cylinder functions can be “integrated” w.r.t. a weak distribution t. 
In fact, we can set 


f Faw. = | Pyany, (5.16) 
x y 


where F(x) = Fy(Pyx). Because of the compatibility condition (5.11), the r.h.s. 
of (5.16) is independent of the choice of Y on which F is based. 

For each Y € Fin(#’) and 1 < p < œ, we can define the space L” (Y, uy). For 
Yi C Ye, we have natural isometric embeddings 


L(V, uy, ) CLP: 


Definition 5.58 The generalized L? space associated with a generalized measure 
[tx is defined as the inductive limit of the spaces L? (Y, uy), that is, 


cpl 
wn) U a) . 


VEFin(&¥) 


5.3.2 Weak distributions generated by a measure 


Definition 5.59 Let u be a measure on (X,B). A weak distribution ux = {uy : 
Y € Fin(¥)} is said to be generated by p if it is the set of finite-dimensional 
distributions of u. 


The following necessary and sufficient condition for this to happen is given in 
Skorokhod (1974): 


Theorem 5.60 A weak distribution u, is generated by a probability measure 


iff 


dm (sup f treallan) =0. (5.17) 
> \VeFin(X) JY 


5.3.3 Characteristic functionals of weak distributions 
The following proposition coincides with the famous Bochner theorem if ¥ is 


finite-dimensional: 


Proposition 5.61 Let F : X — C be a function satisfying the following condi- 
tions: 
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(1) F(O) =1, 
(2) 2a E Saas 20s Sere EX, Zle Zn EC, 
i j= 


(3) E+ F(E) €C is continuous for all Y € Fin(&). 


Then there exists a weak distribution {uy : Y € Fin(¥)} such that, for any 
Y € Fin(2), 


FO = f ra), EEN. (5.18) 


Note that the functions ¥ > z — e'§** are cylinder functions, hence the integral 
in the r.h.s. of (5.18) is well defined. 


Definition 5.62 A function F satisfying (1), (2) and (3) of Prop. 5.61 will be 
called a weak characteristic functional. 


Proof of Prop. 5.61. For any Yy € Fin(4), the restriction of F to Y satisfies the 
hypotheses of Bochner’s theorem (see Reed—Simon (1978b)). Hence there exists 
a probability measure uy on Y such that (5.18) holds. It remains to check the 
compatibility condition (5.11). To check this, it suffices to show that, if Vi C V2, 
for each bounded continuous function G on J; one has 


i Go Py, duy, =i) Gdpy, . (5.19) 
v2 V1 


This is clearly satisfied for G(y) = e'§Y for € € Y,. Next we can find a bounded 
sequence (Gn) of finite linear combinations of e7 for € € Yı which converges 
a.e. to G, from which (5.19) follows. 


5.3.4 Minlos—Sazonov theorem 


Theorem 5.63 (Minlos-Sazonov theorem) Let F : X* — C be a weak charac- 
teristic functional. Then the following are equivalent: 


(1) F is the characteristic functional of a probability measure u on (¥,%). 


(2) There exists a positive trace-class operator S on X such that X > E> F(E) € 
C is continuous if we equip X with the norm ||êlls := (EISE)? . 


Proof (1)=(2). Assume that F is the characteristic functional of a measure pu. 
Note that 


|F (1) — F(é2)|? = 2Re(1 — F(& — &)). (5.20) 
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Now, for R > 0, 
Re(1 — F()) 


II 


Í (1 — cos(€ - «)) du(z) 
X 


1 
<a -2)*dp(x) +2 d : 
at x) dy(x) + = p(z) 


where we used 1 — cos 0 < inf(Ż,2). Since Sici<r \|a||?du(x) < œ, we obtain 
from Prop. 5.53 that there exists a trace-class operator Ag such that 


f E EEI 
llz||<R 
This yields 


Re(1 — F(€)) < £- Arg + 2u ({llel| > R}). 

Now let e > 0. Fixing R. > 0 such that 24({]||x|| > R«}) < $e, and then taking 
Se = 2e! Ar, , we prove that for any e€ > 0 there exists a trace class Se such that 
(€|S.€) < 1 implies 

Re(1 — F(Ẹ)) < e. 

Now let ep — 0. Let S; be positive trace-class operators such that Re(1 — 
F(€)) < & if (E| SE) < 1. We pick a sequence (Ax) > 0 such that 5°, A, Tr Sk < 
oo. Then S = 5°, Ap Sz is trace-class. Moreover, if (€|S€) < Ap, then (Ẹ|S}£) < 1, 
and hence Re(1 — F(£)) < ex. 

(1)<(2). Since F satisfies the conditions of Prop. 5.61, we can construct from 
F a weak distribution {uy : Y € Fin(¥)}. To construct a measure from the 
weak distribution, we will use Thm. 5.60. 

Let us fix ô > 0. Let € be such that (€|S€) < € implies Re(1 — F(€)) < 6. Since 
Re(1 — F(€)) < 2, we clearly have 


2 
Re(1 — F(é)) <6 FEISE: 
Let Y € Fin(¥), a > 0, dimy = d. By (4.10), for y € Y we have 
galus (2ra) =+ f erte lel ag, 


y 
and hence 


[=e tell ay) = @ray-# f em C1 — Fe)jag 
y 
= @nay-¥ f oHIEI’ Ret — F(e)) Ae 
y 


< (royi | arsetet (5+ Ze ; Se) dé 


= §+2°Tr PySPy 
€ 


£649" Tes. 
€ 
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using (4.15). Next we have 
—Laly ll? lor? 
1—e Fall! > (1—e78** e R, 


which yields 


[ Ar cot (ltyll)duy(y) < (1 — e722?” I (1 —e7 Fell duy (y) 


< (Lae) (64 2° Tr Ss). 


Fixing first 6 > 0, then a > 0, and then letting R — oo, we see that condition 
(5.17) is satisfied. This completes the proof of the theorem. 


5.3.5 Measures on enlarged spaces 


Using the Minlos-Sazonov theorem, it is possible to realize many weak charac- 
teristic functionals on æ (and even on a dense subspace of 4’) as characteristic 
functionals of measures on a larger Hilbert space. 

In the theorem below the Hilbert space B 7X is defined as in Subsect. 2.3.4. 
We follow the usual convention for scales of real Hilbert spaces: V* is identified 
with X, but (B?¥)* is identified with B77 X using the scalar product on X. 


Theorem 5.64 Let F: X — C be a weak characteristic functional continuous 
for the norm of X. Let B > 0 be a self-adjoint operator on X such that B7! is 
trace-class. Then there exists a Borel probability measure ug on the Hilbert space 
B?X such that 


F(é)= [ef u (x), €€ BPX, 


Proof Since B~' is trace-class, B is bounded away from zero, and hence 
B-?X = Dom B? C X. Let Fg be the restriction of the functional F to BX. 


1 
Clearly, Fg is continuous if we equip B-?X with the norm (EIB EF pey = 
2 
1 
(€|€)}. Hence Fg is a weak characteristic functional on B=? X. 
B~ can be restricted to B7? X. Interpreted in this way, it will be denoted 


Bee zy It is then unitarily equivalent to B! as an operator on Æ. Indeed, 
B=? : X —> B=: X, Br: B7? X — X are unitary and 

B| =B? B B?. 

BTX 

Hence, if B~! is trace-class, then so is B7! | pee Therefore, we can apply now 
Thm. 5.63, which implies that Fg is the characteristic functional of a Borel 
probability measure up on the dual (B~? X)*. By Prop. 2.60, (B77 X¥)* can be 
identified with B? ¥. This completes the proof of the theorem. 


Remark 5.65 Sometimes the functional F is not continuous for the topology of 
X, but for a certain norm (€|AE)?, where A > 0 is a self-adjoint operator on X. 
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This case can be easily reduced to the case A = 1 by replacing X by A-?X. The 
condition on B becomes that B~? AB~? is trace-class on X. 


Remark 5.66 Note that we still use the notation x for the generic variable in 
the enlarged space BrX. 


5.3.6 Comparison of enlarged spaces 


Proposition 5.67 Let F be as in Thm. 5.64 and let B; > 0, i = 1,2, be two 
self-adjoint operators on X. Assume that Br is trace-class and Bı < Bo. Then 


l 
Be is trace-class. Let u; be the associated probability measures on B? X. Then 
i 1 
B? X is a Borel subset of BJ X and 


L L 
yo(C) =m(CN BPX), C EBB} X). 
For the proof we will use the following lemma: 
Lemma 5.68 Let X be a real Hilbert space and A € B(X). Then Ran A E€ B(X). 


Proof We use the polar decomposition A = U|A| of A, where U is a partial isom- 
etry. It is clear that partial isometries map Borel sets onto Borel sets. Therefore, 
it suffices to show that Ran |A| is Borel. By the spectral theorem, 


II 


Ran |A| {re x, suppen |[(JAl +n!) “a < oo} 


UN {reX, (Al +n) Tal] <m}. 


mENnEN 


This proves that Ran|A| € B(X). 


II 


Proof of Prop. 5.67. B?X equals ABX, where A= B? B}? € B(B} 2). 
Hence, by Lemma 5.68, B? ¥ € 8(B? 2). 

Recall from Subsect. 2.3.4 that we have a natural embedding I : B? X — B X. 
Its adjoint is an embedding I* : By *¥ > B7? X. Both B7 * X and B7? X are 
embedded in ¥. Thus, for € € B, zx treated as an element of X, we can write 
RA 

Define a measure ñ on B(B? X) by 


ji2(C) = m (I'O) = m (CN B? X), C E€ B(B3 X). 
For € € By X, we have 


J e2dfio(a2)= |, e$ du (a1) = ie "68 dus (a1) 
BŽ X BË X BË X 


SFF = f, edam). 


B? X 
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This implies that the characteristic functionals of ñ and u2 are equal. Hence 
H2 = pig. This completes the proof of the proposition. 


5.4 Gaussian measures on real Hilbert spaces 


Let ¥ be a real Hilbert space. We would like to discuss Gaussian measures on 
real Hilbert spaces and the corresponding L? spaces. This section has a natural 
continuation in Sect. 9.3, where we discuss the real-wave representation of CCR. 


5.4.1 Gaussian measures 


Proposition 5.69 Let A be a positive self-adjoint operator on X and q be a 
bounded linear functional on Aran: 


(1) The function 
Dom A 3 £ F(E) = e768 (5.21) 


is a weak characteristic functional. 
(2) It is the characteristic functional of a probability measure u on X iff A is 
trace-class. 


Proof (1) To prove the conditions of Prop. 5.61 we can assume that % is finite- 
dimensional. Setting ¥ı = Ker A, we decompose ¥ as 1 ® Xə and q = (M1, q@). 
Let Ag be A restricted to Xz. Using (4.10) we see that F is the Fourier transform 
of the probability measure du = djs) ® du for 


dui (z1) = (a1 — qı )dz1, 
diz (a2) = (2n)~? dim X: det Az Feb (tea) A7 (22-2) dary, 


(2) Let us prove <=. We have 
Re(1 — F(é)) = (1 — e7 2-48) + e246 (1 — cos(q- €)) 
< zé AE + cla-€)?. 


Since q is bounded on A~? ¥ we obtain that |Re(1 — F(€))| < CE- A£. By (5.20) 
this proves the continuity of F for the norm given by A, which is trace-class. So 
we can apply the Minlos—Sazonov theorem. 

Let us now prove =. Let us assume that F is the characteristic functional of a 
measure u. By translating the measure u we can assume that q = 0. Splitting Vv 
as Ker A @ Ker A+, we may assume that A is non-degenerate. If A is not compact, 
we can find a sequence (&,)nen such that w — im En = 0 and im En °° AE, = 


A Æ 0. This contradicts the weak continuity of F. Hence A is a compact operator. 
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Now let (e;j)jen be an o.n. basis of eigenvectors of A for the eigenvalues (A;) jen. 
Let VY, = Span{e1,..., en}, P, be the orthogonal projection on VY, and A, = 
P, AP,,. Let un denote the measure uy, on Yn, Yn the generic variable on V, 
and dyn the Lebesgue measure on Yp. By (4.10), we know that 


n = = 
diin (Yn) = (2m)~¥ det An ?e~ 84 AM dyn. 


Hence, for e > 0, 


[oc si aa) = f etiw dun (yn) = [[0 +). 


n j=1 


Now 


{= lim lim ElPe dufa) _ w He ji eà) Z. 


This implies that []}=,(1+ €j) < oo for small enough €> 0, and hence the 
: CO : . 
series )7;_, Aj is convergent and A is trace-class. 


Definition 5.70 The measure defined in Prop. 5.69 will be called the Gaussian 
measure on ¥ of mean q and covariance A and will be denoted by 


C6(a1 — a e722) Az (2-0) dz, day, (5.22) 
or, if Ker A =0, by 
Cea 2(®-9-A™ (2-0) day, (5.23) 
Note that C in (5.22) and (5.23) has the meaning of the “normalizing constant” 
that makes (5.22) a probability measure. 


Remark 5.71 Prop. 5.69 provides an example of a weak distribution on X which 
is not generated by a probability measure on X. 


5.4.2 Gaussian measures on enlarged spaces 


In this subsection we consider the case of a covariance for which (5.21) is only a 
weak characteristic functional. 
Let A be a positive self-adjoint operator on ¥. Consider the function 


X a ém e BAC, (5.24) 
It is a weak characteristic functional. It is not a characteristic functional of a 
measure unless A is trace-class. 


Definition 5.72 The generalized measure given by the weak characteristic 
functional (5.24) will be called the generalized Gaussian measure on ¥ with 
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covariance A. We will denote by 
L2(¥,e72" 4 tdg) 
the corresponding L? space. We will call it the Gaussian L? space over X with 


covariance A. 


If B is a positive self-adjoint operator B on ¥ such that B-* AB-? is trace- 
class, then L?(¥’,e7*4 '"dz) is naturally isomorphic to L?(B? ¥,djg), where 


F el dup (x) = e7 288, ep ex, 
BIX 


Note that there is no canonical choice of the operator B. 


Definition 5.73 Following (5.23), the measure ug will often be denoted 
Oe- na, 


(Note that this notation hides the dependence on B, which plays only an 
auxiliary technical role.) 

Consider in particular the case of covariance 1. L?(¥, e~ ze dz) can be realized 
as an L? space over X iff X is finite-dimensional. L?(¥’,e7?* dz) is then equal 
to L (X, (2r)-24e-2* da), where d = dim ¥ and dz is the Lebesgue measure 
on ¥ compatible with the Euclidean structure. 

Remark 5.74 (5.24) is a weak characteristic functional even if the positive 
operator A has a non-zero kernel. If this is the case, then the corresponding 
Gaussian L? space can be identified with L? (X,,e7F Ar 1 dg), where X; := 
(Ker A)+, A; is the restriction of A to X; and x1 is the generic variable of X;. 


5.4.8 Exponential law for Gaussian spaces 
In this subsection, for simplicity we restrict ourselves to covariance 1. 
Proposition 5.75 Let X,, X% be two real Hilbert spaces. Set X := Xi ® Xd. 
Then the map 


U : CPol(4,) ® CPol(4,) — CPol(4) 
Pı (21) Q P (x2) m P(x1)P(a2) 


extends to a unitary map 
U:L2(X,,e7 2! dri) Q L?(Ay,e7 #2 day) > L?(¥,e7?” da). 


Proof Let us choose two operators Bı, Bə such that B; l is trace-class on 
L 2 

X;, and use L? (B? X;,dup,) as representatives for L? (X;,e7 2% dz;). Then the 
L L 

map U extends to a unitary map from L? (B? X,,dyp,) ® L? (B? X2, dup, ) into 
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L?(B?X,dug) for B = Bı © By. We have 


which shows that L?(B? 2,djg) is a representative of L?(¥,e~? dz). 


5.4.4 Polynomials in Gaussian spaces 


Let A, B be positive operators with B-:AB-= trace-class. We identify 
L?(X, e724 tdg) with L?(B?X, dup). 


Proposition 5.76 Polynomials based on B77% are dense in L? (¥,e72” da). 


Proof Clearly, for € € BX , the function 


: 2 
Cate prtte)= |, taupa) =e FEA 
B? X 


is entire. Hence the statement follows from Thm. 5.56. 


Clearly, we have the inclusion B-?X% C A7? X. If we regard B z X as the under- 
lying space, then only polynomials based on B-z% are continuous functions. 
Those based on A~?X do not have to be continuous. However, they are L? 
integrable, as the following proposition shows. 


Proposition 5.77 Polynomials based on A~?X belongto N L?(B?X,dup) 


1<p<oo 
and, for € € A-?X, we have 
l | (€: a)" * "dup (2) = 0, 
BIX 
2n! 
J (€ - x)” dug (£) = T (5.25) 
BĪIX n. 


Proof Using Prop. 5.50, we obtain (5.25) for £ € B7? X. 
Using (5.25), we see that if (€.)nen is a sequence in B? X converg- 
ing to some €X, then the sequence of functions (ên +x)’ is Cauchy in 


N L?(B?X,dug). Hence we can define the function 
1<p<oo 


(€-2)" = lim (£n 2)", 


n—> o 


which belongs to N L?(B?¥,dup). 


1<p<oco 
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5.4.5 Relative continuity of Gaussian measures 
Let A;, i= 1,2, be two bounded positive operators on æ. For simplicity we 
assume that A; > 0, i.e. Ker A; = {0}. Let B7! be trace-class. Consider the 
Gaussian measures u; with the covariances A;, i = 1,2, on the space B zX. 
Theorem 5.78 (Feldmann-Hajek theorem) The measures uy and u are abso- 
lutely continuous w.r.t. one another iff AAA? -1e B?(X). 


Let us now discuss the Radon-Nikodym derivative se (x) under the hypoth- 
eses of Thm. 5.78. For simplicity we assume that A; = 1 and denote A» by A, 


Lt, by u and py by p. It is easy to obtain the corresponding statements in the 
aor 
general case by replacing ¥ by A, ? ¥ (see Subsect. 11.4.6). 


Proposition 5.79 Assume that 1— A € B?(X). Then the following hold: 


(1) Let {Tn }nen be an increasing sequence of finite rank orthogonal projections 
in X withs — lim m, = 1. Set 


Fn (x) := (det Tn Anp) 7622 Tn I-A Yn “ neN. 


Then {Fy}nen converges in L!(B?X,d) to a positive function F with 
fFEFdp=1. 
(2) If 1— AE B!(X), then 


(3) One has E (2) = F(x). 
Remark 5.80 Statement (3) of Prop. 5.79 shows that F is independent 
on the choice of {nn}. Note also that x> a-(1—A7!)ax is continuous on 
Bry, hence x = er™(l-A~")@ is measurable on Bre, although not integrable if 
1— Ag B!(X). Therefore, a convenient notation for F is 

F(a) = Celt t1-a7)a 


? 


where C is the “normalizing constant”, as in Def. 5.70. 


The proof of this theorem will be given later on; see Subsect. 11.4.6. 


5.5 Gaussian measures on complex Hilbert spaces 


Let Z be a separable (complex) Hilbert space. We denote by Zı - z2 the scalar 
product of z1, 22 E€ Z. 

We will discuss Gaussian L? spaces of anti-holomorphic functions on Z. This 
section has a natural continuation in Sect. 9.2, where we discuss the complex- 
wave representation of CCR. 


5.5 Gaussian measures on complex Hilbert spaces 137 


5.5.1 Holomorphic and anti-holomorphic functions 


Recall from Subsect. 3.5.6 that inside the space of all complex polynomials 
CPol( Zr) we have the subspace Pol(Z ), resp. Pol(Z) of holomorphic, resp. anti- 


p 
holomorphic polynomials spanned by i Wi: Z, resp. H wi - Z, for wi € Z. 
=1 


The following definition generalizes hie notion of a holomorphic function to 
an arbitrary dimension. 


Definition 5.81 A function F : Z — C is holomorphic, resp. anti-holomorphic 
if its restriction to any finite-dimensional complex subspace of Z is holomorphic, 
resp. antt-holomorphic. 


5.5.2 Measures on complex Hilbert spaces 


Recall from Subsect. 3.6.9 that, in the context of the integration, a complex space 
Z is often identified with Re(Z @ Z) by the map 


Z >z (2,2) € Re(Z 6 Z). (5.26) 


This suggests adoption of the following convention for characteristic functionals 
on complex spaces: 


Definition 5.82 If u is a Borel probability measure on Z, its characteristic 
functional is defined by 


Z>wme lw) =| e Rew dg(z) =| ge ws a): 
Z Z 


5.5.3 Gaussian measures on complex spaces 


Now let A > 0 be a trace-class self-adjoint operator on Z. There exists a unique 
measure u on Z such that 


p(w) =e 74", wez. (5.27) 
This follows from Prop. 5.69, if we consider Z as the real Hilbert space Zp 


equipped with the scalar product Re Z - z2. 


Definition 5.83 The measure u defined by (5.27) will be denoted Ce-? 4" * dzdz 
and called the Gaussian measure of covariance A. 


Let Z be finite-dimensional of complex dimension d with a fixed (complex) 
volume form dz. By Subsect. 4.1.9, we then have 


Ce-*4'* dzdz = det A`! (2ri) “e774 * dzdz. (5.28) 


(The notation i~7dzdz is explained in Subsect. 3.6.9.) 
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Definition 5.84 We denote by Lz(Z, Ce-74'*dzdz), resp. 
ee Oe dzdz) the closure in L?(Zp,Ce-*4'*dzdz) of Pol(Z), 
resp. Pol(Z). 


Theorem 5.85 The space L2(Z, Ce-* 4" dzdz), resp. L(Z, Ce774 e dzdz) 
coincides with the space of holomorphic, resp. anti-holomorphic functions in 


L? (Zg, Ce77 4 '*dzdz). 


Proof It suffices to consider the holomorphic case. 

Let Y C Z be a finite-dimensional complex subspace. If G is a function on 
Z, let Giy be its restriction to Y. Let F € L2(Z,Ce-*4'*dzdz), and (P,) a 
sequence in Pol(Z) converging to F in L?(Zp,Ce-*4 ‘*dzdz). If Y is finite- 
dimensional then (P,)\» converges to Fjy in L? (Vr, Ce -74 '*dzdz), hence in 
D' (Ye). By Prop. 4.12 it follows that F\y is holomorphic. 

Conversely, let F € L? (Zg, Ce -74 '*dzZdz) be a holomorphic function, and 
assume that F is orthogonal to all holomorphic polynomials. Let (e;);en be an 
o.n. basis of eigenvectors of A for the eigenvalues (A;)j;en. We fix d and restrict 
F to Span{e,...,ea}. If we identify C? with Span{e1,..., e4} by the map 


d 
ai 
(21, za) = >> J ej, 
i=1 Vj 


we are reduced to considering a holomorphic function G on C%, which is orthog- 
onal to all holomorphic polynomials for the measure (27i)~4e~*'* dzZdz. 

For #7 =(nj,...,na) E N? we recall that A! := ,!...na!, OP = Oi Ok 
From Cauchy’s formula, we get 


zao) = f G(r rae’) ÍI 9% r7™ do, dôa 
” mt Sin vey peestae') T ; dO. 


+00 —r? s 
fo "tte" dr, we obtain 


d eS 
C(n)0" G(0) = #!2~4 f G(z,...,2a) II Za e774 (Qin) *dzdz. 
j=l 


Hence, if G € L? (C4, (2ir)~4e-**dzdz) is holomorphic and orthogonal to the 
holomorphic polynomials, we have 0" G(0) = 0 for all 7 and hence G(z) = 0. 
This implies that the restriction of F to Spanf{e;,...,ea} is equal to 0 for all 
d. In particular, F is orthogonal to all real polynomials generated by Re(é; - z) 
and Im(é; - z). Since these polynomials are dense in L? (Zp,e-74 '*dzdz), we 
have F=0. 


5.5.4 Generalized Gaussian measures on complex spaces 


We now extend Def. 5.84 to generalized Gaussian measures that cannot be real- 
ized as measures on Z. For simplicity, we assume that the covariance of the 
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measure is given by the scalar product of the underlying (complex) Hilbert 
space. 

Definition 5.86 Denote by L2(Z,e~**dzdz), resp. L2(Z,e~**dzdz) the clo- 
sure in L?(Zp,e-**dzdz) of the space of holomorphic, resp. anti-holomorphic 
polynomials on Z. The space L2.(Z,e~**dzdz), resp. L2(Z,e~* *dzdz) will be 
called the holomorphic, resp. anti-holomorphic Gaussian L? space with covari- 
ance I. 


Proposition 5.87 Let B>0 be an operator such that BT! is trace-class. 
Identify L?(Zp,e-**dzdz) with L?(B? Zg,Ce~**dzdz) in the usual way. Then 
Li(Z,e°**dzdz), resp. L2.(Z,e-**dzdz) coincide with L2.(B? Z, Ce-**dzdz), 
resp. L2(B? Z,Ce~**dzdz). 


5.5.5 Isomorphism with modified Fock spaces 
Recall the modified Fock space [™°4(Z), defined as the completion of P, (Z) with 
the scalar product DEI (®|W)pmoacz) := (lmt )r zy Moreover, we recall 
from Subsect. 3.5.1 that I, (Z) can be identified with Pol, (Z), which is dense in 
L2.(Z,e-** d2zdz). It turns out that this identification extends to a unitary map: 


Theorem 5.88 The map 
(2) >  — (-) € Pol, (Z) 
given by 


a(z) := X (2®" |8) 


n= 


© 


extends by continuity to a unitary map 
pmed(Z) > Bw B.) € Lå(Z,e 7 *dzdz). (5.29) 


The proof of the above theorem for dim Z = 1 follows immediately from the 
following simple computation: 


Lemma 5.89 Letz € C. Then 


(2ri) fe Bear dade = n!ón, m. (5.30) 
C 


Proof We identify C with R?. In the polar coordinates z = re'®, the 1.h.s. of 
(5.30) equals 


20 co ‘ 
a ao | dre PPh TE, (5.31) 
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For n Æ m the integral w.r.t. @ yields zero. For n = m we get 


1 R9 2 eQ 2 
7) pemtte— dr S re dr? = mi. 
2 Jo 0 


Alternatively, we can rewrite (5.30) as 


= E a se 3 —It\? 
int” OP OM (Qmi)—! | gere deaz gy i e |,_g 


= n!nm.- 


Proof of Thm. 5.88. For notational simplicity assume that dim Z < oo. Let 
(€1,.--,€n) be an o.n. basis of Z. Recall that {ez : k € N” } is an o.n. basis of 
pmed(Z), where 


1 n k 
e7(Z) = II (e; z)” 
= Fe ilea 
Using Lemma 5.89 we see that {ez() : keN”} form an o.n. basis of 


Lè (Z, Ce77*dzdz). 
The following proposition is an illustration of the formalism of Gaussian com- 
plex spaces. 


Proposition 5.90 Let F € L2(Z,e~**dzdz). Then 
F(Z) = [ree Ce**dzdz, 2 € Z. 


Proof The integral on the r.h.s. is well defined, since Z — e7% belongs to 
L2(Z,e-**dzdz). By density and linearity it suffices to check the identity for 
monomials. We have 


P 
p > " p ; 
J II (e; - Z)” e77 Ce ** dzdz = | II O;"' exp (z “Zo + X tie; 2) 
zi=l aia le ~ = p 
ah 
x Ce-7*dzdz|, o 
p P 
= H O exp = tiei- zo) R 
= i=1 


p 
= [I (ei - 20)" 
i=1 


This completes the proof of the proposition. 
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5.6 Notes 


General measure theory is studied e.g. in the monographs by Halmos (1950) and 
Bauer (1968). 

Properties of positivity preserving maps are discussed e.g. in Reed—Simon 
(1978b). 

The notion of equi-integrability and the Lebesgue—Vitali theorem can be found 
in Kallenberg (1997). Measures on Hilbert spaces is the subject of a monograph 
by Skorokhod (1974). The proof of Prop. 5.41 can be found e.g. in Chap. I.1 of 
Skorokhod (1974). 

The Feldman—Hajek theorem about relative continuity of Gaussian measures 
was proved independently by Feldman (1958) and Hajek (1958). 


6 
Algebras 


In this chapter we recall basic definitions related to algebras, especially C*- and 
W*-algebras. 

Operator algebras are often used in mathematical formulations of quantum 
theory to describe observables of quantum systems. This is especially useful if 
we consider infinitely extended systems. They are also convenient to express the 
Einstein causality properties of relativistic quantum fields. 

It is also common to express canonical commutation and anti-commutation 
relations in terms of algebras. This is especially natural in the case of the CAR. 
In fact, we will use algebras to treat the CAR in a representation-independent 
way in Chap. 14. Algebras are less useful in the case of the CCR. We will discuss 
various choices of CCR algebras in Sect. 8.3. 

The theory of W*-algebras, including elements of the modular theory, will be 
especially needed in Chap. 17, devoted to quasi-free states. 


6.1 Algebras 
6.1.1 Associative algebras 


Let 2 be a vector space over K = C or R. 
Definition 6.1 XA is called an algebra over K if it is equipped with a multiplica- 
tion satisfying 

A(B+C)=AB+AC, (B+ C)A= BA+CA, 

(a8)(AB) = (@A)(GB), a,8€K, A,B,C EA. 


If in addition 
A(BC) =(AB)C, A,B,C € XQ, 
then we say that it is an associative algebra. 


Unless indicated otherwise, by an algebra we will mean an associative algebra. 


Definition 6.2 A subspace J of an algebra A is called a (two-sided) ideal of A 
if AE BA and BET implies AB, BA ET. 


If J is an ideal of 2, then 2/3 is naturally an algebra. 
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Definition 6.3 An algebra A is called simple if 2 has no ideals except for 
{0} and itself, and AAK with the multiplication given by AB =O for all 
A, BEA. 


For every subset & of an algebra 2 there exists the smallest ideal containing 
Bo 


Definition 6.4 This ideal is called the ideal generated by Y and is denoted by 
I(T). 


Definition 6.5 If A, B are algebras, then a linear map 7: 2— B satisfy- 
ing n(A Ao) = 7(A1)2(Az) is called a homomorphism. It is called an anti- 
homomorphism if 7(A;A2) = 7(A2)m(A1). (In the well-known way, we also 
define isomorphisms, automorphisms etc.) 


6.1.2 x-algebras 


Definition 6.6 We say that an algebra XA is a *-algebra if it is equipped with an 
anti-linear involution 15 Ate A* € A such that (AB)* = B* A*. 


Let 2 be a *-algebra. If J is a «invariant ideal of 2, then 2/3 is naturally a 
*-algebra. 


Definition 6.7 IfA, B are x-algebras, then a homomorphism r : A — B satisfy- 
ing m(A*) = 2(A)* is called a homomorphism. (We also define *-isomorphisms, 
*-automorphisms etc.) Aut(2l) will denote the group of »*-automorphisms 


of A. 


6.1.3 Algebras generated by symbols and relations 
Suppose that A is a set. 

Recall that ce( A, K) denotes the vector space over K consisting of finite lin- 
ear combinations of elements indexed by the set A. We adopt the convention 
that the element of c.(A,K) corresponding to A € A is denoted simply by 
A. Recall also that & Y denotes the algebraic tensor algebra over the vector 
space y. 


Definition 6.8 (1) The unital universal algebra over K with generators A is 
defined as 


A(A, 1) := Bc, (A,K), 


where we write Ay As - -- An instead of Ay Q Az ®---@ An, Ai,..-,4n EA 
and the unit element is denoted by 1. 

(2) The universal unital »-algebra with generators A is the »x-algebra 
(AU A*, 1) equipped with the involution * such that (A,A2---An)* = 
At... ASAZ, 1=1". 
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Definition 6.9 (1) Let R C A(A, 1). The unital algebra with generators A and 
relations R=0, RE, is defined as A(A, 1) /F(R). 

(2) Let R C WAUA”, 1) be *-invariant. The unital «algebra with generators 
A and relations R=0, RE, is defined as A(AU A*, 1)/F(R). 


6.1.4 Super-algebras 


Recall from Subsect. 1.1.15 that (V, €) is a super-space if Y is a vector space and 
e € L(Y) satisfies € = 1. We then have a decomposition Y = Yọ $ Vı into its 
even and odd subspace. 


Definition 6.10 (XA, a) is called a super-algebra if 2 is an algebra and a is an 
involutive automorphism of A. 


We then have a decomposition 2 = Mo @ 2%, into even and odd subspace. 
Clearly, for pure elements A, B € A of parity |A|, resp. |B|, the parity of AB 
is |A| + |B|. 

Note that XWo is a sub-algebra of X. 


Definition 6.11 We say that a super-algebra A is super-commutative iff AB = 
(—1)I41/71 AB. 


Below we give two typical examples of associative super-algebras: 
Example 6.12 (1) Let (Y,€) be a super-space. Then L(Y) equipped with the 
involution 


a(A) = €Ae (6.1) 


is a super-algebra. It will be denoted gl(Y, €). 


(2) P (V) equipped with Q. is a super-commutative super-algebra (see Subsect. 
3.8.9). 


6.2 C*- and W*-algebras 


In this section we recall basic terminology from the theory of C*- and 
W*-algebras. 


6.2.1 Banach algebras 


Definition 6.13 An algebra A is called a normed algebra if it is equipped with 
a norm ||- || satisfying 


|ABl| < ||All|Bl], A,B € 2. 


It is called a Banach algebra if it is complete in this norm. 
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6.2.2 C*-algebras 


Definition 6.14 We say that A is a C*-algebra if it is a complex Banach 
x-algebra satisfying 


A*I = Al AA] = AIP, 4 € 2. (6.2) 


Definition 6.15 Let A be a complex normed x-algebra (not necessarily com- 
plete). We say that its norm is a C*-norm if it satisfies (6.2). 

Clearly, the completion of an algebra equipped with a C*-norm is a C*-algebra. 

If H is a Hilbert space, then B(H) equipped with the Hermitian conjugation 
and the operator norm is a C*-algebra. 
Definition 6.16 A norm closed *-sub-algebra of B(H) is called a concrete 
C*-algebra. 

Clearly, every concrete C*-algebra is a C*-algebra. Conversely, every 
C*-algebra is *-isomorphic to a concrete C*-algebra. 

Any *-homomorphism, resp. *-isomorphism between two C*-algebras is a con- 
traction, resp. isometry. 
Definition 6.17 We define the set of positive elements of 2 as the set of self- 


adjoint elements with spectrum in [0,0o[, or equivalently, of elements of the form 
A*A. The set of positive elements of A is denoted A, . 


Definition 6.18 Let A be a C*-algebra. A C*-dynamics on %X is a one-parameter 
group Ra tr! € Aut(Q) such that for each A € A the map t+ T' (A) is con- 
tinuous. Such a pair (2,7) is called a C*-dynamical system. 


6.2.3 Representations of C*-algebras 
Let H be a Hilbert space and 2 C B(H). 


Definition 6.19 The commutant of 2 is defined as 
X := {B € B(H) : AB = BA, AEW. 


Let A C B(H) be a «algebra. 


Definition 6.20 2 is called irreducible if the only closed subspaces of H invari- 
ant under A are {0} and H, or equivalently if W = C1. A is called non-degenerate 
if AH is dense in H. 


Let 2% be a C*-algebra. 


Definition 6.21 (H,7) is a representation of Xl if H is a Hilbert space and m is 
a *-homomorphism of A into B(H). m is called faithful if Ker = {0}. 
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(Faithful in this context is the synonym of injective.) Since Ker r is a closed 
two-sided ideal of 2, any non-trivial representation of a simple C*-algebra is 
faithful. Actually, a stronger statement is true: a C*-algebra is simple iff all its 
representations are faithful. 

Let (H,7) be a representation of a C*-algebra Q. 


Definition 6.22 A closed subspace Hı C H is invariant if 7(A)H, C Hı for all 
AEA. (Hı, Tı) is a sub-representation of (H,7) if Hı is an invariant subspace 
of H and mı = 7 ; 


Definition 6.23 We say that (H,7) is the direct sum of (Hi, 7) and (H2, 7) 
if H = Hi ® He and (Hi, Ti) are sub-representations of (H, 7). 


Note that if Hı is invariant, then so is Hy := H+. (H,7) is then the direct 
sum of (H1,71), (H2, T2), with m := cee Tə t= ft 


Definition 6.24 We say that a representation (H,7) of a C*-algebra is irre- 
ducible if n(A) is irreducible. Equivalently n(A) = Cl, or m has no non-trivial 
sub-representations. 


Definition 6.25 The representation (H,7) is called non-degenerate if n(A) is 
non-degenerate. 


Definition 6.26 The representation (H,7) is called factorial if r(A) N (Al)! = 
Ci. 
Let € CH. 


Definition 6.27 (1) E is called cyclic for n if {m(A)®: AC A, P € E} is dense 
in H. 
(2) E is called separating for m if 


mA)b=0, BEE > A=. 


Clearly, if (H, 7) is irreducible, all non-zero vectors in H are cyclic. 


6.2.4 Intertwiners and unitary equivalence 
Let (H1,71), (H2,72) be two representations of a C*-algebra A. 
Definition 6.28 An operator B € B(Hı, H2) intertwines mı and m2 if 


Br, (A) = 2 (A)B, A € A. 


If m and m2 have an intertwiner in U(Hı, H2), they are called unitarily 
equivalent. 


The following theorem can be called Schur’s lemma for C*-algebras: 
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Theorem 6.29 If (71,71), (H2,72) are irreducible, then the set of intertwiners 
equals either {0} or {AU : A € C} for some U € U(H1, H2). 


Proof If B intertwines 7 and m2, B* intertwines 72 and 7, hence B* B € 7 (UA) 


and BB* € m9(Q)’. By irreducibility, B*B = A11, BB* = A21 for some Aj, Az € 
R. Now 


Aj 1 = BB* BB* = Bd) B* = 211. (6.3) 


If A; = 0, then B = 0, and hence A = 0. Hence (6.3) implies that Ay = A2, which 
means that B = AU for some U € U(H1, H2). If Bı and Bə are two intertwiners, 
then a similar argument shows that Bı B% is proportional to identity. This means 
that Bı is proportional to Bo. 


6.2.5 States 
Let XA be a C*-algebra. 


Definition 6.30 A linear functional on is called positive if it maps positive 
elements to positive numbers. 


A positive linear functional is automatically continuous. 
Definition 6.31 A positive linear functional is called a state if its norm is 1. 


In the case of a unital C*-algebra it is equivalent to requiring that w(1) = 1. 


Definition 6.32 A state w is called faithful if w(A) =0 and A E A, implies 
A=0. 


Definition 6.33 A state w is called tracial if 
w(AB)=w(BA), ABEM. 


6.2.6 GNS representations 
Let (H,7) be a *-representation of 2%, Q a normalized vector in H. Then 
w(A) = (QIm(A)®) (6.4) 
defines a state on 2. 
Definition 6.34 If (6.4) is true, we say that Q is a vector representative of w. 


Definition 6.35 (H,7,Q) is called a cyclic «representation if (H,7) is a 
*-representation and Q is a cyclic vector. 


Theorem 6.36 (Gelfand—Najmark—Segal theorem) Let w be a state on A. Then 
there exists a cyclic *-representation (Hu, nu, Qu) such that Quy is a vector rep- 
resentative of w. Such a representation is unique up to a unitary equivalence. 


148 Algebras 


Definition 6.37 The cyclic *-representation described in Thm. 6.86 is called 
the GNS representation (for Gelfand—Najmark—Segal) associated with w. 


6.2.7 W*-algebras 


Definition 6.38 We say that M is a W*-algebra if it is a C*-algebra such 
that there exists a Banach space whose dual is isomorphic to IN as a Banach 
space. This Banach space is unique up to an isometry. It is called the pre-dual 
of M and is denoted M,. The topology on M given by the functionals from W, 
(the *-weak topology in the terminology of Banach spaces) is called the o-weak 
topology. Functionals in Mt, are called normal functionals. 


It follows from the general theory of Banach spaces that M, coincides with 
the space of all o-weakly continuous functionals on W. 


Definition 6.39 The set 
{BEM : AB = BA, AEM} 


is called the center of M. A W*-algebra with a trivial center is called a factor. 


Two-sided o-weakly closed ideals J of a W*-algebra 9t have a simple form: 
they are equal to J = ME, for a projection E in the center of Wt. Clearly, all 
two-sided o-weakly closed ideals of a factor are trivial. 

If w is a o-weakly continuous state, then the map 7, given by the GNS 
representation is o-weakly continuous. 


Definition 6.40 Let M be a W*-algebra. A W*-dynamics on M is a one- 
parameter group R3t+7' € Aut(M) such that for each A E€ M the map tr 
T'(A) is o-weakly continuous. Such a pair (IN, T) is called a W*-dynamical sys- 
tem. 


6.2.8 Von Neumann algebras 

Let H be a Hilbert space. Then B(H) is a W*-algebra, since it is the dual of 
B'(H) (the space of trace-class operators on H). Thus B!(H) is the pre-dual 
of B(H) and the topology on B(H) given by functionals in B'(H) is its o-weak 
topology. 
Definition 6.41 Every C*-sub-algebra of B(H) closed w.r.t. the o-weak topology 
is called a concrete W*-algebra. If in addition it contains lp, then it is called a 
von Neumann algebra. 

Clearly, all concrete W*-algebras are W*-algebras. Conversely, a W*-algebra 
is isomorphic to a von Neumann algebra. 
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Definition 6.42 Let M; C B(H;), i=1,2. Let p:Mı > My be an isomor- 
phism. We say that p is spatially implementable if there exists U € U(Hi, H2) 
such that p(A) = UAU*, A E W. 


If X C B(H) is *-invariant, then W is a von Neumann algebra. 

An equivalent characterization of a von Neumann algebra is given by von Neu- 
mann’s double commutant theorem, stating that a *-algebra Wt is a von Neumann 
algebra iff 


Mt = M”. 


The von Neumann density theorem says that if A C B(H) is a non-degenerate 
*-algebra, then 2 is dense in X” in the weak, strong, strong*, o-weak, o-strong 
and o-strong* topologies. 

The Kaplansky density theorem says that if X C B(H) is a x-algebra, then the 
unit ball of Xl is o-weakly dense in the unit ball of W”. 

Let M C B(H) be a von Neumann algebra, and A a closed densely defined 
operator on H. Let A= U|A|, where U is a partial isometry, be its polar 
decomposition. 


Definition 6.43 A is called affiliated to Mt if the operators U and 1a (|A|) 
belong to M for all Borel sets A CR. 


Clearly, a von Neumann algebra M C B(H) is a factor iff MN W = Cly, or 
equivalently, (MU W)” = B(H). Below we give a more elaborate criterion for 
being a factor. 


Proposition 6.44 Let It C B(H) be a von Neumann algebra. Suppose that 


(1) QEH is a cyclic vector for (MU W)”; 
(2) There exists a set £ C (MUM"’)” such that {VW EH : AY =0, AECL} = 
CQ. 


Then IN is a factor. 


Proof Suppose that 9 is not a factor and Q is cyclic for (M U WM)”. Then there 

exists an orthogonal projection P € M NWY different from 0 and 1. If PQ = 0, 

then (1 — P)(MUIM)”OQ = (MU M')"(1 — P)Q = (MU M’)"Q. Hence Q is not 

cyclic for (M U WM)”. Therefore, PA # 0. Likewise, we show that (1— P)Q # 0. 
Now let £ be as in (2). Then since P € MANM one has 


A(q. P+ o@(1- P))Q=0, AEL, C1, C2 E C. 


But for cı Æ c2, the vector (c1 P + (1 — P)) is not proportional to Q. 


6.2.9 UHF algebras 


In this subsection we describe an example of a C*-algebra which plays an impor- 
tant role in mathematical physics, and in particular in the theory of CAR. 
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For any n = 1,2,..., we introduce the identifications 


B(@"C?) > AH AQ le E B(@"*!C’). 


Definition 6.45 Define 


UHF, (2%) := ca (@"C?), UHF(2) := UHF)(2%)!. 


UHF (2°) is called the uniformly hyper-finite C*-algebra of type 2°. 


6.2.10 Hyper-finite type II, factor 
We continue to consider the C*-algebra UHF (2°) introduced in the last subsec- 
tion. On B(@"C?) we have a tracial state 
trA := 2” Tr A. 
This state extends to a state on the whole UHF (2%). Let (mir, Hir, Qtr) be the 
GNS representation given by the state tr on UHF (2%). 
Definition 6.46 The W*-algebra 


HF := me (UHF(2°))”. (6.5) 
is called the hyper-finite type IJ factor. 
Clearly, 


tr(A) := (Qir AM) 


defines a tracial state on HF. 


6.2.11 Conditional expectations 


Let N be a unital C*-sub-algebra of a C*-algebra 9t. We assume that the unit 
of M is contained in N. 


Definition 6.47 We say that E : M — N is N-linear if A EM, B EN implies 
E(AB) = E(A)B, E(BA) = BE(A). 
We say that E is a conditional expectation if 


(1) A > 0 implies E(A) > 0, 
(2) E is N-linear, 
(3) E(1)= 1. 


Proposition 6.48 Letw be a normal tracial faithful state on a W* -algebra W. 
Then there exists a unique conditional expectation from IN with range equal to 


N such that w(A) = w(E(A)). 
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6.3 Tensor products of algebras 
Let 2,8 be algebras. Then AS B is naturally an algebra. If in addition 21,8 are 
*-algebras, then so is As B. 
One can define natural tensor products also in the category of C*- and W*- 
algebras. The definitions of these constructions are given in this section. 


6.3.1 Tensor product of C*-algebras 
Let A,B be C*-algebras. We choose an arbitrary injective *-representation (H, 7) 
of A and (K, p) of B. Then AYB has an obvious «representation in B(H & K). 
It equips ASB with a C* norm. It can be shown that this norm does not depend 
on the representations (H,7) and (K, p). 


Definition 6.49 The C*-algebra 
ASB := (A&B)?! 


is called the minimal C*-tensor product of A and B. 


6.3.2 Tensor product of W*-algebras 


Let M,N be W*-algebras. We choose an arbitrary injective o-continuous 
x-representation (H, r) of M and (K,p) of N. Then MYN has an obvious 
*-representation in B(H 8 K). Let ¥ denote the Banach space of linear func- 
tionals on MEN given by density matrices in B!(H & K). One can show that 
X does not depend on the choice of representations (H, 7) and (K, p). 


Definition 6.50 We set 
MQMt:= xX", 


and call it the W*-tensor product of W and N. 


Clearly, Meo MN is o-weakly dense in MQN. We extend the multiplication 
from M&M to MQN by the o-weak continuity. One can check that M @ N is 
a W*-algebra. 


Remark 6.51 According to our convention, the meaning of © between two alge- 
bras depends on the context. It depends on whether we treat the algebras as C*- 
or W*-algebras. 


6.4 Modular theory 


In this section we give a concise resumé of the modular theory. The modular 
theory is one of the most interesting parts of the theory of operator algebras. It 
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sheds light on the structure of general W*-algebras. It plays an important role in 
applications of operator algebras to quantum statistical physics. Key concepts of 
the modular theory include the modular automorphism and conjugation due to 
Tomita—Takesaki, KMS states and standard forms introduced by Araki, Connes 
and Haagerup. 


6.4.1 Standard representations 
Let H be a Hilbert space. 


Definition 6.52 A self-dual cone H* is a subset of H with the property 
F={GEH : (OW) >0, VEH*}. 
Let M be a W*-algebra. 


Definition 6.53 A quadruple (H,7,J,H*) is a standard representation of a 
W*-algebra IN ifr : M — B(H) is a faithful o-weakly continuous representation, 
J is a conjugation on H and H* is a self-dual cone in H with the following 
properties: 


(1) Ja(M)J = (MN), 

(2) Jm(A)J = 71(A)* for A in the center of M, 
(3) J = TRA 

(4) t(A)JT(A)H? C H? for AEM. 


Every W*-algebra admits a unique (up to unitary equivalence) standard rep- 
resentation. 
The standard representation has several important properties. 


Theorem 6.54 (1) For every o-weakly continuous state w on IN there exists a 
unique vector Q E€ Ht such that w( A) = (Q|AQ). 
(2) For every x-automorphism T of IN there exists a unique U E€ U(H) such that 


n(T(A)) = Ur(A)U*, UR CHH. 


(3) If Ratwr is a W*-dynamics on M, there exists a unique self-adjoint 
operator L on H such that 


n(7*(A)) = © n(A, e Ht CHH. (6.6) 


Definition 6.55 The operator L that appears in (6.6) is called the standard 
t 


Liouvillean of the W* dynamics t + T°. 
Definition 6.56 Given a standard representation (H,7,J,H*), we also 
have the right representation m, : M > B(H) given by m,(A) := Jn(A)J. Note 
that m,(IN) = 7(IN)'’. We will often write m for m and call it the left 
representation. 
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6.4.2 Tomita—Takesaki theory 


Let M be a W*-algebra, (H, 7) a faithful o-weakly continuous representation of 
M and Q a cyclic and separating vector for 7(M). 


Definition 6.57 Define the operator So with domain x(MN)Q by 
Som(A)Q := 17(A*)Q, AEM. 
One can show that Spo is closable. 


Definition 6.58 S is defined as the closure of So. 


For further reference let us note the following proposition, which follows by 
the von Neumann density theorem: 


Proposition 6.59 IfA C M is a *-algebra weakly dense in M, then {AQ : AE 
A} is an essential domain for S. 


Definition 6.60 The modular operator A and modular conjugation J are 
defined by the polar decomposition: 


S =: JA?. 
Definition 6.61 The natural positive cone is defined by 


Ht := {n(A)Jn(A)Q : AEM}. 


Theorem 6.62 (H,7,J,H*) is a standard representation of IN. Given (H,7), 
it is the unique standard representation such that Q € Ht. 


6.4.38 KMS states 


Let (M, 7) be a W*-dynamical system. Consider 3 > 0 (having the interpretation 
of the inverse temperature). Let w be a normal state on M. 


Definition 6.63 w is called a (7,3)-KMS state if for all A,B E€ M there exists 
a function F4 p(z) holomorphic in the strip Ig ={zEC : 0<Imz< y}, 
bounded and continuous on its closure, such that the KMS boundary condition 
holds: 


Fa p(t) = w(Ar'(B)), Fa p(t+iZ) = w(r'(B)A), teR. (6.7) 


Below we quote a number of properties of KMS states. 


Proposition 6.64 (1) One has |F4 gB(2)| < ||Al|||Bl], uniformly on I$. 

(2) A KMS state is r'-invariant. . 

(3) Let A be a *-algebra weakly dense in M and T-invariant. If (6.7) holds for 
all A,B € A, then it holds for all A, B E W. 
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Proposition 6.65 A KMS state on a factor is faithful. 


Definition 6.66 IfM C B(H) and ® € H, we say that ® is a (T, 3)-KMS vector 
if (®|- ®) is a (T, 8)-KMS state. 


6.4.4 Type I factors: irreducible representation 
Definition 6.67 Algebras isomorphic to B(H), where H is a Hilbert space, are 
called type I factors. 


Such algebras are the most elementary W*-algebras. In this and the next 
subsection we describe various concepts of the theory of W*-algebras as applied 
to type I factors. 

The space of o-weakly continuous functionals on B(H) (the pre-dual of B(H)) 
can be identified with B'(H) (trace-class operators) by the formula 


W(A)=TryA, ye B'(H), Ae B(H). (6.8) 
In particular, o-weakly continuous states are determined by density matrices. A 
state given by a density matrix y is faithful iff Ker y = {0}. 
Proposition 6.68 (1) Every x-automorphism of B(H) is of the form 


1(A) = UAU* (6.9) 


for some U € U(H). If U,,U2 € U(H) satisfy (6.9), then there exists u € C 
with |u| = 1 such that U = U3. 
(2) Every W*-dynamics R 5 tr % on B(H) is of the form 


n(A) = etH Ae tt (6.10) 


for some self-adjoint H. If Hı is another self-adjoint operator satisfying 
(6.10), then there exists c E€ R such that Hı = H +c. 


Definition 6.69 In the context of (6.9) we say that U implements T. In the 
context of (6.10) we say that H is a Hamiltonian of {7; her. 


A state given by (6.8) is invariant w.r.t. the W*-dynamics (6.10) iff H com- 
mutes with y. 

There exists a ((3,7)-KMS state iff Tre?” < œo, and then it has the density 
matrix e~47 /Tre-8#. 


6.4.5 Type I factors: representation on Hilbert—Schmidt operators 
Clearly, the representation of B(H) on H is not in the standard form. To con- 
struct a standard form of B(H), consider the Hilbert space of Hilbert-Schmidt 
operators on H, denoted B?(H). 


6.5 Non-commutative probability spaces 155 


Definition 6.70 We introduce two injective representations: 


B(H) > A= m(A) € B(B’(H)), m(A)B:= AB, Be B?(H); eas 
6.11 


B(H) > A= m (A) € B(B?(H)), m(A)B := BA*, Be B’(H). 
We set JųB := B*, B € B?(H). 


With the above notation, Jum (A)Jn = m, (A) and 
(B? (H), m, Jn, Bi (H)) 
is a standard representation of B(H). 

If a state on B(H) is given by a density matrix y € B! (H), then its standard 
vector representative is y? € B? (H). If r € Aut(B(H)) is implemented by W € 
U(H), then its standard implementation is ™(W)z,(W). If the W*-dynamics 
t> Tt has a Hamiltonian H, then its standard Liouvillean is ™(H) — m (H). 


6.5 Non-commutative probability spaces 


Throughout the section, % is a W*-algebra and w a normal faithful tracial state 
on KR. 
The two most important examples of such a pair (R,w) are as follows: 


Example 6.71 (1) Let (Q,©, u) be a set with a o-algebra and a probability 
measure. Then taking R = L® (Q, u) and 


o(F) = | Fan Fe L™(Q,p), 


we obtain an example of a W*-algebra with a normal tracial state. 
(2) The algebra HF with the state tr, described in Subsect. 6.2.10, is another 
example. 


Recall that the triple (Q, ©, u) of Example 6.71 (1) is called a probability 
space. Therefore, some authors call a couple consisting of a W*-algebra and a 
normal tracial faithful state a non-commutative probability space. In any case, 
this section is in many ways analogous to parts of Sect. 5.1, where (commutative) 
probability spaces were considered. 


6.5.1 Measurable operators 


Let us start with an abstract construction of measurable operators. 


Definition 6.72 The measure topology on the W*-algebra R is given by the 
family V(e,6) of neighborhoods of 0 defined for €,6 > 0 as 


V(e,d):= {AER : ||AP|| <€, w(1- P) < ô, 
for some orthogonal projection P € R}. 
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M(R) denotes the completion of R for the measure topology. Elements of M(R) 
are called (abstract) measurable operators. 


Let us now assume that % is isometrically embedded in B(H). 


Definition 6.73 A closed densely defined operator on H is called a (concrete) 
measurable operator iff it is affiliated to K and 


pm w (Ir, +00[(|Al)) = 0. 


It can be shown that one can identify M(H) with the set of concrete measur- 
able operators on H. Thus M() becomes a subset of Cl(H). 


Proposition 6.74 Let A,Be M(R). Then A+B and AB are closable. 
(A+ B)” and (AB) belong again to M(R) and do not depend on the rep- 
resentation of Ñ. 

Using the above proposition, we endow M(X) with the structure of a 
*-algebra. One extends w to the subset M(X) of positive operators in M(R) 
by setting 


w(A) := lim w(A(1+€A)~') € [0, +00}. 


e—0* 


6.5.2 Non-commutative LP? spaces 


Definition 6.75 For 1 < p < œ one sets 
L?(R,w) := {AE M(R) : w(|Al?) < co}, 


equipped with the norm ||Al|, := wap)”. 

For p = œ one sets LY (R, w) := R, and ||Alloo := || A|]. 

We will often drop w from LP (R, w), where it does not cause confusion. The 
spaces L” (R) are Banach spaces with % as a dense subspace. 

Note that if A € L! (R), then M > Br w(AB) € C is a normal functional of 
norm ||Aļlı = w(|A|). This defines an isometric identification between L' (R) and 
R, , the space of normal functionals on 9R. 

Let (Ho, Tw, Qu) be the GNS representation for the state w. Then L? (R) can 
be unitarily identified with the space Hu, as an extension of the map 


R> Am AQ, € He. (6.12) 


We have L1(R) C LP (R) if q > p. 


Proposition 6.76 (1) For A € P (XR), 1 < p < œ, one has || Allp = || A*||p. In 
particular, A œ A* is anti-unitary on L? (R). 
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(2) The non-commutative Holder’s inequality holds: for all 1 < r,p,q < co with 
pitqt=rt, if A€ (R), Be LR), then AB € L"(R) and 


| ABI], < |Allp|l Blla- (6.18) 


(3) ||Allp =sup{w(AB) : BER, ||Bl <1}, p+ =1, p>. 


Definition 6.77 An element A of LP (R) is positive if it is positive as an 
unbounded operator on H. We denote by L, (XR) the set of positive elements 
of L (R). 

For all 1 < p < œ, R, is dense in L4 (R) and the sets I}; (R) are closed in 
L” (R). 
Lemma 6.78 (1) AE R, if (AB) > 0, BER}. 
(2) A € I} (R) iffw(AB) > 0, B € L! (R). 


6.5.3 Operators between non-commutative LP spaces 
Let (R; wi), i = 1,2, be two W*-algebras with normal tracial faithful states. 
Definition 6.79 T € B(L?(%1), L? (R2)) is called 


(1) positivity preserving if A> 0 >TA>0, 
(2) hyper-contractive if T is a contraction and there exists p > 2 such that T is 
bounded from L? (R1) to LP (Rə). 


Using Lemma 6.78 we see as in the commutative case that T is positivity 
preserving iff T* is. 

Let (R,w) be a W*-algebra with a normal tracial faithful state. 
Definition 6.80 T € B(L?()) is called doubly Markovian if it is positivity 
preserving and TI = T*1 = 1. 


Theorem 6.81 A doubly Markovian map T extends to a contraction on LP (XR) 
for alll < p< œ. 


Proof Using that +T < ||T||..l and the fact that T is positivity preserving, 
we obtain that T is a contraction on L®(%R). Applying Prop. 6.76 (3) and 
the above result to T*, we see that T is a contraction on L1(R,w). By the 
non-commutative version of Stein’s interpolation theorem (see Prop. 3 of Gross 
(1972)), this extends to all 1 < p < o0. 


6.5.4 Conditional expectations on non-commutative spaces 


Let Rı be a W*-sub-algebra of R. Let wı be the restriction of w to R,. Clearly, 
Le (Rı, w1) injects isometrically into L? (R, w). 
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Definition 6.82 Denote by Em, the orthogonal projection from L?(R,w) onto 
L (Rı W1 ) . 


Proposition 6.83 (1) Em, uniquely extends to a contraction from LP (R) into 
Le (Rı) for all 1 < p < œ. 

(2) Ex, is doubly Markovian. 

(3) Let A € L (R), B € L1(Rı), pt +q! = 1. Then 


(4) Ex, considered as an operator on L™®(R) =R is the unique conditional 
expectation onto Ri, described in Prop. 6.48, that is, satisfying 


w(A) =w(E(A)), AER. 


6.6 Notes 


A comprehensive reference to operator algebras is the three-volume monograph 
of Takesaki. In particular, Takesaki (1979) contains basics and Takesaki (2003) 
contains the modular theory. Another useful reference, aimed at applications in 
mathematical physics, is the two-volume monograph of Bratteli-Robinson (1987, 
1996). In particular, proofs of the properties of KMS states of Subsect. 6.4.2 can 
be found in Bratteli-Robinson (1996). 

Non-commutative probability spaces are analyzed in Takesaki (2003), following 
Segal (1953a,b), Kunze (1958) and Wilde (1974). 
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Anti-symmetric calculus 


In almost every respect there exists a strong analogy between symmetric and 
anti-symmetric tensors, between bosons and fermions. It is often convenient to 
stress this analogy in terminology and notation. 

Symmetric tensors over a vector space can be treated as polynomial functions 
on its dual. Such functions can be multiplied, differentiated and integrated, and 
we can change their variables. 

There exists a similar language in the case of anti-symmetric tensors. It has 
been developed mostly by Berezin, hence it is sometimes called the Berezin 
calculus. It is often used by physicists, because it allows them to treat bosons 
and fermions within the same formalism. 

Anti-symmetric calculus has a great appeal — it often allows us to express the 
analogy between the bosonic and fermionic cases in an elegant way. On the other 
hand, readers who see it for the first time can find it quite confusing and strange. 
Therefore, we devote this chapter to a presentation of elements of anti-symmetric 
calculus. 

Note that the main goal of this chapter is to present a certain intriguing 
notation. Essentially no new concepts of independent importance are introduced 
here. Therefore, a reader in a hurry can probably skip this chapter on the first 
reading. 

This chapter can be viewed as a continuation of Chap. 3, and especially of Sect. 
3.6. In particular, we will use the anti-symmetric multiplication, differentiation 
and the Hodge star introduced already in Chap. 3. 


7.1 Basic anti-symmetric calculus 


Let V be a vector space over K of dimension m. Let v denote the generic variable 
in Y* and y the generic variable in VY. We remind the reader that I? (V) denotes 
the n-th anti-symmetric tensor power of YV. 


7.1.1 Functional notation 


Recall from Subsect. 3.5.1 that Y € rT? (V) can be considered as a multi-linear 
anti-symmetric form 


Yi x- x Y* D (v1,..., Un) > P(v1,..., Un) = (Flv Qa: 8a Un). (7.1) 
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When we want to stress the meaning of an anti-symmetric tensor as a multi-linear 
form, we often write Pol} (Y*) instead of r? (V). 


Definition 7.1 It is convenient to write V(v) for (7.1), where v stands for the 
generic name of the variable in Y* and not for an individual element of Y*. We 
will call it the functional notation. 


(We mentioned this notation already in Subsect. 3.5.1). 

Sometimes we will consider a vector space with a different name, and then we 
will change the generic name of its dual variable used in the functional notation. 
For instance, ® € Pol, (V;), resp. UV € Pola (Vı ® V2), in the functional notation 
will be written as ®(v;), resp. U(v1, v2). 

Remark 7.2 Note that the same symbols have a different meaning in (7.1) and 
in the functional notation. In (7.1), vi stands for an “individual element of Y* ”. 
In the functional notation, vi is the “name of the generic variable”. 


7.1.2 Change of variables in anti-symmetric polynomials 


Let Y,, Vz be two finite-dimensional vector spaces. As mentioned above, v1, v2 
will denote the generic variables in Yj and VŽ. 

Consider r € L(Vı, Y2) and W € Pol! (Vř). Then I(r), understood as a 
multi-linear functional, acts as 


Vt x- x VF D (v1,..., Wn) T(r)Y(v,..., Un) = U(r* 1,..., 7% Un). (7.2) 


Definition 7.3 The functional notation for T(r)V is (T(r)W)(v2) or, as sug- 
gested by (7.2), V(r* v9). 


For example, let 


LEV PLOY 


7.3 
y= yy, (r) 


so that j* (v1, v2) = vı + v2. Then the two possible functional notations for [(7) UV 
are (T (j)¥)(v1, v2) or U(v, + v2). 


7.1.38 Multiplication and differentiation operators 


Definition 7.4 If Yı, Y2 E Ta(V), then Yı Qa Vo will be denoted simply by 
Yı - Wo, if we consider Y1, Yo as elements of Pol,(V*). The functional notation 
will be either Yı - V2(v) or Yı (v)Vo(v). 


Recall that in Subsect. 3.5.2 we defined multiplication and differentiation oper- 
ators. For Y € Pol (Y*) they are given by 


y(v)U := y 8a Y, yey, 
w(V,)v = n(w| ® ws, WE y”. 
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Therefore, v can be given the meaning of a Y*-vector of anti-commuting oper- 
ators on Pol,(Y*). Similarly, V, is a -vector of anti-commuting operators on 
Pol, ()* ). 

Let (e1,...,€m) be a basis in Y and (e!,...,e™) be the corresponding dual 
basis in Y*. The following operator on Pol, (Y* © Y* ) is clearly independent of 
the choice of the basis: 


vi: Ni = 5 ei(vi)e (Voz). 


m 
i=1 
As an exercise in anti-symmetric calculus, it is instructive to check the follow- 


ing analog of Taylor’s formula: 


Proposition 7.5 Let Y € Pol,(Y*). Then 


Vv, + v2) = ell Vee W(v2). 


Note that (vı -V.,)? = 0 for p > dim Y, so the exponential is well defined. 
Proof of Prop. 7.5. Let 


Then ef jy = j. This implies that T(j) = eT (®T (j2). If we fix a basis (€1,...,€m) 


of Y, then d= >> |e; 6 0)(0 $ e|. Hence, 


i= 


where we have used the functional notation for creation and annihilation 
operators: 


a* (e; B 0) =e(v1), a(0 Ge’) = é (Vo). 
But 


T(j) (v1, v2) = (v + v2), T(j2) V (v1, v2) = Y (v2). 


7.1.4 Berezin integrals 


Recall that in Subsects. 3.5.2 and 3.5.3 we defined the left and right differen- 
tiation. Even though it sounds a little strange, the right differentiation will be 
renamed as integration. 
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Let us be more precise. Let Vı be a subspace of VY of dimension mı. Its generic 
variable will be denoted vı. Fix a volume form on ),, that is, let =; € Pol (V1) 
be a non-zero form. 


Definition 7.6 The partial right Berezin integral over Y, of Y € Pol,(Y*) is 
defined as 


ih U(v)dv, := 21 (V,) U(v). (7.4) 


Note that (7.4) depends only on (V/V,)* ~ Yi", where the superscript an 
stands for the annihilator (see Def. 1.11). Thus the Berezin integral produces an 
element of Pol, (?"). 

In particular, if we take a volume form = on J, i.e. a non-zero element of 
Pol!” (V), then the right Berezin integral over Y 


[eae = (5|V) (7.5) 


yields a number. 
Let V = VYı P V2. The generic variable on Y* = Yi § VŽ is denoted v = 
(v1, v2). Fix volume forms ©; € Pol?’ (V;). Equip VY” with the volume form 


2 = =) A E1. The corresponding Berezin integrals are denoted f - dv;, and f- dv. 
Then we have the following version of the Fubini theorem: 


/ U(v)dv = i ( f (v1, 00)du) dis, (7.6) 


Thus, we can omit the parentheses and denote (7.6) by f f ẹ(v1, v2)dvidvz. 


Definition 7.7 Apart from the right Berezin integral one considers the partial 
left Berezin integral over Yı. For Y € Pol? (Y*), the left and right integrals are 
related to one another by 


fev =(-1)™" [wean 


In particular, we have the left Berezin integral over y: 


fawo) = (—1)” f voan, 
The following identities are easy to check for Y € Pola (Ņ* ): 


TROON =0, ® € Polž! (V); 
fwo + w)dv = f woa, wey*; 
f vwaw = (det m) f woa, me L(y*). (7.7) 


Remark 7.8 The identities of (7.7) are essentially the same as their analogs 
in the case of the usual integral described in (8.50) except for one important 
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difference: the determinant in the formula for the change of variables has the 
opposite power. 

This is related to another difference between the Berezin and the usual integral. 
In the Berezin integral, such as (7.5), the natural meaning of the symbol dv is 
a fixed volume form on Y. In the usual integral, in the analogous situation, its 
meaning would be a volume form (or actually the corresponding density) on Y* . 


Remark 7.9 In the definition of the Berezin integral it does not matter whether 
the space Y is real or complex. However, if we want to have a closer analogy with 
the usual integral, we should assume that it is real. In this case, we can allow 
Y € CPol,(Y*) in (7.4), so that we can integrate complex polynomials. 


7.1.5 Berezin calculus in coordinates 


So far, our presentation of anti-symmetric calculus has been coordinate-free. In 
most of the literature, it is introduced in a different way. One assumes from 
the very beginning that coordinates have been chosen and all definitions are 
coordinate-dependent. This approach has its advantages; in particular, it is a 
convenient way to check various identities. In this subsection we describe the 
anti-symmetric calculus in coordinates. 


Definition 7.10 v,,...,Um denote symbols satisfying the relations 
UjUj = — Vj Ui. (7.8) 
They are called Grassmann or anti-commuting variables. If I = {i1,..., ip} with 
L<i <- <i) <m, we set II vi := vi Vis. 
i€l 


The space of expressions 


is an algebra naturally isomorphic to Pol,(K”). 


Remark 7.11 Recall that in Remark 7.2 we distinguished two meanings of sym- 
bols vı, v2.... The same symbols are used in Def. 7.10 with a third meaning. They 
stand for anti-commuting variables in K™ (generators of the algebra Pol, (K”™)). 
The first meaning was as individual vectors in Y* ; see e.g. (7.1) and (7.12). The 
second was as the generic variables in Y¥ ; see (7.2). 


Definition 7.12 Let I C {1,...,m}. We denote by sgn(I) the signature of 


(t1,..-,%p, tp41,-++,4m), where 
T= ii erta pe 2 = 41, ambien to = ipie im 


with ty < -+ < ip and ing, <+++ < im. 
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Definition 7.13 The Hodge star operator is defined as 
OVi, + Vip = SEN(T) Vig, + Vin par (7.9) 
where {i1,..., im} and sgn(I) are as in Def. 7.12. 


Definition 7.14 For i=1,...,m, v; will denote not only an element of 
Pol, (K™ ), but also the operator of left multiplication by v; acting on Pol,(K™). 
These operators clearly satisfy the relations (7.8). We consider also the partial 
derivatives V,, satisfying the relations 


[Vo ) Vo; ]+ =0, [Vo ) vj]+ = Oiz 
The action of the partial derivatives on the variables is given by 
Va; 1 = 0, Vo; vj = bij. 


We introduce also the Berezin integral w.r.t. the variable v;. Its notation con- 
sists of two symbols: f and dvi. The rules of manipulating with dvi are 


du;dv; = —dvjdv;, dv;vj = —v; dy. 


The rules of evaluating the integrals are 


fas = 0, foa = Õij. 


For example, if o € Sm, then 


| g 4 d _ 0, if p <m, 
Vo(1) o(p) Um MET sgn(o), if p= m. 


Now let V be a vector space of dimension m. If we fix a basis (e1, ..., €m ) of 
YV, we can identify Y and Y* with K”, and hence Pol,(Y*) and Pola(V) with 
Pola (K™). We see that v; coincide with e;(v), Ve, with et (V,), and the Hodge 
star defined in (7.9) coincides with the Hodge star defined in Subsect. 3.6.2. If 
we use the volume form e” A --- Ae! on Y, then 


[era = f Wont )dvm dey, 
fawo) = [ev +++ du, U(v,,...,Um)- 


7.1.6 Differential operators and convolutions 
The Hodge star operator transforms differentiation into convolution: 


Theorem 7.15 Let U,® € Pol,(Y*). Then 


(0W)(V,,)®(v) = (-1)™ f dwt (w)ð(v + w). 
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If dimy is even, then the formula simplifies to 
(00) (V,) ®(v) = / U(w)®(v + w)dw. 
Proof We fix a basis (e1,..., €m) of Y and use the anti-symmetric calculus in 


coordinates. Without loss of generality we can assume that ®(v) = v -+ -un and 
V(v) = [[ v;. Then, using the notation of Def. 7.12, 


JEJ 
P(w) (v + w) = I) IL w; IL wi II . 7.10 
(ARERR 2 sen( AE ni ier keton mg) 
IC{l,...,n} 
The Berezin integral 
[ev wow + w) (7.11) 


is non-zero only if J = {j1,..., jpn +1,..., m}. The only term on the r.h.s. of 
(7.10) giving a non-zero contribution corresponds to I = {jp+1,..-,jn}. We have 


f ditty, -dwi sgn(jp+is-- -njis -jpn + 1,...,m) 
x Wj, a Wj, . Wn+1 oe * Wm . Wirt oe Wija Uji oe Uj 
= =)” SON Jog ii sete tes Tenet eee 1,...,m) 
S844 Jp F Ly az ey Joel erja UU 
On the other hand, using that 
OV (y) = sgi( jisi Jpn F lyers Mpa beige Ya Ying 
and 
(v) Sonat ete jis ast Peep sg Dp Uj Pw, 
we get 
(OW) (V5) UCe) = sgn (jp+1;-- -Jno Tyee Ips EP Lye ng) 
X sgn(ji,--- jpn hae Seige a ee Os 


This proves the first statement of the theorem. If m is even, then the left and 
right Berezin integrals coincide, which proves the second statement. 


7.1.7 Anti-symmetric exponential 


Definition 7.16 The anti-symmetric exponential of ® € Pol, (V*) is defined as 


(Note that the series terminates after a finite number of terms.) 
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If at least one of the terms ®,, ®2 is even, then 
ef +22 (y) = e?! e?? (v). 


The following propositions justify the analogy between the Hodge star operator 
and the Fourier transform. 


Let VY be a vector space equipped with the volume form =. Let us equip Y* 


with the volume form 2%, 


Proposition 7.17 Let UV € Pol,(Y*). Then 
OW(y) = (-1)” [eww e”, 
(v) = (-1)” fawo e”, 


In particular, if m is even, then 


J 
Yv) = / OU (y) - dy. 


Proof We use the anti-symmetric calculus in coordinates and assume that 
W(v) = v «++ Up. We have 


m : 
ey = eù i=1 i Y= 5 II vi- Yi. 
ie Kk 

KC{l,...m}" 


This yields 


[aver = fay + dmv wp Ys * Yp+1 °° Um * Ym 


= [a A -- dvv as -*Um Ym 2% *Yp+1 = (—1)” Ym aa ‘Yp+1 = OW(y). 


The second identity can be proved similarly, using that dy = dy, --- dym. 


7.1.8 Anti-symmetric Gaussians 
Let ¢ € PoR (V*) = La(Y*,y). 
Definition 7.18 The functional notation for 


Y* x Y* D (v, v2) = v1 Cv» (7.12) 


will be either C(v) or, more often, v- Cv. The functional notation for e will be 
either e (v) or eS”. 


The following proposition should be compared to (4.11) and (4.14), the corres- 
ponding identities for the usual Gaussians. 
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Proposition 7.19 Let Y be a vector space of even dimension equipped with a 
volume form. Then 

(1) (Ge) (y) = ferret” dv = PECE Y, 

(2) er VoS Ye B(v) = PEC)! fer” wau + w)dw, & € Pol()*). 

(3) fez?S’du = Pf(C). 

Proof Let us consider Ç as an element of L,(Y*,). Let us equip Y with a 
Euclidean structure v compatible with the volume form = and note that Cv is 


an anti-self-adjoint operator on VY. Applying Corollary 2.85, we can find a basis 
(€1,---,;€2m) of Y such that 


m 


ç= >m (le2i—1)(ezi| — lezi} (e211) - (7.13) 


Note that 


We can rewrite (7.13) as 
1 m 
5¢= 3 Gi 


where Çi = Hiezi—1 ` €2;. Since Ç? = 0 and GiG; = GG, we have 
Now 


This yields ĝe? = Pf(C)e?S . By Prop. 7.17, we know that 
pee Gy = f et” vet Ydy, (7.14) 


The two exponentials in the integral commute since they are both of even degree, 
and the function on the 1.h.s. is an even function of y, which proves that (7.14) 
equals f e” tez” tdv. 
(2) follows from (1) and statement (1) of Thm. 7.15 for Y(v) = e7”, 
(3) follows from (2) for ® = 1. 


7.2 Operators and anti-symmetric calculus 


Throughout the section ¥ is a vector space with dim ¥ = d. Anti-symmetric 
calculus is especially useful in the context of the space ¥ 6 ¥*. This space has 
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an even dimension and a natural volume form, which is helpful in the context of 
anti-symmetric calculus. We will see that the space Pol,(4 © ¥*) is well suited 
to describe linear operators on T',(4*) = Pol, (4). 


7.2.1 Berezin integral on X @ X* 

In Subsect. 1.1.16, and then in Subsect. 3.6.4, we considered symplectic spaces 
of the form ¥* © X and X 6 X*. They can be viewed as dual to one another. 
The canonical symplectic form on ¥* 6 ¥ is denoted by w. Consequently, the 
canonical symplectic form on ¥ @ X* is denoted by w~!. The corresponding 
Liouville forms are defined as a AT w, resp. a AT wt. If we choose a volume 
form = on Æ and the volume form =*"*! on X*, then the Liouville volume forms 
on both Y# OX and XOX* are HUM AE. 

The generic variable of ¥ will be denoted by x and of ¥* by &. The cor- 
responding Berezin integrals will be denoted by f -dz, resp. [-dé. Hence the 
Berezin integral of ® € Pol,(¥ © ¥*) w.r.t. the Liouville volume form will be 
denoted by 


J ®(e,6)aéae. 
If we fix a basis (e,,...,eq) of ¥ and if (e!,...,e%) is the dual basis of 4*, 
then the symplectic form w on ¥* @X and w™! on X OAX* is 


d 
Yane. (7.15) 
i=1 


The volume forms on Æ, resp. ¥* are ef A... Ael, resp. e1 A+++ Aeq, which, 
inside Berezin, integrals, is written as dx“ ---da!, resp. dé, ---d&q. 


Definition 7.20 We will use the following shorthand functional notation: 


d 
Va Ve (= Vai Vg = > €i(Ve) e (Ve) 


i=1 
1 
= 5 (V2, Ve)w(Vo, Ve) 
where we have used various notational conventions to express the same object. 
As an application we have the following proposition: 


Proposition 7.21 


el Vz Ve (z, £) _ t2 [eag &')da' dé’. 
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Proof By (7.15), Pf(w~!) =1. Hence the proposition follows from Prop. 7.19 
applied to ¢ = tw 


7.2.2 Operators on the space of anti-symmetric polynomials 
Let B € L(Pol,(4)). 
Definition 7.22 The oe ste of B is an element of Pol, (X ® ¥*), 
denoted B®*", obtained from yb Paral by the following identification: 
L(Pol,(¥)) ~ Pola (¥) & Pola(¥)* 

~ Pol, (X) 8 Pola (¥*) ~ Pola (X G6 4X*). (7.16) 
In the first identification we use the identification of L(V) with V @ V* described 
in Subsect. 3.1.8. The second involves the identification of Pola(¥)* with 


Pol,(4*); see (3.4). The third is the exponential law for anti-symmetric ten- 
sor algebras; see Subsect. 3.5.4. 


Note that BB®" is the fermionic analog of the Bargmann kernel of an operator 
introduced in Def. 9.51. 

Let us compute the Bargmann kernel in a basis. Recall that we have the 
following notation: for I = {t,...,i,} C {1,...,d} with i) <--> < in, 


ey = €j, ++ Gi, , el = e 
In the functional notation these are written as 
er(£) = ei (E) -e;, (E), (2) := e™ (x): e" (x). 


We saw in Subsect. 3.3.6 that {er : I C {1,...,d}} is a basis of Pola (&)* , and 
{#I!e! : IC {1,...,d}} is the dual basis of Pola (¥). Clearly, B € L(Pola(&)) 
can be written in terms of its matrix elements as 


B= J, Brs#lile’)(eu|, 


FICAT cat 


for 
Bry = #J\(e1|Be’). 
Thus 


a ae = | 5 Br, Jv AI! Je!) ll 


Therefore, the identification (7.16) leads to the formula 


Beee D Bry vea) ey E) 
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Recall that @* denotes the projection onto Pol*(¥ @ X*) (see Def. 3.24). 
Recall also that in Subsect. 3.5.7 we introduced the following notation: if ® € 
Pol, (¥*), Y € Pol, (4%), then we write 


1 1 
mod = —— ý, gpmod -— ___® 
VN! VN! 
Theorem 7.23 (1) Let B € L(Pola(¥)), O< k < d. Then 
1 
et aes . d—k pBar 
Tr BOX = U-k fe E)" Be" (x, E)dad€, 
Tr B = |: e” § BPa (g, €)\dadé. 
(2) Let ® € Pol, (X*), Y € Pol, (4X). Then 
1 
® ky = i d—k mod mod 
BlOLW) = Gray [eo tere @oren ara, 


(|Y) = aa OCE 
Proof Using the basis of ¥ and ¥*, we can write 


age O= > [Ee eal). 


#K=d-kicK 
By (7.17), 
= e'(x) e; lel (x)-e ee, , . 
= a (x) Ht) 2 PEINER (x) OET (7.18) 


In the integral of (7.18), only the terms of degree (d,d) contribute. Therefore, 
we can replace (7.18) by 


S JI +E) ei) Br re (2) er(8). 


#I=kicI° 


f d F 
Since e! - er = |] e'(x) -e;(€) and J] e - e; = e! --- e! - e1 -+ - eg, we get 


iel i=l 
1 


——_— | (x- £) BP" (x, €)dardé = Br, 
aaa | 2 LI 


= Tr(Bo*). 

This proves the first statement of (1). The second follows by taking the sum over 
1<k<d. 

(2) follows from (1) by noting that if B = |Y) (®|, then BB® (x, €) = Y™?d (x) - 

pmod(£) and Tr|W)(®| = (|Y). 
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7.2.3 Integral kernel of an operator 


Let B € L(Pol,(#)). It is easy to see that there exists a unique B(-,-) € 
Pol,(¥ @ X) such that for Y € Pol, (4) 


B(x) = / Bw, y)W(y)dy, 


where we use y as the generic variable in the second copy of X. 
Definition 7.24 We will call B(x, y) the integral kernel of B (w.r.t. the volume 
form =). 


Clearly, if ¥ is real, the integral kernel introduced in the above definition is 
the fermionic analog of the usual integral kernel, such as in Thm. 4.24. 


7.2.4 2,V,-quantization 
Definition 7.25 We define the x, V.-quantization, resp. the Vz, x-quantization 
as the maps 
Pola(¥ @ X*) 3 bb Op”? (b) € L(Pola(4)), 
Pol, (X @ X*) 3 b+ OpY?'*(b) € L(Pola(¥)), 


defined as follows: Let bı € Poly(A), bọ € Pol (&*). Then for b(a,€) = 
by (x)b2(€) we set 


Op”’Y* (b) := bı (2)bo(Vz); 
and for b(x, £) = b2(€)bi (x) we set 
Op% Y= (b) := ba (Vz )bi (2). 


We extend the definition to Pol,(¥ @ X*) by linearity. 


If X is real, the (fermionic) Vz, x- and x, V,-quantizations introduced above 
are parallel to the (bosonic) D, x- and x, D-quantizations discussed in Subsect. 
4.3.1. If X is complex, they essentially coincide with the fermionic Wick and 
anti-Wick quantizations, which will be discussed in Subsect. 13.3.1. 


Theorem 7.26 Assume that d is even. 


(1) Let b € Pol,(¥ @ X*). Then the integral kernels of the quantizations of b are 
Op" (6)(c,y) = f Wæ, Ee = Eag, 
Op *(6)(e,y) = f bly, g)e Eag, 
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(2) If b,,b_ € Pol,(X¥ @ X*) and Op®Y” (b,) = OpY*’7(b_), then 
b4 (x, €) z eve VE b_ (2;€) 
= f barge azide. 
(3) If b1,b2 € Pol,(X @ X*) and Op” Y” (b, Op” Y" (b2) = Op” Y* (b), then 
b(a,€) = eV*2°V by (x1, €1)bo (£2, £2) £1 = T2 = T, 
&=a=€ 
= f 8-0 (x, &1)ba (er, aera. 


Proof We will give a proof of (1) for the x, V,-quantization. We can assume 
that b(x, £) = bı (x)b2 (£). Then using Thm. 7.15 and Prop. 7.17, we obtain 


bi (2t)b2 (V2) W(x) = i bi (.)0~1bp(y) (ae + y)dy 


5 / bi (ar)be ()e "W(x + y)dédy 


z J bi (12) bo (E)el* YS W (y) day. 


7.3 Notes 
The material of this chapter is based on the work of Berezin (1966, 1983). 
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Canonical commutation relations 


Throughout this chapter (Y,w) is a pre-symplectic space, that is, Y is a real 
vector space equipped with an anti-symmetric form w. From the point of view of 
classical mechanics, Y will have the interpretation of the dual of a phase space, 
or, as we will say for brevity, of a dual phase space. Note that for quantum 
mechanics dual phase spaces seem more fundamental that phase spaces. 

In this chapter we introduce the concept of a representation of the canonical 
commutation relations (a CCR representation). According to a naive definition, 
a CCR representation is a linear map 


Yay p(y) (8.1) 
with values in self-adjoint operators on a certain Hilbert space satisfying 
[0 (yr), 0 (y2)| = iy wyl. (8.2) 


We will call (8.2) the canonical commutation relations in the Heisenberg form. 
They are unfortunately problematic, because one needs to supply them with the 
precise meaning of the commutator of unbounded operators on the left hand 
side. 

Weyl proposed replacing (8.2) with the relations satisfied by the operators 
e% (Y), These operators are bounded, and therefore one does not need to discuss 
domain questions. In our definition of CCR representations we will use the canon- 
ical commutation relations in the Weyl form (8.4). Under additional regularity 
assumptions they imply the CCR in the Heisenberg form. 

We will introduce two kinds of CCR representations. The usual definition is 
appropriate to describe neutral bosons. In the case of charged bosons a somewhat 
different formalism is used, which we introduce under the name “charged CCR 
representations”. Charged CCR. representations can be viewed as special cases 
of (neutral) CCR representations, where the dual phase space Y is complex and 
a somewhat different notation is used. 


8.1 CCR representations 
8.1.1 Definition of a CCR representation 


Let H be a Hilbert space. Recall that U (H) denotes the set of unitary operators 
on H. 
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Definition 8.1 A representation of the canonical commutation relations or a 
CCR representation over (V,w) in H is a map 


Y > y > W” (y) € UH) (8.3) 
satisfying 
W (y1)W* (y2) = e739: #9 W (y1 + yo). (8.4) 
W" (y) is then called the Weyl operator corresponding to y € Y. 
Remark 8.2 The superscript 7 is an example of the “name” of a given CCR 
representation. It is attached to W, which is the generic symbol for “Weyl oper- 


ators”. Later on the same superscript will be attached to other generic symbols, 
e.g. field operators @. 


Remark 8.3 Sometimes we will call (8.3) neutral CCR representa- 
tions, to distinguish them from charged CCR representations introduced in 
Def. 8.85. 


Proposition 8.4 Consider a CCR representation (8.3). Let y,yi,y2 E€ V, 
ti, te € R. Then 


w™(y)=W"(-y), W*(0)=1, 
W" (tiy) W" (toy) = W" ((ti + t2)y), 
W" (y1) W" (y2) = e™™ “9 W" (ya) W" (y1). (8.5) 
Definition 8.5 A CCR representation (8.3) is called regular if 
Rt W"(ty) €U(H) is strongly continuous for any y € Y. (8.6) 


8.1.2 CCR representations over a direct sum 
CCR representations can be easily tensored with one another: 
Proposition 8.6 If 
YV; > yi œ W’ (y) € U(H:), i=1,2, (8.7) 
are two CCR representations, then 
Vi EV d (y1, y2) => W! (y1) @ W? (yo) € U(H1 @ H2) 


is also a CCR representation. 


8.1.3 Cyclicity and irreducibility 


Consider a CCR representation (8.3). The following concepts are parallel to the 
analogous concepts in the representation theory of groups or C*-algebras: 
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Definition 8.7 We say that a subset E C H is cyclic for (8.3) if Span{ W" (y)® : 
WEE, y €V} is dense in H. We say that Vo € H is cyclic for (8.3) if {Wo} is 
cyclic for (8.3). 


Definition 8.8 We say that the CCR representation (8.3) is irreducible if 
the only closed subspaces of H invariant under the W" (y) for y € are {0} 
and H. 


Proposition 8.9 (1) A CCR representation is irreducible iff B € B(H) and 
[W" (y), B] = 0 for all y E€ Y implies that B is proportional to identity. 

(2) In the case of an irreducible representation, all non-zero vectors in H are 
cyclic. 


8.1.4 Characteristic functions of CCR representations 


Definition 8.10 We say that Y > y+ G(y) € C is a characteristic function if 
for œi,..., Qn EC, Y1,...,Yn E Y andn EN we have 


5. aj;a;G(-y; + y; er OY; > 0. (8.8) 


ij=1 


Note that for any CCR representation y > W (y) € U (H) and any vector Y € 
H 


G(y) = (|W (y)®) (8.9) 


is a characteristic function. We will see that every characteristic function comes 
from a certain CCR representation and a cyclic vector, as in (8.9). 

Until the end of this subsection we assume that y+» G(y) is a characteristic 
function. Set Ho = cc(Y,C), as in Def. 2.6, that is, Ho is the vector space of 
finitely supported functions on YV. Equip it with the sesquilinear form (-|-) defined 
by 


(Sy; by.) =e?" G(—y1 + y2). 


It follows from (8.8) that (-|-) is semi-positive definite. Let M be the space of 
vectors in € € Ho such that (EJE) = 0. Set H := (Ho /N)P!. 
For any y € V we define a linear operator Wọ (y) on Ho by 


Woly)dy, = e704 Sy, 4y. 


The operator Wọ (y) preserves the form (-|-), hence it preserves M. Therefore, it 
defines a linear operator W (y) on Ho/N by 


W (y) := Woly)E +N, € © Ho. 


W (y) extends to a unitary operator on H. We set Y := ðo +N. 
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Proposition 8.11 Consider the family of operators 
VY > y= Wy) € U(H) (8.10) 
constructed above from a characteristic function y œ G(y). 


(1) (8.10) is a CCR representation, Y is a cyclic vector and G(y) = (Y|W (y) Y). 
(2) The following conditions are equivalent: 

(i) (8.10) is regular. 

(ii) R > t= G(m + ty2) is continuous for any yı, y2 € V. 


8.1.5 Intertwining operators 


Let 


Y > y =œ W' (y) € U(M), (8.11) 

YV > y= W?’ (y) € U(H2) (8.12) 
be CCR representations over the same pre-symplectic space Y. 
Definition 8.12 We say that an operator A € B(H), H2) intertwines (8.11) and 
(8.12) iff 

AW! (y) = W° (y)A, yEy. 

We say that (8.11) and (8.12) are unitarily equivalent if there exists U € 
U(Hı, H2) intertwining (8.11) and (8.12). 


The proof of the following proposition is essentially identical to the proof of 
Thm. 6.29: 


Proposition 8.13 If the representations (8.11) and (8.12) are irreducible, then 
the set of operators intertwining them is either {0} or {AU : A€ C} for some 
U € U(H). 


8.1.6 Schrödinger representation 


Let ¥ be a finite-dimensional real vector space. Equip ¥* © X with its canonical 
symplectic form. It follows from Thms. 4.28 and 4.29 that the map 


Xt OXD (mq) ell™**7) €U(L?(A)) (8.13) 
is an irreducible regular CCR representation. 


Definition 8.14 (8.13) is called the Schrodinger representation over X* @ X. 


Conversely let (V, w) be a finite-dimensional symplectic space and 


Y >y = Wy) € U(H) (8.14) 
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be a regular CCR representation. By Thm. 1.47, there exists a space Æ such 
that Y can be identified with V* 6 ¥ as symplectic spaces. Thus we can rewrite 
(8.14) as 


X* X 3 (n,q) = W(n,q) 
satisfying 
W(m, a) W (n, 42) =e FO Wm + na, qi +q). 
The maps 


X* > n= W(n,0), 
X >q= W(0,q) 


are strongly continuous unitary groups satisfying 
W (n, 0)W (0, g) = e™™™ 41W (0, q)W (n, 0). 


The following theorem is a corollary to the Stone-von Neumann theorem: 


Theorem 8.15 Under the above stated assumptions, there exists a Hilbert space 
K and a unitary operator U : L?(¥)@K =H such that 


W(n, QU =U +7) @ I. 
The representation is irreducible iff K = C. 
Proof It suffices to use Thm. 4.34 and the identities 


W(n,a) =e FW, 0)W(0,q), elt?) = enirinte? 


The following corollary follows directly from Thm. 4.29 and Prop. 8.13: 


Corollary 8.16 Suppose that VY is a finite-dimensional symplectic space. Let 
Y > y= Wily) € U(H), 1=1,2, be two regular irreducible CCR representa- 
tions. Then there exists U € U(Hi, H2), unique up to a phase factor, such that 
UW, (y) = Wa(y)U. 


8.1.7 Weighted Schrodinger representations 


Suppose that ¥ is a finite-dimensional vector space with a Lebesgue measure dz. 
Fix m € L?,.(&) such that m #0 a.e.. Define the measure du(x) = |m|?(x)dz. 
Then 


L?(X, dp) > Y = UY := mY € L?(X, dz) 


is a unitary operator. If in addition m € L? (¥), then U1 = m. 
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The following theorem is obvious: 
Theorem 8.17 
X* OX 3 (ng) = Ute tig Dy 
= ein etig-D+m—*(x)q-Vm(x) = U(L? (x, du)) 
is a regular irreducible CCR representation. 


Remark 8.18 If V(x) := }m7'(x)Am(za) is sufficiently regular, then we can 


define the Schrödinger operator H := —4+A + V (x). If m € L?(X), then we have 
Hm=0. 
The operator H in the L? (X,du) representation looks like 


1 
U*HU = —54 — m`! (x)Vm(z) V. 


It is called the Dirichlet form corresponding to H. If m € L? (X), then 1 is its 
eigenstate with the eigenvalue 0. 


8.1.8 Examples of non-regular CCR representations 


In most applications to quantum physics, CCR representations are regular. How- 
ever, non-regular representations are also useful. In this subsection we describe 
a couple of examples of non-regular CCR representations. 

Recall that, for a set J, 1?(1) denotes the Hilbert space of square summable 
families of complex numbers indexed by I. 


Example 8.19 Consider the Hilbert space (Y) and the following operators: 
WS (y) f(a) = e730? f(a + y). (8.15) 
Then 
Y > y wy) €U(P(Y)) (8.16) 


is a CCR representation. 
Note that RS t+ W4 (ty) is not strongly continuous for non-zero y € y. 
Hence (8.16) is non-regular. 


Example 8.20 Let X be a real vector space (of any dimension). Recall that 
X* © X is naturally a symplectic space. On I?(X) define the following operators: 


Vn) f(E) =e" f(x), ne X*; 
T(q) f(x) := flx- q), qEX. 
Then 
X* @X > (nq) V (nT (g)e?™ € U(P(X)) (8.17) 


is a CCR representation. 


8.1 CCR representations 179 


Note that R > t +> T(tq) is not strongly continuous for non-zero q E€ X. Hence 
(8.17) is non-regular. 


8.1.9 Bogoliubov transformations 
Let 


Y > y = Wy) € U(H) (8.18) 


be a CCR representation. 

Recall that Y* denotes the space of linear functionals on Y, and Sp(VY) the 
group of symplectic transformations of VY. Let v € Y*, r € Sp(V). Clearly, the 
map 


YV > y= W”” (y) =e’ 8 Wry) € U(H) (8.19) 


is a CCR representation. 


Definition 8.21 (8.19) can be called the Bogoliubov transformation of (8.18) 
by (v,r). Alternatively, if r = 1, it can be called the Bogoliubov translation by 
v or, ifv =Q, the Bogoliubov rotation by r. 


The pairs (v,r) that appear in (8.19) are naturally interpreted as elements 
of the group Y* x S'p(V), the semi-direct product of Y* and S'p(V), with the 
product given by 


(v2,72)(v1, 71) := (rive + U1, 7271). 


Note that Y* x Sp(V) can be viewed as a subgroup of the affine group Y* x 
Sip(Y*) = ASp(Y* ), with the homomorphic embedding 


y* x Sp(V) > (v, r) = (r#—!v,r*#7!) € ASp(y*). 
Proposition 8.22 (1) If (v1,71), (v2,7T2) E V* = Sp(Y), then 


(we ri) ) (v2,r2) (y) =: we 71)(v2,r2) (y). 


(2) The set of (v,r) E V* x Sp(V) such that (8.19) is unitarily equivalent to 
(8.18) is a subgroup of Y* x S'p(V) containing wY x {1} C Y* x {1}. 

(3) (8.19) is regular iff (8.18) is. 

(4) (8.19) is irreducible iff (8.18) is. 


Proof To see that for v € wY (8.19) and (8.18) are equivalent, we note 


W”! (y) = W(w tv) W(y)W(-w 2). 


Proposition 8.23 Let Y be finite-dimensional and w symplectic. Then 
(1) (8.18) and (8.19) are unitarily equivalent for any (v,r) € Y* x Sp(y). 
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(2) Let Op(-) and Op')(-) denote the Weyl quantization w.r.t. (8.18) and 
(8.19) respectively. (See (8.42) later on for the definition of the Weyl quan- 
tization.) For b € S (Y*), set 


(w) = b(r*#w+v), wey”. 


Then Op™”) (b) = Op (B©). 


8.2 Field operators 


Throughout the section, (V,w) is a pre-symplectic space and we are given a 
regular CCR representation 


Y > y > W" (y) € U(H). (8.20) 


8.2.1 Definition of field operators 


By regularity and (8.6), R > t — W” (ty) is a strongly continuous unitary group. 
By Stone’s theorem, for any y € V, we can define its self-adjoint generator 


d 
P (u) = TW" o 


In other words, e$" ) = W" (y). 


Definition 8.24 ¢7(y) will be called the field operator corresponding to y € V. 
(Sometimes the name Segal field operator is used.) 


Theorem 8.25 Let y, y1, Y2 E V. 
(1) W7 (y) leaves invariant Dom $7 (yı) and 
9" (y), W" (y1 )] = ywy W" (y1). (8.21) 


(2) 9 (ty) = t (y), t ER. 
(3) One has Dom ¢" (y1) N Dom ¢* (y2) C Dom 6" (y1 + y2) and 


P” (yi + y2) = 7 (y1) +O" (y2), on Dom 6* (y1) N Dom ¢" (y2). (8.22) 
(4) In the sense of quadratic forms on Dom ¢* (y1) N Dom ¢" (y2), we have 
[0 (y), P (y2)| = iyi wyl. (8.23) 
Proof (8.21) follows immediately from differentiating in t the identity 


W* (ty) W? (y1) = W" (y1) W" (tye e. 
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To obtain (8.22), we note that, for UV € Dom 67 (y1) N Dom ¢7 (y2), 

t (WT (tl + y)) —D)W = etnon WT (ty, )t (W (tyz) — 1) U 
+e tines) (W7 (tyi) — 1) Y 
seldom y 
=, a)Y + iglu). 


By differentiating the identity 
(w" (try) Yı |W" (t2y2)¥2) = e7} ty “WY2 (w” (toy2)Vy |W" (tiy1)W2) 
w.r.t. t and tg, and setting tı = t2 = 0, we obtain (8.23). 


Sometimes it is convenient to introduce CCR representations with help of 
field operators, as described in the following proposition. We recall that Ch (H) 
denotes the set of self-adjoint operators on H. 


Proposition 8.26 Let Y > y+ ¢"(y) E€ Ch (H) be a map such that 


(1) 6" (ty) = td" (y), t€ R; 

(2) ei?” (v1) ele” (v2) = e7791 wy ei" (+42) yy EY. 

Then Y > y œ W7 (y) =e?) is a regular CCR representation, and ¢" (y) are 
the corresponding Segal field operators. 


Remark 8.27 Let X C Y be an isotropic subspace. Then the field operators 
0" (q) with q E X commute with one another. Hence 


plq), qE X, 


is an X* -vector of commuting self-adjoint operators (see Def. 2.77). If f isa 
cylindrical Borel function on X*, then the operator f(é") is well defined by the 
functional calculus. 


8.2.2 Common domain of field operators 


Definition 8.28 The Schwartz space for the CCR representation (8.20) is 
defined as the intersection of Dom ¢" (y1) -- Q7 (Yn) for Y1,---,Yn E V. It is 
denoted H" and has the structure of a topological vector space with semi-norms 
lO" (v1) +++ O (Yn) EL. 


Clearly, polynomials in ¢"(y) act as operators on H”. 


Theorem 8.29 Let Y be finite-dimensional. Then 


(1) H©T is dense in H. 

(2) Ifw =0, then HT coincides with the space of C® vectors for the vector of 
commuting self-adjoint operators @". 

(3) Ifw is non-degenerate, then Y © H®" iff the function Y > yr (U|W7 (y)V) 
belongs to S(Y). 
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(4) If Y = X* P X and (8.20) is the Schrödinger representation in L?(X), then 
H®" equals S(X). 


Proof (2) is obvious. (3) follows from Thms. 8.15 and 4.30. (4) follows from 
Thm. 4.15. 

Let us prove (1). Set Yo = Kerw. Let Vı C VY be a complementary space to 
Vo. Vı is symplectic, hence we can assume that, for some space ¥, Vj = X* OX 
with the canonical symplectic form. By Thm. 8.15, there exists a unitary map 
U : L? (X) 8K — H such that 


W" (y) = UW (y1) 8 IkU*, men, 


where W (y) denote the Weyl operators in the Schrödinger representation. Now 
we know from (3) that U S(¥)% K is contained in the Schwartz space for Yı > 
yı => W" (y1). 

Using that Yọ and Y, are orthogonal for w and Thm. 4.29, we obtain that 
U*W" (yo)U = 18 W™ (yo) for yo € Yo, where Vo 3 yo PH W™ (yo) € U(K) isa 
CCR representation. By (2), the corresponding Schwartz space Ko is dense 
in K. Thus U S(X¥)% KT C HT is dense in H. 


If Y has an arbitrary dimension, then Thm. 8.29 is still useful, because it can 
be applied to finite-dimensional subspaces of VY. In particular, Thm. 8.29 implies 
that for an arbitrary symplectic space V, the spaces Dom ¢* (y1) N Dom ¢7 (y2) 
considered in Thm. 8.25 are dense in H. 


8.2.3 Non-self-adjoint fields 
As in Subsect. 1.3.5, we can equip CY with the anti-symmetric form we. 


Definition 8.30 For w = yı + iyo, y1,y2 E VY, we define the field operator 
8" (w) := 4" (y1) +16" (ye) with domain Dom g” (y1) N Dom g" (yp). 
Proposition 8.31 (1) For w = y + iy, y1,y2 E€ V, 
0" (w) is closed on Dom ¢* (y1) N Dom ¢" (y2). 
(2) For w, w2 E€ CY, A1,A2 E C, 
p7 (Arw + A2W2) = ALG" (w1) + A2G" (w2) on Dom ¢* (wy) N Dom ¢" (w2). 
(3) For w1, w2 € CY, 
[97 (w1), #7 (w2)| = iwi-wewel as a quadratic form on 
Dom ¢" (w1) A Dom ¢* (w2). 
Proof By Thm. 8.25, we have, for V € Dom ¢" (y1) N Dom ¢7 (y2), 


Ilo" (yn + tye) WII? = [167 (a UIP + I" (yo) PIP — yr-wye UIP. (8.24) 
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We know that $7(y) and $7(y2) are self-adjoint, hence closed. Therefore, 
Dom ¢7(y1) and Dom ¢*(y2) are complete in the graph norms. Hence so is 
Dom ¢7 (y1) N Dom ¢7 (y2) in the intersection norm. This proves (1). (2) is imme- 
diate and (3) follows immediately from Thm. 8.25 (4). 


8.2.4 CCR over a Kahler space 


In this subsection we assume that w is symplectic. We fix a CCR representation 
(8.20). We use the notation and results of Subsects. 1.3.6, 1.3.8 and 1.3.9. 

The following proposition shows that choosing a sufficiently large subspace of 
commuting field operators that annihilate a certain vector is equivalent to fixing 
a Kahler structure in (V, w). 


Proposition 8.32 Suppose that Z is a complex subspace of CY such that 
(1) CY = ZZ, 


(2) Z1,Z2 €Z implies $7 (Z)6" (Z2) = $" (Z2)¢" (Z1) (or, equivalently, Z is 
isotropic for we). 


Then there exists a unique pseudo-Kéhler anti-involution j on (Y,w) such that 
Z = {y- ijy : yey}. (8.25) 


If in addition 
(3) there exists a non-zero Q EH such that Q € Dom ¢" (Z) and $7 (Z)Q = 0, 
z € Z, then j is Kahler. 


Proof By (1), each y € Y can be written uniquely as y = zy + Zy. Clearly, zy 
depends linearly on y. We have i(2z, — y) = i(2z, — y). Hence jy := i(2z} — y) 
defines j € L(V), and (8.25) is true. 

(2) implies 


0 = (yı +ijyı) wely +ijy2) 
= ywy — (jy) wljyz) + i(Gy) wy + yrwjyz)- 


Hence 


ywy — (jy1)-w(jy2) = Gyi) wy + yi wjyz = 0, 


which shows that j is symplectic and infinitesimally symplectic, hence pseudo- 
Kähler. 
Then we compute using (3): 


0 = |]o(y + ijy)Q||? 
= (QAP (yY 9) + (Q14 Gy 2) — i(Q\[4" Gy), 7 UN) > —y-wiy. 
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Motivated in part by the above proposition, let us fix j, a pseudo-Kahler anti- 
involution on (Y,w). Recall that the space Z given by (8.25) is called the holo- 
morphic subspace of CY (see Subsect. 1.3.6). 


Definition 8.33 We define the (abstract) creation and annihilation operators 
associated with j by 


a”*(z):= @"(z), a (z):= ¢" (Z), 2€Z. 


By Prop. 8.31, if z= y— ijy € Z, then a" 
o” (y) — id” (jy) are closed operators on Dom ¢7 


= $" (y) +i" (jy), a7™*(2) = 
y) N Dom ¢" (jy). 
Proposition 8.34 (1) One has $"(z,Z) =a™*(z)+a"(z), z E€ Z. 
(2) 
[a"™*(z1),a™*(22)] =0, [a7 (21), a7 (22)] = 0, 
ja" (21), a7*(z2)] = Z1 - zl, 21,22 E Z. 
Proof (1) is immediate, since (z, Z) = (z,0) + (0,2). The first line of (2) follows 


from the fact that Z, Z are isotropic for wc (see Subsect. 1.3.9). To prove the 
second line we write 


la" (21), a"* (z2)] 


II 


[97 (1), 6" (22)] = wee ll 


= “1% jezl = zr: wl, 


using Subsect. 1.3.9 and the fact that jcza = ize, since 22 € Z. 


Note that in the case of a Fock representation, considered in Chap. 9, the space 
Yy has a natural Kahler structure. The abstract creation and annihilation opera- 
tors defined in Def. 8.33 coincide then with the usual creation and annihilation 
operators. 

If the space Y is equipped with a charge 1 symmetry, then we have a natural 
pseudo-Kahler structure (see Subsect. 1.3.11). The corresponding creation and 
annihilation operators are then called charged field operators. However, in this 
case we prefer to use a slightly different formalism, which is described in the next 
subsection. 


8.2.5 Charged CCR representations 


CCR representations, as defined in Def. 8.1, are used mainly to describe neutral 
bosons. Therefore, sometimes we will call them neutral CCR representations. 
In the context of charged bosons one uses another formalism described in the 
following definition. 


Definition 8.35 Let (V,w) be a charged pre-symplectic space, that is, a complex 
vector space equipped with an anti-Hermitian form denoted (y|wy2), Y1, Y2 E Y 
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(see Subsect. 1.2.11). Let H be a Hilbert space. We say that a map 
Y > y > Y" (y) € CUH) 


is a charged CCR. representation if there exists a regular CCR representation of 


(Ve, Re (-|w-)) 


Y > y= W" (y) =e? ™ € U(H) (8.26) 
such that 
1 
Y” (y) = ar (y) + id" (iy), yey. 


Proposition 8.36 Suppose that Y > y œ Y" (y) is a charged CCR representa- 
tion. Let y,y1,y2 E€ Y. We have: 


(1) Y7 (Ay) = AY" (y), AEC. 
(2) On Domy” (y1) N Domy" (y2) we have 4 (yı + y2) = W" (y1) + Y7 (y2). 
(3) In the sense of quadratic forms, we have the identities 


W= ly), Y= u) = W (yr), Y” (y2)] = 0, 
W" (y), YD" *(y2)] = ily wy) 1. 


By definition, a charged CCR representation determines the neutral CCR rep- 
resentation (8.26) on the symplectic space (Vp, Re(-|w-)) with the fields given by 


iy) = 5 U O er. (8.27) 


In addition, (Vp, Re(-|w-)) is equipped with a charge 1 symmetry 
U(1) 3 AH e° € Sp(Xr). 


Conversely, charged CCR representations arise when the underlying symplectic 
space of a (neutral) CCR representation is equipped with a charge 1 symmetry. 
Let us make this precise. Suppose that (VY, w) is a symplectic space and 


Y > ym È) € U(H) 
is a regular neutral CCR representation. Suppose that 
U(1) 30+ up = cos 01 + sin Oj, E Sp(V) 


is a charge 1 symmetry. We know from Prop. 1.94 (2) that jen is a pseudo-Kahler 
anti-involution. Set 


wy) = Ze Wy) +id" Gass ¥"@) = 


1 


ne (y) Ea id” (jeny)), YE VX. 


Sl 
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Then we obtain a charged CCR representation over yE with the complex struc- 
ture given by jen and the anti-Hermitian form 


(yilwy2) := y wy —iyr-wjienye, Y, y2 EV. 


We can look at this construction as follows. By the standard procedure 
described in the previous subsection, we introduce the holomorphic subspace 
for jen, that is, 


Zea = {y — ijay : y E V} C CEY. 
Introduce the creation and annihilation operators associated with jen: 
ag, (2) =O" (Z), am (2) =o" (2), ZE Za. 


We have a natural identification of the space Zen with V: 


Yoayt z= l ijen)y € Zen. (8.28) 


Then 


8.2.6 CCR over a symplectic space with conjugation 


Let ¥ be a real vector space. Let V be a subspace of ¥*. Consider the space 
V X equipped with its canonical pre-symplectic form w. Clearly, it is also 
equipped with a conjugation 


Tnag=(7n-¢, Mm) EVEX. 
Let 


VOX D (1,4) = i” |) € U(H) 


be a regular CCR representation. 


Definition 8.37 The (abstract) position and momentum operators are X- and 
X* -vectors of commuting self-adjoint operators defined by 


nea" = p” (n,0), nEY; 
q: D” = ¢"(0,q), qEX. 


A natural conjugation on the symplectic space Y is available in the case of the 
Schrödinger representation. In this case the operators defined in Def. 8.37 are 
the usual momentum and position operators. 

Recall that for the Schrödinger representation the symplectic space is finite- 
dimensional. One often considers a conjugation on an infinite-dimensional sym- 
plectic space. This is the case for the real-wave representation (see Sect. 9.3), 
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which to some extent can be viewed as a generalization of the Schrödinger 
representation to infinite dimensions. However, besides a conjugation, the real- 
wave representation requires an additional structure: Y needs to be a Kahler 
space. CCR relations over a Kahler space with a conjugation are discussed in 
the following subsection. 


8.2.7 CCR over a Kahler space with conjugation 
Suppose that ¥ is a real Hilbert space and c > 0 is an operator on ¥. Set 


YV := (2c)" FX @ (20)? HX, 
which is a symplectic space with a conjugation. (Note that (2c)? can be 
viewed as the space dual to (2c)? V). Consider a regular CCR representation 
(2c)? X @ (2c)? X > (n, q) = è 9) € U(H). 
Let x” and D” be the position and momentum operators introduced in Def. 8.37. 
We introduce the following definition: 

Definition 8.38 For w € Cc™? X we define Schrödinger-type creation and anni- 
hilation operators 


1 
agen (w) = 3” -2" —icw- D”, Agcy (wW) = goa" +icw- D”. 


By Subsect. 8.2.3, a7 p(w) and aZ3,(w) are closed and the adjoints of each 


sch 
other on their natural domains. 


Proposition 8.39 (1) For n € C(20)77 X, q € C(2¢)7 X, we have 


T Tx T [> T 1 T PERSE PEI E 
n't = asa (n) + Asch (7), q: D = z (ole i7) zz Asch (C 14)). (8.29) 


(2) For w, wz € CX, 


[a7 (wi), a23, (w2)] = Wr : cw21, 


(8.30) 
laf (wi ); Asch (we )] = [ar (wi J asch (w2 )] =0. 


It is easy to interpret Schrödinger-type creation and annihilation operators in 
terms of an appropriate Kahler structure on Y with a conjugation, following the 
terminology of Subsect. 1.3.10. Let us equip Y = (2c)~?¥ @ (2c)? X with the 


anti-involution 
.._ [ 0 —(2c)“ 
1:5 | ies 0 ; 


Clearly, the pair j,w is Kahler. The corresponding scalar product of (ni, qi) E€ V, 
i= 1,2, is 


(m, q1): (M292) = m-2cn2 + q-(2c) qe. (8.31) 
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Let us consider the map 


ai l—ij 1 . 
Co? X Swe z:= 5 (w,0) = (3w, -iew) € CY. (8.32) 


(8.32) is unitary onto Z, the holomorphic subspace of CY associated with j. Then 
we have 


asen (W) =a" (z), Asch (W) = a™*(z), 


where a™*(z), resp. a7 (z), are the creation, resp. annihilation operators associ- 
ated with the anti-involution j, as in Subsect. 8.2.4. 

In what follows we drop the superscript m. A standard choice of c is c= 1, for 
which 


and leads to the formulas 


1 1 
an, (w) = z” -x — iw- D, asaw) = > 
( 


w:x = aan l(w) + asn (W), w- D = = (—ažn(w) + asn (W)), weECr. 


This choice is the most convenient in the context of the real-wave representation, 
which will be described later. 

In another choice, which is often found in the literature, one takes c = all 
and multiplies ascn(w) and a*,,(w) by v2 to keep the commutation relation 
[asch(w1), až (we)] = Wr : we, which leads to the formulas 

: Ty Fy Ds Asch (Ww) = agi e+ AP aD 


aen (W) = v2 V2 V2 
w: = (aan) + Ascn(W)), w:D= (a(t) T asen (W)), w E€ CX. 


sch 


This choice is more symmetric, but leads to the appearance of ugly square roots 
of 2; therefore we will not use it. 


8.3 CCR algebras 


In some approaches to quantum physics the initial step consists in choosing a 
*-algebra, usually a C*- or W*-algebra, which is supposed to describe observables 
of a system. Only after choosing a state (or a family of states) and making the 
corresponding GNS construction, we obtain a representation of this *-algebra 
in a Hilbert space. This philosophy allows us to study a quantum system in a 
representation-independent fashion. 

Many authors try to apply this approach to bosonic systems. This raises the 
question whether one can associate with a given pre-symplectic space (V,w) 


&.8 CCR algebras 189 


a natural and useful *-algebra describing the canonical commutation relations 
over y. 

The analogous question has a rather satisfactory answer in the fermionic case. 
In particular, there exists an obvious choice of a C*-algebra describing the CAR 
over a given Euclidean space. It turns out, however, that in the bosonic case 
the situation is much more complicated, since for a given pre-symplectic space 
several natural choices of CCR algebra are possible. 

This question is discussed in this section. Throughout this section, (V, w) is 
a pre-symplectic space and we discuss various *-algebras associated with Y. We 
will see that each choice has its drawbacks. In the literature, the most popular 
choice seems to be the Weyl CCR algebra, which we discuss in Subsect. 8.3.5. 
One can, however, argue that, at least in the case of regular representations, it is 
more natural to use what we call the regular CCR algebra discussed in Subsect. 
8.3.4. Some authors prefer to use the polynomial CCR algebra, discussed in 
Subsect. 8.3.1, which is purely algebraic and is not a C*-algebra. 

Unfortunately, the C*-algebraic approach to bosonic systems has some serious 
problems. Many authors apply it in the case of free dynamics (given by Bogoliu- 
bov automorphisms). In the case of physically interesting interacting dynamics, 
the C*-algebraic approach is not easy to apply. In fact, in the case of bosonic 
systems with infinite-dimensional phase spaces it is usually difficult to find a 
natural C*-algebra preserved by a non-trivial dynamics. Sometimes, in such a 
case one can apply W*-algebras, which we do not discuss here. 

In the approach to canonical commutation relations discussed in this book, the 
central role is played by CCR representations, as defined in Def. 8.1. We view 
various CCR algebras introduced in this section more as academic curiosities 
than as basic tools. Therefore, the reader in a hurry may skip this section on the 
first reading. 


8.3.1 Polynomial CCR x-algebras 


In this subsection we discuss the polynomial CCR *-algebra over V. Note that for 
non-zero w we cannot represent CCR?°'()) as an algebra of bounded operators 
on a Hilbert space. The usefulness of this *-algebra for rigorous mathematical 
physics is rather limited. 


Definition 8.40 The polynomial CCR *-algebra over Y, denoted by CCR?" (Y), 
is defined to be the unital complex «-algebra generated by elements d(y), y € V, 
with relations 


(Ay) = Ad(y), AER, ly + y2) = bly) + lv), 
b*(y) = Oy), 0(y1)O(y2) — O(42)O(M1) = iy wyl. 


Let us describe basic properties of CCR?°'(Y). 
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Proposition 8.41 (1) Let r€ ASp(V). Then there exists a unique x- 
isomorphism ê : CCRP°!'(Y) > CCR?! (V) such that #(4(y)) = o(ry), y € Y. 

(2) Let Yı be a subspace of Y. Then CCR?°(Y,) is naturally embedded in 
CCR?” (Y), such that, for y € Yı, o(y) in the sense of CCR?” (V1) coin- 
cide with (y) in the sense of CCR?” (Y). If moreover Yı # V, then 
CCRP?!(V1) 4 CCRP?(V). 


Definition 8.42 7 defined in Prop. 8.41 is called the Bogoliubov automorphism 
of CCR?” (/) corresponding to r. 


Proposition 8.43 Let H be a Hilbert space and let Y > yr ed?’ Y) € U(H) be 
a regular CCR representation. Recall that H°" denotes the Schwartz space for a 
given regular CCR representation, and was defined in Def. 8.28. Then there exists 
a unique *-representation m : CCR?! (VY) > L(H®") such that 7(¢(y)) = $7 (y). 


8.3.2 Stone-von Neumann CCR algebras 
In this subsection we always assume that (V,w) is a finite-dimensional pre- 
symplectic space. We set Yo := Kerw C Y. In this case there exists a natural 
candidate for a CCR algebra suggested by the Stone-von Neumann theorem 
(Thm. 8.15), which implies the following proposition: 


Proposition 8.44 (1) Let M; C B(H;), i = 1,2, be von Neumann algebras with 
distinguished unitary elements W;(y) depending o-weakly continuously on 
y E€ V. Let 3; be the centers of M;. Assume that 


(i) W, ily 1) W, i(y2) = e72” 8? Wi (y1 +42), Y1, Y2 EY; 
(ii) Span{W;(y) : yE y} is o-weakly dense in Wi; 
(iii) 3; are x- oe to LY (Y$ ); 

(iv) DY = 3:. 


Then there exists a unique o-weakly continuous *-isomorphism p : IN, — Mə 
such that 


p(Wi(y)) = W2(y), yey. 


Moreover, there exists a unitary operator U : Hı —> Hoa such that p(-) =U -U*. 
If U;, i = 1,2, are two such operators, then UfU2 € 31 and U, UZ € 32. 

(2) Identify Y with Y D X* PX and w with the canonical symplectic form 
on X* ÐP X extended by zero on Yo. Let v denote the generic variable in 
Yj and the corresponding multiplication operator. Then the von Neumann 
algebra 


L” (Vf) 8 B(L*(X)) c BIL? (Yj @ #)) (8.33) 
and the family of its elements W (y) := e'(vovrtnt+4P) y = (yo,n,q) EN @ 


X* X, satisfy the requirements of (1). ( used in (8.33) is the tensor 
multiplication in the category of W*-algebras; see Subsect. 6.3.2.) 
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Prop. 8.44 suggests the following definition: 


Definition 8.45 A Stone-von Neumann CCR algebra over Y is defined as a von 
Neumann algebra M with distinguished unitary elements W (y), y € V, satisfying 
the conditions of Prop. 8.44. It is denoted CCR(Y) and the Hilbert space it acts 
on is denoted Hy. 


Prop. 8.44 shows that CCR()) is defined uniquely up to a spatially imple- 
mentable *-isomorphism. Clearly, if w =0, then CCR(Y) ~ L®(VY*). If w is 
symplectic, then CCR(Y) = B(Hy). 

Definition 8.46 Let y € Y. The corresponding abstract field operator (y) is 
defined as the self-adjoint operator on Hy such that W (y) = e?™). 


Note that the operators (y) are affiliated to CCR(Y). 

Note also that the definition of the Stone-von Neumann CCR algebra is sim- 
pler if w is symplectic — we can then drop (iii) and (iv) from Prop. 8.44. 

The following proposition is an analog of Prop. 8.41 about polynomial CCR 
*-algebras. But whereas Prop. 8.41 was a trivial algebraic fact, Prop. 8.47 is 
somewhat deeper. 


Proposition 8.47 (1) Let r€ ASp(V). Then there exists a unique spatially 
implementable *-isomorphism f : CCR(Y) —> CCR(Y) such that F(W (y)) = 
Wry), yey. 

(2) Let Yı C VY. Then there is a unique embedding of CCR(Y,) in CCR(Y), such 
that, for y € Vi, W (y) in the sense of CCR(Y,) coincide with W (y) in the 
sense of CCR(Y). If moreover VY, # V, then CCR(Y,) # CCR(Y). 


Definition 8.48 7 defined in Prop. 8.47 is called the Bogoliubov automorphism 
of CCR(Y) corresponding to r. 
Here is yet another reformulation of the Stone-von Neumann theorem (see 


Thm. 8.15): 


Theorem 8.49 Let (V,w) be symplectic. Let Y Ə yr W” (y) E€ U(H) be a reg- 
ular CCR representation. Then there exists a unique o-weakly continuous *- 
representation t : CCR(Y) —> B(H) such that n(W (y)) = W" (y), y € Y. More- 


over, 7 is isometric and 
m n 
mCCR(Y)) = {W7 (y) : yEVXF}. 


If in addition the representation is irreducible, then there also exists a unitary 
operator U : H — Hy, unique up to a phase factor, such that 1(-) = U -U*. 


8.3.3 S- and S'-type operators 


In this subsection we fix a finite-dimensional symplectic space (VY, w) and con- 
sider the von Neumann algebra CCR(V) = B(Hy). We will describe an abstract 
version of the constructions described in Subsect. 4.1.11. 
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Definition 8.50 Y € Hy is called an S-type vector if the function 

YX > y= (U|W(y)¥) 
belongs to S(Y). The abstract Schwartz space for Y is defined as the set of S-type 
vectors. It is denoted H”. 


Clearly, é(y), y E€ V, leaves HY invariant. Thus we can define a family of 
semi-norms 


H? > Y > lolu) AnP, Yis- Yn EY; 


which equip H with the structure of a Fréchet space. 


Definition 8.51 H7@ is defined as the topological dual to H. It is called the 
abstract S’ space for V. 


Note that CCR?°'(Y) can be represented as an algebra of linear operators on 
H®, as well as on H7-™. 


Definition 8.52 A € CCR(Y) is called an S-type operator iff it is trace-class 
and the function 


YV >y TrAW(y) 


belongs to S(Y). The set of S-type operators is denoted CCR (YV). 


Clearly, CCR (V) is a *-algebra. It is equipped with a topology by the family 
of semi-norms 


CCR? (Y) 3 A> Trol) Aln) Al, Yry-+-14n €V. 


Definition 8.53 Continuous linear functionals on CCRS (Y) are called S'-type 
forms over VY. Their space is denoted by CCR® (V). 


Let 
CORS(Y) 3 AH B(A) EC (8.34) 


be an S’-type form. Clearly, for any Y1, Y2 E€ H”, the operator |W2)(V;| belongs 
to CCRF (V). Thus, (8.34) defines a continuous sesquilinear form on H: 


H® x H? > (Y1, Y2) > B(|W2)(Wi]) € C. 


In what follows we will use the “operator notation” , writing (V,|BW2) instead of 
B (|V2)(Y1|). Thus bounded operators can be viewed as elements of CCR® (V), 
so that we have 


CORS(Y) c CCR(¥) c CCR* (V). 


As in Subsect. 4.1.11, we define the adjoint form B* by (W,|B*W2) = 
(W2|BW,). If Bı or BZ extend as continuous operators on H®, then we can 
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define Bə o Bı as an element of CCR (Y) by 
(Yı|B2 O Bı Y2) := (Yı|B2(B1Ẹ¥)), or (Yı|B2 O Bı Y2) := (BŽY|B:®). 


In particular this is possible if Bı or By € CCR?” (Y). 

If Y~ X” X and we consider the Schrödinger representation on L? (¥), 
then CCR (Y) coincides with the set of operators whose integral kernel is in 
S(X x X). CCR (Y) consists then of forms whose distributional kernel is in 
S'(X x X), which were considered already in Subsect. 4.1.11. 


8.3.4 Regular CCR algebras 


Until the end of this section, (VY, w) is a pre-symplectic space of arbitrary dimen- 
sion. Recall that Fin()) denotes the set of finite-dimensional subspaces of YV. 
In this subsection we introduce the notion of the regular CCR C*-algebra over 
V. In the literature, it is rarely used. Weyl CCR C*-algebras are more common. 
Nevertheless, it is a natural construction. Its use was advocated by I. E. Segal. 
Let Y,, 2 € Fin(Y) and Vı C Və. We can define their Stone-von Neumann 
CCR algebras, as in Def. 8.45. By Prop. 8.47, we have a natural embedding, 


CCR(,) € CCR(J). 


We can define the algebraic regular CCR *-algebra as the inductive limit of 
Stone-von Neumann CCR algebras: 


Definition 8.54 We set 


CORSE) := (J CCRA). (8.35) 
V1 €Fin(Y) 


Clearly, CCRii; (V) is a *-algebra equipped with a C*-norm. 


Definition 8.55 We define the regular CCR C*-algebra over Y as 


cl 
CCRT#(Y) = (CCRES(Y)) 
Clearly, CCR™$(V) is a generalization of the Stone-von Neumann algebra 
CCR(Y) from Def. 8.45. 
We have an obvious extension of Prop. 8.47: 


Proposition 8.56 (1) Let re ASp(V). Then there exists a unique x- 
isomorphism f: CCR™®(VY) > CCR (Y) such that *#(W(y)) = W(ry), 
yey. 

(2) Let Yı C VY. Then CCR? (V) is naturally embedded in CCR (V). If more- 
over Yı # V, then CCR*™(y,) 4 CCR (V). 
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Proof Let us give a proof of (2). Working in the Schrodinger representation 
we see that ||W(y1) — W(y2)|| = 2 if yı A y2. Hence, if y E€ Y\Y, then W(y) g 
CCR" (V1). 


Definition 8.57 7 defined in Prop. 8.56 is called the Bogoliubov automorphism 
of CCR**(¥Y) corresponding to r. 


The following proposition is an extension of Thm. 8.49: 


Proposition 8.58 Suppose that w is symplectic. Let Y > yo W" (y) € U(H) 
be a regular CCR representation. Then there exists a unique *-representation 
am: CCR™®(Y) —> B(H) such that 7(W(y))=W(y), ye YV, and which, for 
Vı € Fin(Y), is o-weakly continuous on the sub-algebras CCR(V,) C CCR! (V). 


Moreover, m is isometric. 


Proof We use the fact that if w is symplectic then we can restrict the union in 
(8.35) to run over finite-dimensional symplectic subspaces of V. 


8.3.5 Weyl CCR algebra 


In this subsection we introduce the notion of the Weyl CCR C*-algebra over Y. 
This is the C*-algebra generated by elements satisfying the Weyl CCR relations 
over Y. Mathematical physicists use Weyl CCR algebras often in their description 
of bosonic systems. 

Note that Weyl CCR algebras can be viewed as non-commutative generaliza- 
tions of algebras of almost periodic functions. Indeed, CCRA O) consists of 
almost periodic functions on y} if w = 0. 

Let us start with the definition of algebraic Weyl CCR algebras. 


Definition 8.59 COR}, (W) is defined as the *-algebra generated by the ele- 
ments W (y), y E€ Y, with relations 


W(y)* =W(-y), Wy) W (y2) = 67” W (y + ye), y, y1, ye E€ V. 


Let VY 3 y — W” (y) € U(H") be a CCR representation. Clearly, there exists 
a unique unital «isomorphism 7 : CCR W) — B(H") such that 7(W(y)) = 
W*(y). 

Let R(Y) be the class of CCR representations over VY. R(V) is non-empty. In 
fact, we always have the (non-regular) CCR representation Y 3 y œ> W4(y) € 
U (I? (Y)) defined in (8.15). It yields a corresponding faithful representation 7° : 
CCRIS (Y) > B(P(Y)). 


alg 
Definition 8.60 For A € CCRA” W) we set 


|| All := sup{||7(A)]] : 7 E€ R(V)}. (8.36) 
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The Weyl CCR C*-algebra is defined as 


CCRW*!(y) = (Con D: 


alg 


Clearly, ||- || defined in (8.36) is a C*-norm and CCRW®! (V) is a C*-algebra. 


Proposition 8.61 (1) Let re ASp(Y). Then there exists a unique 
x-isomorphism #:CCRW°'(y) = CCRWI(Y) such that #(W(y)) = 
Wiry), yey. 

(2) Let Yı CY. Then CCRV®! (Yı) is naturally embedded in CCRW'(y). If 
moreover Yı # Y, then CCRW®(V1) 4 CCRY!(y). 

(3) If Y # {0}, then CCR! (V) is non-separable. 


Proof (1) and (2) are obvious analogs of Prop. 8.41. (3) follows from the fact 
that yı + yp implies |W (y1) — W(y2)|| =2. 


Definition 8.62 7 defined in Prop. 8.61 is called the Bogoliubov automorphism 
of CCR°¥!(Y) corresponding to r. 
Let us give an analog of Prop. 8.43: 


Proposition 8.63 Let Y > yœ W" (y) € U(H) be a CCR representation. Then 
there exists a unique *-homomorphism 


r : CCR! (V) > B(H) 


such that n(W (y)) = W" (y). 


If w is symplectic, the algebra CCRW®”!(Y) enjoys especially good proper- 
ties. In particular, there is no need to consider the norms given by all possible 
representations, since all of them are equal. 


Theorem 8.64 Letw be symplectic. Then 


(1) For A € CCR™®! (Y), ||Al] = lz? (A). 
(2) Every representation n described in Thm. 8.63 is isometric. 
(3) CCRW®! (V) is simple. 


Proof Let us prove (2). 
For y € Y we define R(y) € U (I? (V)) by setting 


(Ry) f)(x) := fæ +y), f EPW). 


Let J be the Pontryagin dual of Y (the space of characters on the group Y with 
values in {2 €C: |z|=1}). Let F: (VY) — L?(¥) be the (unitary) Fourier 


transformation. Then FR(y)F* = R(y), where R(y) € U(r (¥)) is defined by 


x(y9(x), gE DO), xEY. 


3 
= 
= 
& 
i 
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Consider now a CCR representation 
Yayrw'(y) E€ U(H). 


On the Hilbert space H @ I?(Y) ~ (V, H) we introduce the unitary operator U 
defined by 


US(x) := W" (x)(x), BEP(Y,H), rey. 
Note that 


U W" (y) @ R(y) U* =1@W%(y). (8.37) 


Now 


[E amw 


| = > AW" (yi) 8 R(yi) 
= > AW (yi) @ Rly) 
= sup > AW" (yi )x(Yi) 


xEy 


= sup > AW” (yije e: 
rey 


XAW (yi) 
First we applied (8.37). Next we used that F is unitary. Then we used that the set 


of characters Xz (y) := e7!”“Y for x € Y is dense in Y, since w is non-degenerate. 
Finally we noted that 


W7 (pi) = W" (a)W" (ys) (—2). 


(2) immediately implies (1). 
By Subsect. 6.2.3, (2) implies (3). 


8.4 Weyl—Wigner quantization 


The Weyl-Wigner quantization has a long and complicated history. It also has 
many names. 

It was first proposed by Weyl in 1927 in his book on group theory in quantum 
mechanics (Weyl (1931)). Hence it is commonly called the Weyl quantization. 

Wigner was the first who considered its inverse, at least in the case of an oper- 
ator of the form |~)(W|; see Wigner (1932b). Hence the name Wigner function 
is commonly used to denote the inverse of the Weyl quantization. 

Apparently, for some time the link between the Weyl quantization and the 
Wigner function was not understood. This link seems to have been clarified only 
in the late 1940s by Moyal (1949). Moyal also found a version of the formula 
(8.41). The non-commutative operation * defined by b := bı * by as in (8.41) is 
often called the Moyal star. Moyal also found the identity (8.44). 
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Our terminology, “the Weyl-Wigner quantization” and “the Weyl-Wigner 
symbol”, is thus a compromise between the names “Weyl quantization” and 
“Wigner function”. In the literature, one can also find the name Weyl- Wigner- 
Moyal quantization. 

One can argue that the Weyl-Wigner quantization is the most important kind 
of quantization. It is certainly the most canonical quantization — its definition 
depends only on the symplectic structure of the phase space. It is, however, not 
so useful if the phase space has infinite-dimension. 

Historically, Weyl introduced this quantization in the context of the 
Schrödinger representation, which hides the symplectic invariance of this con- 
cept. Therefore, in our presentation we start from manifestly symplectically 
invariant definitions, which involve a regular CCR representation. The case of 
the Schrödinger representation is discussed later, in Subsect. 8.4.3. 


8.4.1 Quantization of polynomial symbols 


In this subsection we will consider the Weyl-Wigner quantization only for poly- 
nomial symbols. More general symbols will be considered in the following sub- 
sections. (In the subsequent subsections we will, however, restrict ourselves to 
finite-dimensional symplectic spaces V). 

Suppose that (Y,w) is an arbitrary pre-symplectic space. Let 


Yayred*) € U(H) (8.38) 


be a regular CCR representation. Let H denote the abstract Schwartz space for 
this representation introduced in Def. 8.28. Recall that CCR?°!(Y) denotes the 
polynomial CCR algebra over VY, which can be treated as an algebra of operators 
on H”. 


Definition 8.65 Let y1,..., Yn E Y. We can treat these as polynomials on Y* 
and take their product yı +--+ Yn € Pol; (Y*). We define 
1 
Oplu mn) = = SY) gluo) Alon). (8.39) 
n! 


aESn 


The map extends uniquely to a linear bijective map 


CPol,(Y*) > b= Op(b) € CCR?" (Y). (8.40) 


Theorem 8.66 (1) Op(b)* = Op(b), for b € CPol,(Y*). 
(2) Ify € CY, then 
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More generally, let X be an isotropic subspace in Y* , so that the operators 
oly), y € X commute with one another. Then, for f € CPols(¥), Op(f) 
coincides with f(d) defined by the functional calculus. 

(3) If bı, b2 E€ CPol,(Y*), then Op(bı)Op(b2) = Op(b) for 


i 
b(v) = exp(—5 Do, wDv, )b1(v1)b2 (2), ny (8.41) 


(4) If b € CPol,(Y*) and y E€ CY, then 


5 (o(y)Or(0) + Op(b)¢(y)) = Op(yb). 


Remark 8.67 We refer to Remark 8.27 for the notation used in (2). The r.h.s. 
of (3) can be interpreted as a finite sum of differential operators. 


The following theorem is a version of the Wick theorem adapted to the Weyl- 


Wigner quantization. 
Theorem 8.68 I/f b,bı,...,bn E€ CPols(Y*) and 


then 
b(v) = exp ($ D Vow Va; bi (01) +-Pn(Hn)| 4, — 


i<j 


seva 


8.4.2 Quantization of distributional symbols 

In this subsection we assume that the form w is symplectic and y} is finite- 
dimensional. We set 2d = dim Y. Denote by dy the Liouville measure on Y 
defined in Subsect. 3.6.3. The dual space VY#* is equipped with the symplectic 
form w~! and the dual measure dv. 

Consider a regular irreducible CCR representation (8.38). In this subsection 
we extend the Weyl-Wigner quantization to S’(Y*). 

Recall that for b € S'(Y*) the Fourier transform of b, denoted b € S’(¥), 
satisfies 


b(v) = (ony f bly)! dy, vey. 
y 


Definition 8.69 If b€ S'(Y*), then Op(b) € CCR® (Y) is defined by the 


formula 


(V1 [Op(b) Y2) := (27)? J b(y) (Ws [W (y) Wo) ay (8.42) 


(27) yf f, (Ui |W(y)W2)e"’'Ydydv, Y1, Y E H”. 
yi 
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Recall that H is the space of S-type vectors for the representation (8.38). 
We know from Thm. 8.29 that if Y1, Yə E€ H®, then Y > y > (Yı |W (y)Y2) is 
a Schwartz function. Therefore, the integral (8.42) is well defined. 

The following theorem extends some of statements of Thm. 8.66 to the case 
of distributional symbols: 


Theorem 8.70 (1) [fb € CPol,(*), then the definition (8.39) coincides with 
(8.42). | 

(2) W(y) = Op(e'”)). More generally, if X is an isotropic subspace of Y, and 
fe S'(X*) C S'(Y*) is a measurable function, then Op(f) coincides with 
f(@) defined by the functional calculus. 

(3) Op(b)* = Op(b). 

(4) If br E CPols(Y*), b2,b € S'(Y*) and Op(bı)Op(b2) = Op(d), then 


b(v) := exp (- 5 Des -wDy, ) by (v1) be (v2) 


=n 24 e2i(v—vi)-w" (v—va) p, (vi )ba (v2 )dv;dv2. 
yt pe 
(5) For v € Y*#, W(—w-!v)Op(b)W(w-tv) = Op(W(- — v)). 
(6) The map 
S'(Y*) > b+ Op(b) € CCRS (Y) (8.43) 


is bijective. 
(7) Op(b) € B?(H) iff b € L?(Y*), and 


Tr Op(b)*Op(a) = (2)~7 f b(v)a(v)dv, a,b E€ L*(y*). (8.44) 


Proof To prove (1), it is enough to consider yo E€ Y and b(v) = (yo: v)”, 


because such polynomials span CPol,()/*). The Fourier transform of b is b= 
(277)?4i” (yo:Vy)” ôo. Hence 


Op(b) = (—i)" (yo'Vy)" W(y)| (yo)”- 


(2) follows from the spectral theorem and (3) is immediate. 
To prove (4), set 


y=0 7 


bo (v1, v2) = e72 Dvi wD rp by (vi )b2 (v2). 


Clearly, 


bo (y1, y2) = e77” Y2 B(y1 )b(y2). 


Moreover, 
b(v) = bo(v, v) = (2) ~*4 f bly, yo ell t) dyi dyz 


= (2m)~44 f Âi (yr be (y2)eT 29 WH? els +y) dy dyz. 
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Hence 
Cn) Rue [| bi (y1 )bo (yo Jem 2” W (y1 + yo)dy dyz 


(any Ve by (41 )b2 (yo) W (41) W (ys dyn dye 
= Op(bi )Op(dz). 


To prove the last two items of the theorem it is convenient to use the 


Schrödinger representation, considered in the next subsection. 


Definition 8.71 The inverse of (8.43) will be called the Weyl-Wigner sym- 
bol. If Be CCR (Y), its Weyl-Wigner symbol will be denoted by sp € 
S'(y*). 


8.4.3 Weyl—Wigner quantization in the Schrodinger 
representation 


Let ¥ be a finite-dimensional real vector space. Consider the Schrödinger repre- 
sentation 


X* OX D (ng roedlret1) € U(L?(X)). 
Remark 8.72 In the Schrödinger representation one often writes b” (x, D) 
instead of Op(b). 


Theorem 8.73 (1) Let be S'(X @X*). The distributional kernel of B= 
Op(b) can be computed as follows: 


B(x,y) = em fo(? 5 2 g)e = Sag, (8.45) 


(2) Let B € CCR? (x# ®@ X). The symbol of B can be obtained from its distri- 
butional kernel by the formula 


sg(x,£) = [a+ pes 5 eK Ydy. 


(3) The relationship between the x, D-symbol and the Weyl-Wigner symbol is as 
follows: If Op”? (b,.) = Op(b), then 


by (2, €) = e7 Pr Pe b(a, E) 
=T ‘fe ea ES ri by dar des 
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(4) If Op(b) = Op(b: )Op(bz), then 
b(a, £) 


i 
= exp 5 (De, ‘Dz, — De, ‘Dz, Jb: (x1, £1 )b2 (x2, £2) 


T = T1 = T2 


ESAE 
aa ttf ae m1)(E—62)—(e—22) (E81) by (x4 , £1 by (£2, €&2)dzı dé, dag. 


Proof Let us prove (1). It is enough to check (8.45) for b(x, €) := el(™*+5), We 
know that 


Op(b) = W(n, q) Z z+ D) = erT iT D rte 
which has the integral kernel 


B(x, y) = Ca. er (tty) eit Etile) gE, 
AF 


Properties (2), (3), (4) then follow from (1). 


Example 8.74 Let P) be the operator considered in Example 4.42 (the orthog- 
onal projection onto n™1e7?® ). Then 


sp, (x£, E) = Le E, 


8.4.4 Parity operator 
Let (V, w) be a symplectic space of dimension 2d. Consider a regular irreducible 
CCR representation (8.38). Let 6, denote the delta function at v € Y*. 


Definition 8.75 Define the parity operator 
I := Op(x%69). (8.46) 
Theorem 8.76 (1) I is self-adjoint and I? = 1. 


(2) IOp(b)I = Op(bo), where bo (v) = b(—v). 
(3) In the Schrödinger representation, 


IY (x)= U(—2). (8.47) 
Proof Let us show (3) first. The distributional kernel of J in the Schrödinger 


representation is 
I(x,y) = ant f a (ZY, gallo tag 


5 a= (72#) EEY 


This proves(3). 
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In the case of the Schrédinger representation, (1) and (2) follow immediately 
from (3). But every regular irreducible CCR representation is equivalent to the 
Schrodinger representation. 


Definition 8.77 Define the parity operator centered at v as 
I, := Op(146,) = W(—w!v)IW(w!v), ve yt. 
Theorem 8.78 (1) I, is self-adjoint and I? = 1. 


(2) [,Op(b)I, = Op(b,), where by (w) = b(2v — w). 
(3) In the Schrödinger representation, 


Im Ll2) = E-D (2q — 2). (8.48) 
The following theorem is an analog of Prop. 4.31. 


Theorem 8.79 (1) [fb € L'(Y*), then Op(b) is a compact operator. In terms 
of an absolutely norm convergent integral, we can write 


Op(b) = 174 T I,b(v)dv. (8.49) 
Hence, 
\|Op(d)|| < x“ ||]. (8.50) 
(2) If B € B'(H), then sg € Cx (Y*) and 
sg (v) = 2°Trl,B. (8.51) 
Hence 
lss (v)| < 2°Tr| BI. 


Proof Clearly, b = f b(v)d,dv. Therefore, (8.49) follows from I, = Op(1“6,). 
(8.49) implies (8.50). 

Let b € L(Y*). Let bp € L?(Y*)N Li (Y*) such that bp —> b in L'(Y*). By 
Thm. 8.70 (6), the operators Op(b,,) are Hilbert-Schmidt and hence compact. 
By (8.50), we have Op(bn) — Op(b) in norm. Therefore, b is compact. 

Let us prove (2). Let a € L? N L! and let B be trace-class. Then B is also 
Hilbert-Schmidt. Using first Thm. 8.70 (7), then (8.49), and finally the trace- 
class property of B, we obtain 


(2n)~4 [se (v)dv = Tr Op(a)*B = nty( f ard) 
= (2r)! / a(v)2¢TrI, Bdv. 


This proves the identity (8.51) for almost all v. 
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Using the fact that v —> I, is strongly continuous and B is trace-class we see 
that v — 2¢TrI,, B is continuous. Using w — lim I, =0 and Prop. 2.40, we 


IIv || 00 


conclude that lim 2¢TrI,B = 0. 


IIv | 00 


Remark 8.80 The Weyl-Wigner symbol of a quantum state can be measured. 
The first such experiment involved the motional degrees of freedom of an ion and 
was performed by Leibfried et al. (1996). 

In the case of a light mode this was first done in a simple and elegant experi- 
ment by Wédkiewicz, Radzewicz, Banaszek and Krasiński (described in Banaszek 
et al. (1999)). A mode of a laser light was trapped between two mirrors. By apply- 
ing an external source of light its state was “translated” in the phase space. The 
parity was measured by counting the number of scattered photons. Then the for- 
mula (8.51) was used to compute the Weyl-Wigner symbol of a given quantum 
state. 


8.5 General coherent vectors 


By translating a fixed normalized vector with Weyl operators we obtain a family 
of vectors parametrized by the phase space. These vectors will be called coherent 
vectors. The family of coherent vectors has properties similar in some respects 
to those of an o.n. basis. 

Coherent vectors can be used to define two kinds of quantizations. These two 
quantizations go under various names. We use the names proposed by Berezin 
(1966): the covariant and contravariant quantizations. These two quantizations 
are often used in applications. 

In the literature the name “coherent vector” (or “coherent state”) usually has 
a narrower meaning, of a Gaussian vector translated in phase space. Up to a 
phase factor, Gaussian coherent vectors can be also defined as eigenvectors of 
the annihilation operator. The covariant, resp. contravariant quantization w.r.t. 
Gaussian coherent vectors are also known as the Wick, resp. anti-Wick quanti- 
zation. (Other names are used as well.) 

In this section we describe the properties of general coherent vectors. We also 
discuss the covariant and contravariant quantization related to a given family of 
coherent vectors. 

Gaussian coherent vectors, as well as Wick and anti-Wick quantizations, will 
be discussed in Chap. 9 about the Fock representation. 

Throughout this section y is a finite-dimensional symplectic space of dimen- 
sion 2d. Y > yr W (y) € U(H) is an irreducible regular CCR representation. 
Wo € H is a fixed normalized vector and Po := |Wo)(Wo| is the corresponding 
orthogonal projection. 
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8.5.1 Coherent states transformation 


Definition 8.81 The family of coherent vectors associated with the vector Vo 
is defined by 


P, = W(-w!v)W, ve ye. 
The orthogonal projection onto V,, called the coherent state, will be denoted 


P, :=W(-w!v)PypW(w tv), ve yt. 


Remark 8.82 One often assumes that, for any y € Y, Vo € Dom ¢d(y) and 
(Wold(y) Wo) = 0. 
This assumption implies that Y, € Dom ¢(y) and 
(Tlou) WV.) =uy, vEey*. 


Thus Y, is localized in the phase space around v € Y*. Note, however, that we 
will not use the above assumption in this section. 


Definition 8.83 The coherent states transform of ® € H is defined as 
Yt > v= TPB (v) := (27)? (VU, |). 


The coherent state transform is sometimes also called the FBI transform, for 
Fourier, Bros and Iagolnitzer. 


Example 8.84 Assume for the moment that Y = X* PX and H= 
L? (X). Consider the Schrödinger representation X* X > (n, q) = é *t¢P) € 
U(L?’(X)). Fiz a normalized vector Y € L’ (X). Let (q,n) € Y* = X GX". The 
coherent vectors and states are then given by 
EE E E (x — Q), 
Pam (1,82) = Yai -F(x — gi, 


Theorem 8.85 (1) 
(2m) f Pav =1, as a weak integral. (8.52) 


(2) If € H, then T'?'O € L?(Y*#) NC (Y*) and 
[TFS = [|Ple, [TPP < (2m)? | Ol. (8.53) 


In particular, TFP! is an isometry from H into L?(y*). 
(3) The FBI transformation intertwines the representation W with a certain 
representation of CCR on L?(Y*): 


ely: (gu—-wDy) PFBI = T wy), y = y. 
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Proof To prove (1) we use the Schrödinger representation. Let ® € L? (X). Then 
/ (|P, &)dqdn 
xoxt 


= f J [E0 -Toe = gel)" (xy dr dedan 


XOX# X X 


(27) J [a D(e) Vo (a — 4) Wola — )®(w)dxdg = (2n)4|||2|| Vo |. 


The first statement from (2) follows immediately from (1), the second 
from the definition of TFB! and the fact that W(y) tends weakly to 0 when 
yo. 

To prove (3) we compute 
(TP?'W(y)®) (v) = (Vo|W (wv) W(y)®) 

=e" (Wy |W(w (v + Bess 
_ =e v gi(wy)-D e (Wo |W (w7 1y)o) = (r aapea) (v). 


8.5.2 Contravariant quantization 


Recall that Meas(*) denotes the space of complex Borel pre-measures on 
V”. The subspace of Meas(Y*) consisting of finite Borel measures is denoted 
Meas! (Y*). If b € Li. (*), then du = bdv belongs to Meas(Y*) and ||ullı = 
||b||1. In such a case, ys is absolutely continuous w.r.t. the Lebesgue measure du 
and b is its Radon—Nikodym derivative w.r.t. dv. Thus Li,.(*), resp. L'()*) 
can be viewed as subspaces of Meas()* ), resp. Meas'(Y*). In such a case, we 
will abuse notation and write simply b € Meas()* ). 

Actually, we will abuse the notation even further. We will write bdv instead 
of du even if u € Meas(Y*) is not absolutely continuous w.r.t. the Lebesgue 
measure dv. Thus b will denote the “Radon—Nikodym derivative of u w.r.t. dv”, 
even if strictly speaking such a derivative does not exist. 

By smearing out coherent states with a classical symbol we obtain the so-called 
contravariant quantization. In the following proposition we describe properties 
of the contravariant quantization. Note in particular that positive symbols cor- 
respond to positive operators. 


Proposition 8.86 Let be L®(Y*) + Meas! (Y*). Then the formula 


(S|Op" (b)®) := (27)? | (®|P,&)b(v)dv (8.54) 
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defines Op* (b) € B(H). We have 
||Op* (6)|| < (27)~“ |||], b € Meas! (Y"), (8.55) 
|Op*(b) |] < Ilblls; bE L™(Y*). (8.56) 


Definition 8.87 Op (b) € B(H) defined in (8.54) is called the contravariant 
quantization of b. 


Proof of Prop. 8.86. If b € Meas! (Y* ), then the integral on the r.h.s. of (8.54) 
is finite and we obtain (8.55). 
If be L©(Y*), we can write 


Op“ (b) = TFB *o(v) TF, (8.57) 


where on the r.h.s. b(v) has the meaning of a multiplication operator on L?()*), 
and we obtain (8.56). 
In the general case, we can write 


b= bo +bı, bo € L@(Y*), bı € Meas! (Y*), (8.58) 
and set 


Op®™ (b) := Op% (bo) + Op“ (b1). (8.59) 


It is easy to see that (8.59) does not depend on the decomposition (8.58). 


Proposition 8.88 (1) Op (1) = lx. 
(2) Op™(b)* = Op“ (b). 
(3) Ifv € Y*, then 


W(—w7!v)Op(b)W(w*v) = Op (d(- — v)). 
(4) If b € L®(Y*) is real-valued, then 
ess inf b < Op“ (b) < ess sup b. (8.60) 


(5) Letb > 0. Then Op” (b) > 0. Moreover, b € Meas'(Y* ) iff Op” (b) € B'(H), 
and 


Tr Op“ (b) = (2m | v)av. (8.61) 


(6) If b € Meas'(Y*), then Op” (b) € B'(H) and (8.61) is true. 

(7) Suppose that b € L&(Y*)+Meas'(Y*), where LE(VY*) denotes the set of 
be L™©(Y*) such that i lig b(v) = 0. Then Op* (b) is compact. 

Proof (3) follows from W(—w~'v)P,W(w-tv) = Po+v. (8.60) follows immedi- 

ately from (8.57). 
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We will now prove (5). Let b be positive. Let {e;};e7 be an o.n. basis of H. By 
Fubini’s theorem, we get 


Trop 0) = J (eslOv" We) = 2x)" | I He\(ei|Preada 


iel iel 
= ellis (2m f (eae 


which proves (5). 

To show (6) we use (5) and the decomposition b = bı + iby — bs — ibs, where 
b; € Meas! and b; > 0. Finally, if b = by + u for bo € LE(Y*), p € Meas! (J*), 
we write bn = ljon) (lv|)bo + u, so that bn € Meas'(Y*), Op (bn) € B'(H), and 
||Op* (bn — b)|| < |lbn — bloc — 0 when n — oo. This proves (7). 


Definition 8.89 If the map 
L®(Y* ) + Meas! (Y*) > b+ Op* (b) € B(H) 


is injective, then its inverse is called the contravariant symbol. For B € B(H), 
its contravariant symbol will be denoted s$}. 


8.5.3 Covariant quantization 


In this subsection we describe the covariant quantization, which in a sense is the 
operation dual to the contravariant quantization. Strictly speaking, the operation 
that has a natural definition and good properties is not the covariant quantization 
but the covariant symbol of an operator. 


Definition 8.90 Let B € B(H). Then we define its covariant symbol by 
8 (v) := TrP,B 
= (W(-wo!v)Wo|BW(-w-!v)Uo), ve ye. 


Theorem 8.91 (1) sj’ =1, s9. =s 
(2) If Be B(H), B, := W(-w7!v)BW(w!v), then 


(3) If B € B(H), then sy € C(V*) NL (Y*) and 
ISB llo < BI. (8.62) 
(4) Let B>0. Then s§¥ > 0. Moreover, B € B'(H) iff sy € L'(Y*), and 
TrB= (2m f s (v)aw. (8.63) 


(5) If B € B!(H), then s% € L1(Y*) and (8.63) is true. 
(6) If B is compact, then sf E€ Cœ (Ņ* ). 
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Proof (1) and (2) are immediate. Let us show (3). It is easy to see that the 
inequality (8.62) is true. Moreover 


v= W(w!v)BW(-w7'v) € B(H) 


is strongly continuous. Hence v +> sg(v) is continuous. To prove (6), we note 
that Y, goes weakly to zero as |v| — oo. Hence, for compact B, sp(v) > 0 as 
|u| => œ. 

To show (4), we use (8.52) and apply the trace to the identity 


B= (an) f B? P,B? dv. 
y# 


The interchange of trace and integral is justified by Fubini’s theorem. To prove 
(5), we note that, if B € B! (H), we can decompose it as B = Bı +iBy — B3 — 
iB4, with B; > 0, Bi € B! (H). 


Definition 8.92 If the map 
B(H) > Bese € C(¥*)N L(y") 


is injective, then its inverse will be called the covariant quantization. If b is a 
function on Y*, its covariant quantization will be denoted Op™ (b). 


8.5.4 Connections between various quantizations 


In this subsection we show how to pass between the covariant, Weyl-Wigner 
and contravariant quantizations. Note that there is a preferred direction: from 
contravariant to Weyl-Wigner, and then from Weyl-Wigner to covariant. Going 
back is less natural. 

Let w € Y*. Let us compute various symbols of Py: 


SP, (v) = I(Yuo—v|Y0)l’, 
SP, (v) = 21 (Pu —v|IYw—v), 


s$ (v) = (27)45(v — w). 


The functions described in the following proposition will be used in formulas 
connecting various quantizations: 


Proposition 8.93 Set 


kı (v) := (2r)~t sp (v) = 1-4 (W|I, Vo), (8.64) 
ko(v) = (2r) se (v) = (2r) (Y, |Wo)|?. (8.65) 
Then ky is an even function in Cy,.(Y*), kı € L'(V*) NC (Y*) and 


kg(v) = fh (w — v)kı (w)dw. (8.66) 
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Proof Assume first that Yo € H®. (Recall that H is defined in Def. 8.28.) 
Then sp, € S(Y*) and using (8.49) we have 


P) = mf sp, (w)Iwdw 


as a norm convergent integral. Next, by (8.51), 


sp, (w — v) = 2°Tr(Iy—» Po) 
=. 2? Tr( Ty P,). 


Hence, 
sp (v) = Tr(PoP,) = mtr f sn, (w)Iy P, dw 
= (2m | sn, (w)sp, (w — v)dw. 
If Yo E€ H, we choose a sequence (W,,) of normalized vectors in H™, such that 


Ya — Yo when n — oo. Then sp, > sp, in L?(Y*), and sp — sh in C.(*). 
(8.66) holds for W,,. By letting n — oo, it also holds for Wy. 


Define the integral operator 
KWV(v) := fh (v — w)¥(w)dw. (8.67) 
Then the identity (8.66) means that 
K* KWV(v) = [re —w)V(w)dw, 


where K* is the adjoint w.r.t. the scalar product of L? (Y* ). 


Theorem 8.94 We have the following identities between various symbols of an 
operator B, valid for example if s$ € L?(Y*): 


sp(v) = f sġ(w)ki (v — w)dw, or sg = Ks¥, 
sg (v) = [sp(w)ki(w—v)du, or sY = K*sp, 


sY (v) = f sh(w)ko(w—v)dw, or sY = K*Ks%. 


8.5.5 Gaussian coherent vectors 


Let us consider the Schrödinger representation on L? (X) and fix a Euclidean 
metric on X. Consider the normalized Gaussian vector 


Vo) (a) = te"? (8.68) 
The corresponding coherent vectors are 


(x) = mienen (q EXOR. (8.69) 


Van) 
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In the literature, when one speaks about coherent states, one usually has in 
mind (8.69). They are also called Gaussian or Glauber’s coherent states. We will 
say more about them in the next chapter, because they appear naturally in the 
context of the Fock representation; see Chap. 9. 

The covariant, resp. contravariant quantization for Gaussian coherent states 
coincides with the so-called Wick, resp. anti-Wick quantization, which will be 
discussed in Sect. 9.4. The corresponding integral kernels kı, kə introduced in 
(8.64) and (8.65), and the corresponding operators K and K*K are 


ky(a,§) = noient E, K=K*= eT t(D +DE) 
ko(a,§) = (Qm)-4e- 2 28 K*K = ect (Bit De). 


Thus in the Schrodinger representation one can distinguish five most natural 
quantizations. Their respective relations are nicely described by the following 
diagram, sometimes called the Berezin diagram: 


anti-Wick 
quantization 


[e710 +09 


D, x- er Px De Weyl-Wigner ere De x, D- 


quantization — quantization — quantization 


[e710 +D 


Wick 
quantization 


8.6 Notes 


The relations 
att eigD — erie ets, nqER (8.70) 


were first stated by Weyl (1931). The proof of the Stone-von Neumann theo- 
rem can be found in von Neumann (1931); see also Emch (1972) and Bratteli- 
Robinson (1996). The canonical commutation relations for systems with many 
degrees of freedom were used by Dirac (1927) to describe quantized electromag- 
netic field. 

We sketched the early history of the Weyl-Wigner(-Moyal) quantization in 
the introduction, with basic references Weyl (1931), Wigner (1932b) and Moyal 
(1949). In pure mathematics it became well known quite late. It was recognized 
in the so-called microlocal analysis — a powerful approach to the study of partial 
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differential equations; see especially Hérmander (1985). It is also very useful in 
closely related semi-classical analysis; see e.g. Robert (1987). 

The fact that the Weyl-Wigner quantization of the delta function is propor- 
tional to the parity operator was discovered only in the 1970s by Grossman 
(1976). 

The Weyl CCR algebra was studied by, among others, Manuceau (1968) and 
Slawny (1971). Thm. 8.64 comes from Slawny (1971); see also Bratteli-Robinson 
(1996). 

The original and still the most common meaning of the term “coherent state” is 
what we call a “Gaussian coherent state”. These were first studied by Schrödinger 
(1926). They were extensively applied in quantum optics by Glauber (1963), for 
which he was awarded the Nobel Prize. Glauber introduced the name “coherent 
state” and, together with Cahill, studied quantizations based on coherent states 
in Cahill-Glauber (1969). 

Various forms of quantization involving a family of general coherent states, in 
particular the covariant and contravariant quantizations, were studied by Berezin 
(1966). For a discussion of quantization see also Berezin-Shubin (1991) and Fol- 
land (1989). 

The concept of coherent states has been generalized even further to the context 
of arather general Lie group with a distinguished subgroup by Perelomov (1972). 

The name “FBI transformation” comes from Fourier—Bros—lagolnitzer. The 
FBI transformation was used by Iagolnitzer (1975) to study microlocal properties 
of distributions. 


9 
CCR on Fock space 


This chapter is devoted to the study of the Fock representation of the canonical 
commutation relations. This representation is used as the basic tool in quan- 
tum many-body theory and quantum field theory. Unlike the Schrodinger CCR 
representation, it allows us to consider phase spaces of infinite dimension. 

Throughout this chapter, Z is a Hilbert space. This space will be called the 
one-particle space. The Fock CCR. representation will act in the bosonic Fock 
space [,(Z). 

As in Sect. 1.3, we introduce the space 


YV = Re(Z 9 Z) := {(z,Z) : z€ Z}, 


which will serve as the dual phase space of our system. It will be equipped with 
the structure of a Kähler space consisting of the anti-involution j, the Euclidean 
scalar product - and the symplectic form w: 


j(z2,Z) := (iz, iz), 1 
(z,Z) - (w, W) := 2Re(z|w), 
(z, Z)-w(w, W0) 2Im(z|w) = —(z,Z) -j(w, W). 


In principle, we can identify Z with VY by 


1 = 
es ame oa hac (9.4) 


but we choose not to do so. 
CY is identified with Z @ Z by the map 


Cy 3 (21,21) + i(zo, Z2) t (z t i22, 21 iz2) Zg Z. 
The complexifications of (9.1), (9.2) and (9.3) are 


jc(41, 72) = (iz1, —iZ2), 
(21,22) <c (wi, W2) = (z1 |w1) + (w2|22), (9.5) 
1 
(21, 22)-we(w1, W2) = =((zi|w1) — (walz2)). (9.6) 
y# , the space dual to y, is canonically identified with Re(Z $ Z) by using the 
scalar product (9.2), and CY* is identified with Z @ Z. 
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9.1 Fock CCR representation 
9.1.1 Field operators on Fock spaces 
Consider the bosonic Fock space [';(Z). Recall that, for z € Z, a*(z), resp. a(z) 
denote the corresponding creation, resp. annihilation operators. 
Definition 9.1 For w = (21,22) € Z ® Z we define the unbounded operator 
olw) := a* (z1) + a(z2) with domain TË? (Z). 


Proposition 9.2 (1) Forw € Z ® Z, TË” (Z) is an invariant subspace of entire 
analytic vectors for ġ(w). 

(2) The operators ¢(y) for y € Re(Z @ Z) are essentially self-adjoint. We will 
still denote by o(y) their closures. 

(3) The operators $(w) for w € Z @ Z are closable. We will still denote by ¢(w) 
their closures. 

(4) The map Z $ Z 5 we ¢(w) is C-linear on TË? (Z). 

(5) For w1, w2 E€ CY, we have 


[$(w1), O(w2)] = iw;-wew2ll on Ti™(2Z). (9.7) 
(6) If w = yı tiys with y1, y2 E€ VY, then Dom ¢(w) = Dom ¢(y1) N Dom ¢(y2). 
Proof Let © € TË”(Z). From Thm. 3.51 we obtain 
low) Y] < [eo (N+ 1)? YI. 
By induction on n we obtain then that 
p(w)" Bl] < hol A) Yl (9.8) 


This proves (1). 
Now (2) follows from Nelson’s commutator theorem; see Thm. 2.74 (1). 
To prove (3) note that ¢(w@) C ¢(w)*. So (w) is closable. 
(4) and (5) follow by direct computation. (6) follows from (5) by repeating the 
argument of the proof of Prop. 8.31. 


Corollary 9.3 Letz € Z. Then a(z), a*(z) are closable. Denoting their closures 
with the same symbols, for y = (z,Z), we have 


a*(2) = 5 (00) — iin), ale) = (6) + iin), 
Dom a*(z) = Doma(z) = Dom ¢(y) N Dom ¢(jy). 


Remark 9.4 We have seen in Subsect. 1.3.9 that the map (9.4) is unitary. Using 
this identification, one can parametrize field operators by vectors of Z instead of 
vectors of Y = Re(Z @ Z). This leads to the definition 


1 * 
(z) := a (z)+a(z)), 2€ Z, 
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which is commonly found in the literature. In most of our work we will try to 
avoid this definition. 


9.1.2 Weyl operators on Fock spaces 
Theorem 9.5 (1) If w1, w € CY and Y E€ TË”(Z), then the relationship 
if (1) pio (wa) yp = e7 rw wows atw +w2) yy (9.9) 


holds, where the exponentials are defined in terms of the power series and 
all the series involved in (9.9) are absolutely convergent. 
(2) Set 


Then the map 
Y > y Wy) € U(Ts(Z)) (9.10) 


is a regular irreducible CCR representation, if we equip Y with the symplectic 
form w defined in (9.3). 
(3) Ifp € U(Z), (z,Z) € VY, we have 


T(p)W(z,z) = W (pz, pz)T (p). 
(4) The map (9.10) is strongly continuous if we equip Y with the norm topology. 


Definition 9.6 (9.10) is called the Fock CCR representation on T,(Z). 


Proof To prove (1), we use the Baker-Campbell formula, which says the fol- 
lowing: if A, B are operators such that [A,B] commutes with A and B, 
then 


efe? = ezl4Ble4+B (9.11) 
as an identity between formal power series. We apply this formula to A = iġ(w1), 
B = iġ(w2), using (9.7). We use (9.8) to prove the norm convergence of the series 
appearing in (9.11). 

Let us now prove (2). For y1, y2 € Re(Z © Z), both sides of (9.9) extend to 
unitary operators, so (9.9) is valid on the whole space Tr, (Z). Therefore, (9.10) 
is a CCR representation. Since W (y) = e$) this representation is regular. 

Let us prove that it is irreducible. Let P be an orthogonal projection acting 
on I',(Z) such that [P,W(y)] = 0 for all y € Re(Z @ Z). Then [P, ġ(y)] = 0 on 
TË! (Z) for all y € Re(Z @ Z), and hence [P, a*(z)] = [P, a(z)] = 0 for all z € Z. 
It follows that a(z) PQ = 0. Hence, by (3.25), PQ = 0 or PQ = Q. By (3.26) and 
the fact that [P,a*(z)] = 0, we obtain that P = 0 or P = 1. 

To prove (4), we first see using the CCR that it suffices to prove the continuity 
of (9.10) at y = 0. Now, for Y € Tf”(Z) we have 


IWO) -DEI eI < INN + 1)? YI. 
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Recall that we defined the parity operator as I := (—1)" in (3.10). If Y is 
finite-dimensional, we defined the parity operator as I := Op(776q) in (8.46). 


Proposition 9.7 In the finite-dimensional case, the definitions of the parity 
operator of (3.10) and of (8.46) coincide. 


9.1.3 Exponentials of creation and annihilation operators 
Theorem 9.8 Let z € Z. 


(1) The operators eê?) are essentially self-adjoint on TË” (Z). 
(2) e”) andet) are closable operators on TË” (Z) and their closures have the 
domains 


Dom e* “) = Dom e0?) = Dom e? (#7), 
(3) In the sense of quadratic forms, we can write 
W (-iz,izZ) = e727 78 (el), (9.12) 


(4) 


1 


(Q|W(z,Z)Q) = e77. (9.13) 


Proof (1) Using the exponential law in Prop. 3.56, it suffices to consider the 
case when dimZ = 1. For z € Z, we consider the unique conjugation T such that 
Tz = z and introduce the associated real-wave representation defined in Thm. 
9.20. This allows us to identify T, (Z) with L? (R, (2r) ~ 7677% dx), T” (Z) with 
the space of polynomials, and ¢(z,Z) with the operator of multiplication by ax 
for some a € R. Then (1) is equivalent to the fact that the space of polynomials 
is dense in L?(R, dy) for du = (27)~2 (1 + e%”)2e-” /2dx, which is well known. 
(2) We have 


Hence e* () and e“(*) are closable on P'"(Z). Next we use the Baker-Campbell 
formula (9.11) on TË? (Z) to get 


et (2) 9a" (2) = e77 IG z). et (2) eal) 2 ent eb (2 z) 
Thus, for Y € TË? (Z), 
[e OUP = e77 eC], OE? = e7 eae], 


Then we apply (1). 
(3) follows from (9.11) and implies (4). 
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9.1.4 Gaussian coherent vectors on Fock spaces 
Let z € Z. 


Definition 9.9 We define 


(9.14) 


The vectors Q, will be called Glauber’s or Gaussian coherent vectors. Let P, be 
the orthogonal projection onto Q,, so that 


P, = W(-iz,iZ)|Q) (Q|W (iz, iz). 


Note that (—iz, iz) = —w~1(Z, z). Hence, in the notation of Sect. 8.5, Q, equals 
Wz, for Yoo =Q. Gaussian coherent vectors are eigenvectors of annihilation 
operators. Besides, one can say that Q, is localized in phase space around (Z, z). 
This is expressed in the following proposition: 


Proposition 9.10 Let w,z € Z. Then a(w)Q, = (w|z)Q,. Therefore, 


(Q,|a(w)Q.) = (wiz), 


9.2 CCR on anti-holomorphic Gaussian L? spaces 


Let Z be a separable Hilbert space. We will use z as the generic variable in Z. 

Recall that if dim Z < oo, then (2i)~¢dZdz is the volume form on Zg and 
(27i)~4e-* *dzdz defines the Gaussian measure for the covariance 1, which is a 
probability measure on Zp. We can also define the corresponding Hilbert space 
of anti-holomorphic functions, denoted L2.(Z, (2mi)~¢e~*'*dzdz). Thus if F,G € 
L2.(Z, (2mi)~4e-** dzdz), then their scalar product is given by 


(F|G) := (271) 1 [ F@Hawe 77 dzdz. 


Recall from Subsect. 5.5.4 that this Hilbert space has a natural generalization 
to the case of an arbitrary dimension, denoted L2,(Z,e~**dzZdz) and called the 
anti-holomorphic Gaussian L? space over the space Z. 

The bosonic Fock space T',(Z) is naturally isomorphic to L2(Z,e~**dzdz). 
This makes it possible to interpret Fock CCR representations in terms of oper- 
ators acting on anti-holomorphic Gaussian L? spaces. 

This section can be viewed as a continuation of Sect. 5.5 on Gaussian measures 
on complex Hilbert spaces. 
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9.2.1 Bosonic complez-wave representation 
Theorem 9.11 (1) The map T™ :T,(Z) > L2(Z,e7**dzdz) given by 
TY U(Z) := 2 aq |W), 
= e??7(Q,|W), WeT,(Z), 
is unitary. (In the second line we use Gaussian coherent vectors Q.) 
(2) For w € Z we have 
TQ =1, 
T a* (w) = w- ZT, 
T a(w) = W: VT, 
(T™T(p)¥)(Z) = T U(p*z), pe B(Z), VeET,(Z). 
(3) We have a regular irreducible CCR representation 
Re(Z @ Z) > (w,W) œ é 7+0 Y=) € U(L2(Z,e-* *dzdz)). (9.15) 
(4) The CCR representation (9.15) is equivalent to the Fock representation: 
Titw) eilw wez., 
(5) (9.15) acts on F € L2(Z,e~**dzdz) as follows: 
ew z+: YD) F(z) = eY 70u Pz 4T), we Z. 


Proof (1) follows from Thm. 5.88. (2)-(4) follow immediately from Thm. 5.88 
and Subsect. 3.5.2. To prove (5) we use the Baker-Campbell-Hausdorff formula. 


Definition 9.12 Following Segal, we will call T° Y the complex-wave transform 
of Y. (It is also sometimes called the Bargmann or Bargmann-—Segal transform 
of Y €T,(Z). Berezin calls it the generating functional of Y.) 

(9.15) will be called the complex-wave CCR representation. (It is also called 
the Bargmann or Bargmann-Segal representation.) 


9.2.2 Coherent vectors in the complez-wave representation 


Let w € Z. The complex-wave transform of the Gaussian coherent vector Qu is 


(rs 


Tew Qu (z) ER yww ew . 


As an exercise in the complex-wave representation let us calculate the scalar 
product of two such vectors: 


ety a rrr e i PTO, pews er Ome fo 
(Qu, |Qu,) = (277i) ‘fe zwi] —glwal +2-mit+z-wa—l2l’ azqy 


E enor le i; —} |w P +T “we 
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Definition 9.13 Let dimc Z = d be finite. The Gaussian FBI transform is the 
map TFB! :T.(Z) — L?(Re(Z @ Z)) defined by 


Re(Z 6 Z) 3 (z, z) =œ TFB W(z, z) := (21)? (Q,|W). (9.16) 


Clearly, the Gaussian FBI transform is a special case of the FBI transform 
defined in Subsect. 8.5.1, where we put Yo = Q. 

By (9.16), in the finite-dimensional case we have the following simple relation- 
ship between the Gaussian FBI transformation and the complex-wave transfor- 
mation: 


TP®1W(z,Z) = (2r)2e7 17 TU (Z). (9.17) 
This gives the following alternative proof of the unitarity of T°”: 
(UW, |W.) = it | Ter arin, z)dzdz (9.18) 


= (2ni)~4 / el Tory, (eTl TW (Z)dzdz (9.19) 
z= (TW, |T" P2) 


,e72 *dzdz)* 
In (9.18) we used that i~4dZdz is the canonical measure on the symplectic space 
Re(Z @ Z) and that TFB! is isometric; see (8.53). 


9.3 CCR on real Gaussian L? spaces 


If the complex dimension of Z is finite and equals the real dimension of &¥, 
then the Fock representation on T,(Z) is unitarily equivalent to the Schrödinger 
representation on L? (X). In order to describe this equivalence, one needs to fix 
a conjugation on the Kahler space Re(Z ® Z), which allows us to separate field 
operators into “momentum” and “position” operators. In addition, one needs 
to fix a Euclidean structure on 4, which allows us to distinguish the Gaussian 
vector that is mapped to the Fock vacuum. 

In the case of an infinite dimension we do not have a Schrödinger representa- 
tion, since there is no Lebesgue measure on infinite-dimensional vector spaces. 
However, in this case we have the so-called real-wave representations, which can 
serve as a substitute for Schrodinger representations. Real-wave representations 
will be the main topic of this section. They are CCR representations acting on 
real Gaussian L? spaces. They are unitarily equivalent to Fock representations. 

Throughout this section, ¥ is a real Hilbert space and c € B,(%) is invertible 
and positive. x will be used as the generic variable in V. 

Recall that if dim ¥ < œ, then (2m)? (det c)~ ze?" “da is a probability 
measure on ¥. Thus we can define the corresponding Hilbert space 


L2(X,(2m)~? (det c)~Fe7 2" tda). 
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As described in Def. 5.72, this can be generalized to the case of an arbitrary 
dimension, and then it is called the Gaussian L? space for the covariance c and 
denoted 


L?(X, e727 tdg). (9.20) 


In this section we describe the real-wave representation acting on (9.20). 
This section can be viewed as a continuation of Sect. 5.4 on Gaussian measures 
on real Hilbert spaces. 


9.3.1 Real-wave CCR representation 
Let 7,q € X. We set 


N+ Cw E 


1 i EE 
q: Diw =q- (Vz + ah as operators on L? (tye 2?" tdg). 
i 
Theorem 9.14 (1) The operator N: aw +q- D,w is essentially self-adjoint on 
CPol,(#). 
(2) The map 


XOX (n,Q) > eert Dw) € U(L? (X67107 *da)) (9.21) 
is an irreducible regular CCR representation. 
(3) For F € L? (X, e72% tdg) one has 


. iy, fits 
eil Trw +9-Drw) P(e) =erd (n+ se 


Deit re!) P(x + q). 


Proof We consider the one-parameter group 


U, F(x) = et etre eitel) Fe + tq), t ER. 


Let D := Span{e”’*, w ECX}. From Subsect. 5.2.5, we know that D is dense 
in L2(¥,e7?*° dz). Clearly, D is invariant under U;, and U; is a strongly 
continuous group of isometries of D, hence it extends to a strongly continuous 
unitary group. D is included in the domain of its generator, which equals 
N: rw +q: Drw on D. By Nelson’s invariant domain theorem, Thm. 2.74 (2), 
we obtain that n- aw + q- Drw is essentially self-adjoint on D. 

To show the essential self-adjointness on CPol;(4’), we note that D is in the 
closure of CPol,(#) for the graph norm: in fact, for w € CX, the series 


+00 


n=0 


converges to e7 for the graph norm of n- £w +q- Dry. This proves (1) and 
(3). (2) follows immediately from (3). 


Definition 9.15 The CCR representation (9.21) is called the real-wave repre- 
sentation of covariance c. 
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Note that the operators £rw, Drw are examples of abstract position and 
momentum operators considered in Subsect. 8.2.6. 
We equip V 6 ¥ with the complex structure 


j= p EJ i (9.22) 


which is Kahler. Thus ¥ ® ¥ becomes a Kahler space with a conjugation. 
Therefore, as in Subsect. 8.2.7, for w € CX we can introduce the associated 
Schrodinger-type creation and annihilation operators: 


arw (w) = W-cVe, ylw) =w- x- w: cV. 


Proposition 9.16 Let w, w1, w € CX. 


(1) The operators a,y(w) and až, (w) are closable on CPol,(&%). 
(2) We have 


[arw (w1), rw (w2)] = (w1 |cw2)1, 
[arw (w1), arw (w2)] = [ary (w1), Oty (w2)] = 0. 
(3) F € L?(X,e77® tdg) satisfies 
@wlw)F =0, wEeCcr, 
iff F is proportional to 1. 


Proof (1) follows from Prop. 8.31 and (2) is a special case of (8.30). 
Let F be such that ary (w)F = 0 for w € CX and (F|1) = 0. In particular, for 
each G € CPols(&), 


(aiw (w)G|F) = 0. 


Clearly, the span of vectors of the form Il ax, (w;)1 equals the space of polyno- 
i=1 


mials in CPol(#) of degree greater than 1. So F is orthogonal to CPol(4), and 
hence F = 0, which proves (3). 


The usual choice is c = 1, which leads to the complex structure 
. [o0 31 
TS + Gee 
Remark 9.17 The advantage of the real-wave representation is the fact that we 
can make an identification 
L?(x,e°F de) = E (OA) 
for an L? space over some true measure space (Q,©, u). There is no unique 


choice of the measure space (Q, ©, u), especially in the case of an infinite- 
dimensional X, but it essentially does not matter which one we take. A class 
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of possible choices is described in Subsect. 5.4.2: we can set Q = Bry, where 
B >0 is an operator on X with B7! trace-class, but there are many others; 
see the discussion in Simon (1974). Therefore, the real-wave representation is 
sometimes called the Q-space representation of the bosonic Fock space. 


9.3.2 Real-wave CCR representation in finite dimension 


If the dimension of is finite, then the real-wave representation is a special case 
of a weighted Schrödinger representation with 


1 


m(x) = (2r) 1 (det e) tet: (9.23) 
(9.23) is the pointwise positive ground state of 


1 1 
A=—-A+ je a gine. 


The Dirichlet form for (9.23) in the Hilbert space 


1 


L? (x, (2r)? (det ara erae da) equals 
—A+2-c'V,. 
The unitary operator 
L (x, (2r) (det ey Fen Feeder) > F œ TF := m(2)F € L? (X) 


intertwines the Schrödinger and the real-wave representations: 


ella: e+¢-D) psch = TSP e$ tew +q:Drw) . 


9.3.3 Wick transformation 


The real-wave representation on L?(4,e77*° tde) is unitarily equivalent to 


the Fock representation on ',(c~? CX). This follows by a general argument from 
Prop. 9.16 and the fact that polynomials are dense; see Subsect. 5.2.6. 

In this subsection we will construct an explicit unitary transformation that 
intertwines the real-wave representation and the Fock representation. 


Definition 9.18 For F € CPol;(4), we define 
:F: = ay, (F)1 € CPol, (4). 
The map F > :F: is called the Wick transformation w.r.t. the covariance c. 


The following proposition shows how one can compute: G:. 


Proposition 9.19 (1) For G € CPol,(%), one has 
:G(a): = e72 Ye Ye G(x) = e7? *G(—cVz)e"F*" (9.24) 
(2) For G(x) € CPol,(¥), one has 


G(x) = er VeeVe :G(x): = eo FR G(cV, erro a 
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Proof Let w € CX. The following operator identities are valid on CPol,(%): 


ay, (w) =w-x-—w-cV, 
— errr eVe (w. rje? Ye eVe = erre e (w ; CVa) TIIE E, 
This yields, for G € CPol,(4), the operator identity 
at, (G) = e782 °% Gale? Ve Ye = eb" *G(—cV Jett *. 
By applying it to the polynomial 1, we obtain 
Gs = af, (O) = BF = 0G (eV, Je, 


rw 


which proves (1). Clearly, (2) follows from (1). 


Note that the space CPol,(4’) can be identified with Pol, (CX) (by analytic 
continuation/restriction; see Subsect. 3.5.6). Let z denote the generic variable in 
CX. The following theorem is immediate: 


Theorem 9.20 (1) The map 
Pol, (CX) > F + :F: € CPol,(¥) 
extends to a unitary map 
L2.(CX,e77° | *dzdz) > FH :F: € L?(X,e7 2% tde). (9.25) 
(2) (9.25) intertwines the complex-wave and real-wave CCR representations: 
seU FHT: Va) P, = ilar w) taw (w)). a F e L2 (CX,e -7° *dzdz), w E€ CX. 
(3) For w € CX, we have 


ji æ — iwc 
eUT: — eV Te yweew (9.26) 


Remark 9.21 (9.26) is often used as the definition of the Wick transformation. 


Using Subsect. 9.2.1, we can unitarily identify the real-wave representation 
on L?(4¥,e-2"° tdg) and the Fock representation on P,(c~?CX). This is 
described in the next theorem. 


Theorem 9.22 Set 
I(T? CX) 2 P = TYO = TS: € L?(X, e7 da). (9.27) 
Then 


(1) T'Y is unitary. 
(2) T°’ is the unique bounded linear map such that 


TWO = 1, and TEY eia" (n)+a(n) = ell Trw cor ne IX. 
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(3) T™” is the unique bounded linear map such that 


TY OQ=1, and T™ Il a*(w;) = Il až (wi) T, wz € ICX. 
i=1 i=1 


Remark 9.23 In the case of a single variable, that is, X = R, and c= 1, the 
Wick transformation for monomials is the same as the Gram-Schmidt orthog- 
onalization procedure with the weight e722, The polynomials :x”: are rescaled 
Hermite polynomials. More precisely, if one adopts the following definition of 
Hermite polynomials: 
OO sin, 
erat’. a : H,, (2), 


n! 
n=0 


then 


= V2" Hn (Sq): 


9.3.4 Integrals of polynomials with a Gaussian weight 
In this subsection, for simplicity, we assume that c = 1. 
In physics one often computes integrals of a polynomial times the Gaussian 


weight. The Wick transformation helps to perform such an integral, as is seen 
from (9.29): 


Theorem 9.24 Let F € CPol,(4#). Then 
f F(x)e"?* dx = (e+: F) (0), (9.28) 
x 


| :F(a):e7?* dz = F(0). (9.29) 
x 


Proof We can assume that % is of finite dimension. Recall the identity (4.14): 
e7Y? F(y) = (2r) 7? / e7702) F(x)da. (9.30) 


In (9.30) we set y = 0, which proves (9.28). 
To prove (9.29) we use (9.28) and Prop. 9.19. 


Note that the r.h.s. of (9.28) can be expanded in a finite sum and leads to the 
well-known sum over all possible “pairings”. This is the simplest version of what 
is usually called the Wick theorem. 

A more complicated version of the Wick theorem is given below. It has a well- 
known graphical interpretation in terms of diagrams, which we will discuss in 
Chap. 20. 
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Theorem 9.25 Let F;,..., Fn E€ CPol,(¥). Then 


Fi (x): -Fa (x): (9.31) 
= : exp $3 Va; Va )Fi (a1) +++ Fn cs) eee 24 

(27)? | F(x): Fn (x):e7 2” dz (9.32) 
= exp (Os Ve, Ve, ) Fit) + Fa ae 


Proof To prove (9.31), we write 
F(x): Fa (a): 


ly? -i v? 
= 6 FY Rae RE] 


LHL H = Ly, 
— ez Vz (e 2Ve1 Fi (£1) e 2Ven Fn (tn) |, 9) = se) 
= ie? (Ver tet Ven) Vey =r Vin Fi (21) +++ Fr (xn)| 


In the last step we used that 
Vif(a,...,0) = (Vi +++ + Va, f (21; | eee 
(9.32) follows from (9.31) and (9.29). 


9.3.5 Operators in the real-wave representation 
Definition 9.26 For an operator a on X, we will write 
Tyw(a) := T™T(ac)T™*, 
where we recall that ac denotes the extension of a to CX. 


Suppose that c > 0 is an operator on ¥. Clearly, 
Dw (e?) :L? (x, ere dz) = L2(e-2 X, en Fee tdg) 


is a unitary operator. Therefore, in what follows we will stick to the covariance 
1. 

Recall from Remark 9.17 that L?(#,e~?" dx) can be interpreted as L?(Q, 11) 
for some measure space (Q, p). Let F be a bounded Borel function on Q. Then 
one can define F(a; ), which is a bounded operator on L? (X, e72? dz). It can 
be also interpreted as an element of L? (%, e72? da), and then it will simply be 
written F. Clearly, F(a )1 = F. 


Proposition 9.27 Let u be an orthogonal operator on X. Then 


Prw (U)F (ary Uw (U)! = (Trw (U) F) (£w). (9.33) 
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Proof A dense set of vectors in L?(4, e722 da) is given by G(a,)1 = G for G 
bounded Borel functions on B7? Æ. We have the commutation property 
Prw (Ut) F (ary) rw (U)! G(ayw) = G(arw rw (U) F(tew Pw (u). (9.34) 
Hence, applying (9.34) to the vacuum 1 we obtain 
(Or Gael) G = Gay Drw (U) F = (Trw WF) (£w )G. 


Proposition 9.28 Let X, be a closed subspace of X. Let e, be the orthogonal 
projection on X,. Let B, be the sub-o-algebra of functions based in X, and Es, 
the corresponding conditional expectation. Then 


Es, = liw (e1). 


Proposition 9.29 Leta € B(X). Then 


(1) If |lal| <1, Tr(a) is doubly Markovian, hence it is a contraction on 
L?(Q, du) for alll < p < œ. 
(2) If |lal| < 1, then Tw (a) is positivity improving. 


Proof We drop rw from Ty and ay. 
We first prove (1). We write a as j*uj, where 


Kae jx) :=xced0ex er 


is isometric and 
u = 1 


is orthogonal. Using Subsect. 5.4.3, we see that if we take (Q x Q, u @ u) as the 
Q-space for X @ X, then the map I'(j) is 


L’ (Q,du) > f> f 21 € P(Q, du) 8 L’ (Q, du) ~ L’ (Q x Q,du® dy), 


which is positivity preserving. 

The map T (u) is clearly positivity preserving. In fact, recall that F(x) is the 
operator of multiplication by a measurable function F on L? (Q, u). By (9.33) and 
the unitarity of u, (T (u)F)(x) = T (u)F (£) (u)™t. Since F > 0 a.e. iff F(x) > 0, 
we see that T(u) is positivity preserving. Finally [(j*) = T(j)* is also positivity 
preserving by the remark after Def. 5.21. Hence T (a) is positivity preserving. 
Since T (a) and I'(a)* preserve 1, T (a) is doubly Markovian. 

Let us now prove (2). We write Tr(a) =T(||a||)I'(6), where a =: |ja||b. Then 
||b|| < 1, and thus T(b) is positivity preserving by (1). If f > 0 and f 40, then 
So T(b)fdu = So fdu > 0, so T'(b) preserves the set of non-zero positive func- 
tions. So it suffices to prove that I'(||a||) is positivity improving. 
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Let f,g >0 with f,g #0. The function F(t) = (f|['(e~')g) is positive on Rt 
by (1). It tends to (1|f)(1|g) at +00, since ['(e~') = e~, where N is the number 
operator. Since F extends holomorphically to {z : Rez > 0}, it has isolated 
zeroes in R+. Let t > 0 and 0 < to < t such that F(to) > 0. Set fı =TP(e~/?)f, 
gı =V(e~/?)g. Then fı,gı > 0 and (filgi) = F(to) > 0. Therefore, fig, 4 0 
and h = min(f1,91) 4 0. This yields 


(FIE(e™)g) = (FE (e=? )g) 
(hP tg) Se A) 
= |[Pe@ yal? > 0, 


which completes the proof of (2). 


Below we recall Nelson’s famous hyper-contractivity theorem. 


Theorem 9.30 Leta € B(X) and1 <p<q< œ. If 
1 ze 
lall < (= 1)? (4-1) ?, 


then T.w(a) is a contraction from LP (Q,du) to L4(Q, du). 


9.4 Wick and anti-Wick bosonic quantization 


As elsewhere in this chapter, Z is a Hilbert space, Y = Re(Z Z), y* = 
Re(Z @ Z), CY = Z @ Z and CY* = ZO Z. We recall from Subsect. 3.5.6 that 
CPol,(Y*) is identified with Pol, (CY*#). We can go from one representation to 
the other by analytic continuation/restriction. Thus we will freely switch between 
a polynomial in CPol,(*) and Pol,(Z @ Z): 


Re(Z @ 2) 3 (2,2) > 2,2), 
Zez =) (21, 22) E> b(Z1, 22). 


We consider the Fock CCR representation 
Y > y= e0) € U (T;(Z)). 


Recall that CCR?” (Y) is the *-algebra generated by ¢(y), y € V. It can be 
faithfully represented by operators on the space TË” (Z). 

We will define and study the bosonic Wick and anti-Wick quantization. The 
Wick quantization is the most frequently used quantization in quantum field 
theory and many-body quantum physics. 


9.4.1 Wick and anti- Wick ordering 


Let b € Pol; (Z). Recall that in Subsect. 3.4.4 we defined the multiple creation and 
annihilation operators a*(b) and a(b). Note that the possibility of unambiguously 
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defining a*(b) and a(b) follows from the fact that Z and Z are isotropic subspaces 
of CY for we. 


Definition 9.31 For b,,b2 € Pol,(Z) we set 


Op? **(b, 62) := a* (bı )a(b2), 


Op?” (6261) := a(b2)a* (b1). 
These maps extend by linearity to maps 
CPol,(*) 3 b Op* *(b) € CCR?” (V), 
, (9.35) 
CPol,(*) > b= Op% (b) € CCR! (V), 
called the Wick and anti-Wick bosonic quantizations. 


Definition 9.32 The inverse maps to (9.35) will be denoted by 


CORP(Y) > BH s4! € CPol,(Y*), 


CCR??H{Y) 5 BH st” € CPol,()*). 


The polynomial st 1 resp. oe is called the Wick, resp. anti-Wick symbol of 
the operator B. 


Remark 9.33 Suppose that we fix an o.n. basis {e; : i € I} in Z. Every poly- 
nomial b € Pol,(Z $ Z) can be written as 


—v 2B 
J bonzar 


v, B 


where v, 8B are multi-indices, that is, elements of {0,1,2,...}/. Then 


=D gaa (9.36) 
(b) = 2 b, gafa. (9.37) 


The r.h.s. of (9.36), resp. (9.87) is probably the most straightforward, even if 
often somewhat heavy, notation for the Wick, resp. anti-Wick quantization. 

More generally, one can assume that Z = L?(=,d€), where (=, d£) is a measure 
space. Then polynomials on Z can be written as 


Sf TEGE Enims Ei za Ze, ZER tels 


n,m 


228 CCR on Fock space 


and one writes 


5 b(Ei, -Eni Emso E1), e až, ae, + ag: instead of Op* ™" (b), 


n,m 


5 blé, Eni Emoe Eie, oee agag až, instead of Op** (b). 


n,m 
Thus ag and ag are treated as “operator-valued measures”, which acquire their 
meaning after being “smeared out” with “test functions”. 


The following theorem is the analog of Thm. 4.38 devoted to the x, D- and 
D, x-quantizations. 


Theorem 9.34 Let b,b_,b.,b1,b2 € Pol (Z, Z). 
(1) Op**" (b)* = Op™* (6) and Op" "*(b)* = Op" (8). 
(2) Forw E€ Z, 
Op*”“ (wb) = a*(w)Op**(b), Op" ** (Wb) = Op" (b)a(w), 
[Opt (b), a*(w)] = Op**(wV.b),  [a(w), Op" “*(b)] = Opt `° (WV). 
(Q|Op*”:*(b)Q) = b(0). (9.38) 


(4) If Op*’**(b,)Op* *(b2) = Op” “(b), then 


b(Z, z) = eV YFTby (Z, 21) bo (Z, 2)| 


21>2 


= (2ri) ‘fe (2-71)(2—71) b (Z, 21 )bo(Z1,z)ddy, if dim Z = d. 


If Op (b, )Op*” (b2) = Op** (b), then 


b(Z, z) = e VA Vey by (zı 3 z)b2 (Z, 2)| 


EE 


Proof If we use the complex-wave representation, we see that the Wick, resp. 
anti-Wick quantization can be viewed as the Z, Vz, resp. Vz,Z quantization. 
Therefore, we can apply the same combinatorial arguments as in the proof of 
Thm. 4.38. 


Remark 9.35 The exponentials of differential operators in the above formu- 
las can always be understood as finite sums of differential operators, since we 
consider polynomial symbols. Note also that in the expression for the anti-Wick 
symbol of a product of two operators there is no integral formula. 
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The theorem that we state below is what is usually meant by Wick’s theorem. 
We will discuss its diagrammatic interpretation in Chap. 20. It is an analog of 
Thm. 4.39. 


Theorem 9.36 Let bi,...,bn,b E CPol,(Y*) and 


Op" "(B) = Opt (by) + Op" (bn). 


Then 
b(Z, 2) (9.39) 
= exp (> Vai Va; bi (Z1, 21) ++ bn Ens 2s nna, 
i<j 
(Q]Op"” ()0) (9.40) 
= exp ( XO Vz Va; Jdi (Z1, 21) ++ bn Ens 2 igen =a 
i<j 


Proof (9.39) is shown by the same arguments as Thm. 4.39. (9.40) follows from 
(9.39) and (9.38). 


9.4.2 Relation between Wick, anti- Wick and 
Weyl- Wigner quantizations 


Let us assume that dim Z < oo, so that the Weyl-Wigner quantization of a 
polynomial in CPol;(Y*) is well defined. 

The following theorem gives the connection between the Weyl-Wigner and the 
Wick and the anti-Wick quantizations. We express these connections using two 
alternative notations: either we treat them as functions of the complex variables 
(Z1, 22) € Z @ Z, or we treat the symbols as functions of the real variable v € 
Re(Z @ Z). 


Theorem 9.37 Letb_,b,b} € CPol,(Y*). Let 
Op* *(b,.) = Op(b) = Op** (b_). 
(1) One can express the Wick symbol in terms of the Weyl-Wigner symbol: 
b, (Z, z) = e2 Y= Vb 


— (mi) ife 2(z7-71)- (2 1)6(Z, 21)dZz1dz1, 


Z, z) 


b, (v) = ety? b(v) 
= rt fe (uae, 
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(2) One can express the Weyl-Wigner symbol in terms of the anti- Wick symbol: 
b(Z,z) = e297 VY b_(Z,z) 


= (mi) ‘fe ZA) (z—-a)b (Zz, 21)dZ1d21, 


Proof Let b,, by € Pol,(Z), bs (Z, z) = bi(Z)bo(z). We have 
Op* “(b,.) = a” (bı )a(b2) 
= Op(b1)Op(b2) = Op(b). 


Using the formula for the product of two Weyl—Wigner quantized operators, we 
obtain 


ee a CN Ee 
= e7? (Vz V22 -Vz Vea Nba a ea 


= e77 Y= Y: b (Z)b(z), 


where in the second line we use the definition (9.6) of the symplectic form w. 
This proves the first formula of (1). The second follows from the first, using the 
identities of Subsect. 4.1.9. (2) follows from (1) and Thm. 9.34 (3). 


9.4.3 Wick and anti- Wick quantization as covariant and 
contravariant quantization 


For z € Z, we consider the Gaussian coherent vectors Q, and the correspond- 
ing projections P, in r,(Z), defined in Def. 9.9. We will show that the Wick, 
resp. anti-Wick quantizations coincide with the covariant, resp. contravariant 
quantization for Gaussian coherent vectors. 


Theorem 9.38 (1) Let B € CCRP”!(Y). Then for all z € Z, Q, € Dom B and 
s% t (Z, z) = (Q,|BQ,), z€ Z. (9.41) 
(2) Let b € CPol,(V*). Let the dimension of Z be finite. Then 
Op" (b) = (27i)? J b(z, Z)P,dzdz. (9.42) 
(The integral should be understood in terms of a sesquilinear form on an 
appropriate domain.) 
Proof Let bı, b> € Pol, (Z). Set 


b(Z, 2) := bi (Z)ba(Z) € Pol, (Z Z). 
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Then 
(Q,|Op"”“ (b)Q.) = (Qz|a* (bı a(ba)2z) 

= (Q|W (iz, —iZ)a* (bı )a(be) W (—iz, iZ)Q) 
= (O\(a* (b1) + b1 2)) (abe) + b2))2) 
= b (Z)bo(Z) = 0(Z,z). 

This proves (9.41). Next, we compute 

Op" (b) = a(by)a*(b1) 
= (2m) | alte) Pea" (bi )dzdz 


= (27i)! f W (iz — iz)(a(b2) + b2 (Z)) Po (a* (b1) 
+bı(Z))W (—iz + iz)dzdz 
= (2ri) 1 | BEN (2) P.dzde = (2r) f We, z)P,dzdz. 


This proves (9.42). 


Remark 9.39 Thm. 9.38 (1) says that the Wick symbol coincides with the 
covariant symbol defined with the help of Gaussian coherent states. Thus, using 
the notation of Sect. 8.5, (9.41) can be denoted s3 (Z + z). (Strictly speaking, 
however, operators in CCR?” (Y) are usually unbounded, so they do not belong 
to the class considered in Sect. 8.5.) 

Thm. 9.38 (2) says that the anti-Wick quantization coincides with the con- 
travariant quantization for Gaussian coherent states. Thus, using the notation 
of Sect. 8.5, (9.42) can be denoted Op™ (b). (Strictly speaking, however, func- 
tions in CPol(Y*) usually do not belong to Meas'(Y*) + L°(Y*), so they do 
not belong to the class considered in Sect. 8.5.) 


9.4.4 Wick symbols on Fock spaces 
So far, we have defined the Wick symbol only for operators in CCR?” (J). In 
this case, it is a polynomial on Re(Z @ Z). 
We will now extend the definition of the Wick symbol to a rather large class 
of quadratic forms on T,(Z). 


Definition 9.40 Let B be a quadratic form on Ts(Z) such that Q, belongs to 
its domain for any z € Z. We define the Wick symbol of B as 


84°" (Z, z) := (9,|BQ,). (9.43) 


By Thm. 9.38 (1), the above definition of the Wick symbol agrees with Def. 
9.32 for B € CCRP® (Y). In (9.43), the Wick symbol is viewed as a function 
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on Y* = Re(Z@ Z). An alternative point of view on the Wick symbol uses 
holomorphic functions on Z @ Z. 


Proposition 9.41 The holomorphic extension of (9.43) to Z®Z (see Def. 
5.81) is 


sta Ge z2) E e`7: “zat iz “zit 522 “22 (Qe |BQ., 3 


Proposition 9.42 Let B be a positive closed quadratic form such that TÊ” (Z) C 
Dom B and for each z € Z the series 


is absolutely convergent. Then the Wick symbol of B and its holomorphic exten- 


sion are 
a* ase Fz 2 1 Qn Qm 1 
sh (Z,z)=e 5 m e eae (9.44) 
Amen. m! 
CE 7 —2 22 ~ 1 8n em 1 
sp (mmz) = e7 X e Ba (9.45) 
n mao VM m! 
Proof Recalling that 
co Qn 
> zZ 
Q, = e7277 5 
Vn! 


and using that B is closed, we see that Q, € Dom B and (Q,|BQ.) is given by the 
convergent series in (9.44). Applying the Cauchy—Schwarz inequality, we obtain 
that the series in the r.h.s. of (9.45) is absolutely convergent. Then we use Prop. 
9.41. 


In the following proposition we compute the Wick symbol of various operators 
in the sense of Def. 9.40: 


Proposition 9.43 (1) For h € B(Z), we have SOAS z) = Z-hz. 


(2) If p is a contraction on Z, we have st (2, 2) =e 


, ZeZ+Epz 
. f 


Example 9.44 The anti-Wick, Weyl-Wigner and Wick symbols of Py = |Q)(Q| 
(the projection onto Q) are given below (compare with Examples 4.42 and 8.74): 
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9.4.5 Wick quantization: the operator formalism 


Recall from Subsect. 8.5.3 that in general it is easier to find the covariant symbol 
of an operator than to compute the covariant quantization of a symbol. This 
remark applies to the Wick quantization. In this subsection we will describe this 
more difficult direction. 

It is convenient to represent Wick symbols as operators acting on the Fock 
space. We need, however, to restrict ourselves to a rather small class of such 
operators. 

Recall that N is the number operator and 1l{n} (NV) is the orthogonal projection 
from T's(Z) onto T?(Z). 


Definition 9.45 For b € B(T,(Z)), set bam := liny (N)blim} (N). Let 


Bin (T;(Z)) 
= {b E€ B(T;(Z)) : there exists no such that bnm =0 for n,m > no}. 


Definition 9.46 Let b€ B'™(I',(Z)). Then we define its Wick quantization, 
denoted by Op" ° (b), as the quadratic form on TË? (Z) defined for ®, Y € TË? (Z) 
as 


min(m,n) 
is 


II 


>: (Plon-k m- Q 1$" Y), 
n,m=0 k=0 


oo D EEE ou 
0k=0 i 


wm= 


(®|Op"""(6)W) 


The above definition is essentially an extension of Def. 9.31. 


Proposition 9.47 Let b € BË” (Pane Set B= Op* (b), with the Wick quan- 
tization defined as in Def. 9.46. Then the Wick symbol of B in the sense of Def. 
9.40 and its holomorphic extension are 


ae ee See), (9.46) 
n,m=0 

Be ae) =o ee bee): (9.47) 
n,m=0 


Consequently, if b € CPol, (Y* ) ~ Pol(Z @ Z) is identified with b € B' (T,(Z)) 
with the help of (9.46) or (9.47), then Def. 9.81 coincides with Def. 9.40. 
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Proof B clearly satisfies the hypotheses of Def. 9.40, since b € BË! (T,(Z)). 
Using (9.44), we obtain 


* 2 1 1 
a a= Zz Qn Qm 
S 2,2) 7 — (2°" | Bz = 
B ( ) 2 Jal | ea 
min(n,m) 
=O Heh hak a Og 2) 
n,m=0 
min(n, Mm) 
= 3 2 H Zz) BN he epee) 
n,m=0 k= 
> x 1 5 n m > n M\ Azz 
255, ye eee bam il aa YO Cal ])e 
n,m=0k=0 ` n,m=0 


In the following identities it is convenient to use the new, more general defini- 
tion of the Wick quantization: 


Proposition 9.48 In the following identities b € B'™(I,(Z)), h € B(Z) c 
Bi (T,(Z)), p € B(Z1, Z2). 
aah) = 
T(h Bs on aS 


The following proposition describes the special class of particle preserving 
operators: 


Proposition 9.49 If b€ B(T? (Z)), then 


(®|Op"“(0)¥) = E CHS 14t) 


tj 
m! 


S 3 (Tan Y): 


k=1 1<i1<++-<im <m+k 


The operators pes. € B(I"**(2)) are defined as follows: 


btk = O(a) bg 13% OG), € B(T”+(2)), 


where o € Sn is any permutation that transforms (1,...,m) onto (i1,... im): 
Thus ee is the “m-body interaction” acting on the i,-th,.. through i-th 


particles. 
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9.4.6 Estimates on Wick polynomials 


Let b € B(T4(Z), T? (Z)) c BË (T,(Z)) for p,q € N. The following estimates are 
known as N, estimates. 


Proposition 9.50 Let m > 0 be a self-adjoint operator on Z. Then for all Yı, 
Y ET,;(Z) one has 


| (ar(m)-”/ 2, Opt -*(b)dP(m)~4/ We) | 
< |E(m) (m)? | | Pr | Wal. (9.48) 


In particular, Op’ **(b) extends to an operator on T.(Z) with domain 
Dom N(et+9/2, 


Proof Noting that NOp* *(b) = Op* °“(b)(N + p — q), we see that the second 
statement follows from the first for m = 1. 

To prove the first statement, we will assume for simplicity that Z is separable 
(the non-separable case can be treated by the same arguments, replacing 
sequences by nets). It clearly suffices to prove (9.48) for Y1, Yə such that Y; = 
I(7)W;, where m is a finite rank projection. Moreover, if (7) is an increasing 
sequence of orthogonal projections with s — lim mn = 1, and if bn = T (mn )bIr (mn), 
it suffices to prove (9.48) for Op” **(b,). Therefore, we may assume that Z is 
finite-dimensional. Let (e1,...,e,) be an o.n. basis of eigenvectors for m and 
mr = (ex|mex). For k= (k1,...,ka) E N4, we define ez as in Subsect. 3.3.5. We 
set 


viel 


f= 
k! 


eg. 


Let us consider the operator 
| Ts(2) > Ts(2)8 Z, 
“Wh ie a(e;)V 8 ei, 
and define by induction 
r:(Z)>T;(Z) 8 81Z, 
Arg i (48 Ter- z) A1. 
It is easy to verify that 


ij! 
At=>, gD sere N UES fr (9.49) 
= ` lii=¢ 
Since Chiza is an o.n. basis of &1Z, we have 


b= Y be fg) fel, ber = (elf 


|kl=p,|=¢ 
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and hence 
Op" *(b) = by a” (fg) a( (ffl): (9.50) 
lk\=p,\=¢ 
From (9.49) and (9.50), we get that 
Op*”*(b) = A* (Irz) Db) Ay. (9.51) 


Inserting factors of I'(m)?, we see that (9.48) follows if we prove that 
llr, (2) 8 (m)? Apa (m) =P] < 1. (9.52) 
To prove (9.52), we note that, first for œ = 1 and then for any a € R, one has 
AdT(m)® = (dI'(m) @ lz + Ir, (2) ®m)" A. (9.53) 
Applying (9.53) for a = —4, we obtain by induction on q that 
A, al (m)~4/? 


Ne 


= (A@Igy-1z) (P(m) 8 ler- z + In(z) @AT(m)) * Ag-14P(m) >12, 
and hence 
(1r) 8 (m)? ) Ayal (m)? 


l 
2 


= (((Ir 8m?) A) @1 gy: z) (AP (m) 8 lg- z + 1r,(2) 8 A (m)) 
x (Irz) @L 1 (m)#) Ay rd (m) 76. (9.54) 
As a special case of (9.51), we have 
dD (b) = A* (Ip,(z) @m) A, 
which implies that 
| r,(z) @ m?) Aar(m)~* || <1. 


Clearly, this implies that the first factor in the r-h.s. of (9.54) has norm less than 
1, which implies (9.52). 


9.4.7 Bargmann kernel of an operator 


Recall that in Def. 9.12 for any © € [';(Z) we defined its complex-wave transform 
T” Y € L2(Z,e-**dzdz). In the context of the complex-wave transformation 
one sometimes introduces the so-called Bargmann kernel of an operator, which 
can be used as an alternative to its distributional kernel, and also to its Wick 
symbol. 

For simplicity, in (2) and (3) of Prop. 9.52 below we assume that the dimension 
of Z is finite. 
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Definition 9.51 Let B € B'"(T,(Z)). We define the Bargmann or complex- 
wave kernel of B as 


Z 1 1 
ZezZ2 (I, 22) > BB" (x, 22) w= 5 (z28" ——|B z8™) 
m: 


= (QB eN). 


Proposition 9.52 (1) The relationship between the Bargmann kernel and the 
Wick symbol of an operator B on T,(Z) is given by the following identity: 


BE, z2) = 7T? 3% (Hy, z2) = ez zi zit 372-22 (Qa |BQ., ). 


(2) Let B € B'™(T,(Z)), VE TË” (Z). Then one has 
(T BY)(zZ,) = (2ni)~4 | BB* (Z4, z2)T° U (z2)e 7? dZ2dz2. (9.55) 
(3) Let Bı, By € B^" (T,(Z)). Then 


(B, By)®* (Z1, z2) = (2ni)~4 i; BP! (z1, 29) BE™ (Zo, z3 )e 70°70 dZodzo. 


(9.56) 
Proof (1) is obvious. To prove (2) and (3) we use 
1 = (27i)~? i P,dzdz. (9.57) 
We obtain 
(9, |BY) = (27) | (0.,|BO.,)(Q.,|W)dza, (9.58) 


(Qa |Bi Bz, ) = (2mi)~4 if (Q, [Bia )(Qa [B292 )dzodz5. (9.59) 


Now (9.58) implies (2) and (9.59) implies (3). 


9.4.8 Link between the two Wick operations 


In this subsection we use the conventions of Subsect. 9.3.1. In particular, we con- 
sider a real Hilbert space ¥ equipped with a positive operator c. We consider the 
Kahler space with involution (2c)~?X @ (2c)? ¥ equipped with the Kahler anti- 
0 —(2c)7} 
2c 0 

w.r.t. the covariance c is given by 


involution j = | (see (9.22)). Recall that the Wick transformation 


:G(a): = evr: -cVa G(x) ; 


The following proposition explains the link between the Wick transformation on 
functions on ¥ and the Wick ordering of operators. 
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Proposition 9.53 Let F € CPol,(&). Then 
Op? (F) =F (Grn): 
where on the r.h.s. we use the functional calculus, as explained in Remark 8.27. 
Proof From Thm. 9.37, we have Op” *(F) = Op(e7 1° F). Setting V, = 
(Vz, Ve), we have 
VŽ = V, + 2cVa + Ve: (2c)7'Ve. 
Thus, on a function that depends only on x, we have 
e7 1Y? F(a) = e722 Vs F(a) = F(s): 


Furthermore, for such functions the Weyl-Wigner quantization coincides with 
the functional calculus. 


It is often convenient to use multiplication operators expressed as :F'(@;w ):, as 
explained in Prop. 9.53. In particular, let w € CX. Recall that 


W + Dw = a*(w) + a(w). 


For later use let us note the identity 


(W Ery): = 5 @ a*(w)"a(w)?". (9.60) 


r 
r=0 


9.5 Notes 


The essential self-adjointness of bosonic field operators was established by Cook 
(1953). 

A modern exposition of the mathematical formalism of second quantization 
can also be found e.g. in Glimm—Jaffe (1987) and Baez—Segal—Zhou (1991). 

The complex-wave representation goes back to the work of Bargmann (1961) 
and Segal (1963). Therefore, it is often called the Bargmann or Bargmann-Segal 
representation. The name “complex-wave representation” was coined by Segal 
(1978); see also Baez—Segal—Zhou (1991). 

The name “real-wave representation” also comes from Baez—Segal—Zhou 
(1991). The properties of second quantized operators in the real-wave repre- 
sentation were first established by Nelson (1973). The proof of Prop. 9.29 (1) 
follows Nelson (1973), and that of Prop. 9.29 (2) follows Simon (1974). Nelson’s 
hyper-contractivity theorem, Thm. 9.30, is proven in Nelson (1973). 

The Wick theorem goes back to a paper of Wick (1950) about the evaluation 
of the S-matrix. 

The “N, estimates” were used in constructive quantum field theory and are 
due to Glimm—Jaffe (1985). 

Wick quantization in the context of particle preserving Hamiltonians is used, 
for example, in Dereziriski (1998). 
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Symplectic invariance of CCR in 
finite-dimensions 


This is the first chapter devoted to the symplectic invariance of the CCR. In 
this chapter we restrict ourselves to regular CCR representations over finite- 
dimensional symplectic spaces. 

In an infinite-dimensional symplectic space there is no distinguished topology. 
This problem is absent in a finite-dimensional space. This motivates a separate 
discussion of the finite-dimensional case. 

The chapter is naturally divided in two parts. In the first three sections we 
consider symplectic invariance without invoking any conjugation on the symplec- 
tic space. We consider an arbitrary irreducible regular CCR representation over 
a finite-dimensional symplectic space and do not explicitly use the Schrodinger 
representation. 

In the last two subsections we fix a conjugation, so that our symplectic space 
can be written as VY = X” @ X, and we consider the Schrödinger representation 
on L?(X). 


10.1 Classical quadratic Hamiltonians 


Throughout this section (Y,w) is a finite-dimensional symplectic space. Recall 
that (Y*,w +) is also a symplectic space. As before we denote by y the generic 
element of Y and by v the generic element of Y*. 


Remark 10.1 It is natural to consider the two symplectic spaces Y and Y* 
in parallel. It is a little difficult to decide which space should be viewed as the 
principal one: Y* is perhaps more important from the point of view of classical 
mechanics, since it plays the role of the phase space, whereas the dual phase space 
YV is more natural quantum mechanically, since we use it in the CCR relations. 

Recall that Ç € L,(Y*,Y) iff ¢ e L(V*,Y) and ¢* = ¢. We write ¢ >0 if 
u-Cv > 0, v € Y*. We write Ç > 0 if in addition Ker ¢ = {0}. 

The following section is a preparation for the next two where we consider a 
regular CCR representation over yY. 


10.1.1 Symplectic transformations 
Let r € L(Y). Recall that r € Sp(V) iff 


wr = Ww. (10.1) 
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This is equivalent to r* € S'p(Y*), which means 
ro tr swt, (10.2) 
We have an isomorphism of groups, 
Sp(V) > r= wrw™! = (r*#)! € Sp(y*). 


Let a € L(Y). Recall that a € sp(V) iff a#w + wa = 0. This is equivalent to 
a* € sp(Y*), which means aw™! + w-ta* = 0. Note that 


sp(Y) Dar waw™! = —a* € sp(y*) 


is an isomorphism of Lie algebras. 


10.1.2 Poisson bracket 
Definition 10.2 For bı,bọ € C!(Y*) we define the Poisson bracket 


{by bo }(v) := wVbj (v)-Vbe(v) = —Vb1(v)-wVb2(v). 


C™(Y*) equipped with {-,-} is a Lie algebra. 


Definition 10.3 By a quadratic, resp. purely quadratic polynomial we will 
mean a polynomial of degree < 2, resp. = 2. 


Recall that the space of complex quadratic, resp. purely quadratic poly- 
nomials on Y* is denoted CPolS?()*), resp. CPol2(Y*). Both are Lie sub- 
algebras of C% (V* ) w.r.t. the Poisson bracket. More precisely, if A; € C, y; E€ CY, 
Gi E€ CL, (V*, V) and y;(v) := A; + yiv + SUG, then 


{x1 X2 v) = -y wy + (wy, — Gwys)-v 
+ TET + Gw)v. 


If x € CPolS?(*), so that x(v) = A+ yw + tv-Çv with A €C, y € CY and 
¢ € CL. (VX*, V), then 


CY* > v= wVxlv) = wy + w¢v € CY” 


is an affine transformation on CY*. We have surjective homomorphisms of Lie 
algebras 


CPolS*(Y*) > x > wVx € asp(Cy* ), 
PolS*(Y*) > x wVx € asp(Y*) 
(see Def. 1.102 for the definition of asp(CY* ) and asp(Y* )). 


Definition 10.4 If (w,a*) € asp(Y*) andwVx(v) = w + a* v, then we say that 
x is a Hamiltonian of (w,a*). 
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Clearly, every element of asp(* ) has a one parameter family of Hamiltonians 
x differing by a constant. We will usually demand that (0) = 0, which fixes the 
choice of a Hamiltonian in a canonical way. With this choice, 
xlv) = (wt w)-0 + 3’ w'a" v. 
Let x € PolS*()*,R), and let v; solve 


d 
Lu =wVx(), % =. 


dt 
Clearly, v, = eV v. Moreover, if b € C1(Y*) and if we set b,(v) = b(v), then 
d 
ge O) = {x be} Cv) = {x b} (ue). (10.3) 


10.1.8 Spectrum of symplectic transformations 


Recall that a subspace Y, of VY is called symplectic iff w restricted to Vı is 
non-degenerate. The following proposition is immediate: 


Proposition 10.5 Let Y = Vi 6--- OV, and let Vi,...,V_, be mutually w- 


orthogonal subspaces. Then all ¥;,i1=1,...,k, are symplectic. 


Definition 10.6 An element r € Sp(Y) such that Ker(r + 1) = {0} will be called 
regular. 


Proposition 10.7 Let r € Sp(y). 


(1) spec re is invariant under C > z > 271 € C. 
(2) For à € specrc N {Imz > 0, |z| > 1}=: A, set Py := Liya xylo). 
Then P, are real projections, constitute a partition of unity, commute with 
r and PX wc = weP. 
(3) If we set Yy := PYV, then Vy are symplectic, mutually w-orthogonal, invari- 
ant forr and Y = @ V. 
AEA, 


(4) Set Veg = yY-1 and Vreg = (S Vy. Then y = Veg P Vreg- If we set 
AEA, \{-1} 
k :=(—1) 9 1, then 
r = Kro = ToK, (10.4) 
k is a symplectic involution and ro € Sp(V) is regular. 
Proof r*w = wrt! implies (1). We also obtain 


-1 


we(zl— rgt) = (zl — rý) twe. 


Hence 
wely,-14(rc) = wely}(re') = Ip} (ré)we. 
Therefore, 


wells, \-13(re) = liaa (re we = py,,-13(7c)* we. 
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If JA] _ 1, then Py = lra a} (rc). If |A| Æ 1, then 
Py = lia a-i} (rc) + lyy (re)- 


In both cases, P, is real and can be restricted to Y. This proves (2). 
(2) implies (3), which yields (4). 


There exists a classification of quadratic forms in a symplectic case due to 
Williamson. The following proposition is its special case for a positive semi- 
definite quadratic form, which is all that we need. Note that it would have a 
much simpler proof if we assumed that the form is positive definite. 


Proposition 10.8 Let ¢ € L,(Y*,Y) and Ç > 0. Then we can find p<m<d, 


Ai,-++;Ap > 0 and a basis (e1,..., e24) in Y so that, if the corresponding dual 
basis of Y* is (e!,...,€?4), then 
werj1 = —e7), wer; = eil j=1,...,4; (10.5) 
gei- = Aj 627-15 Cei = Azera] = hesap (10.6) 
geil = ej-i, Ce =0, j=p+1,...,m; (10.7) 
eil = 0, ei =0, j=m+1,...,d. 


Consequently, specw¢ C iR. Besides, spec (—(w¢)?) C]0, oo| and (w¢)? is diag- 
onalizable. If ¢ > 0, then wÅ is diagonalizable as well. 


Note that we have two forms on Y#: Ç and w~!. The complements of V C Y# 
w.r.t. these forms have standard symbols VS+ and ye +. For brevity, we will 
write V+ for the former and V° for the latter. 

For the proof of Prop. 10.8 we need two lemmas. We set 


Vi := Ker, Vo := VP, V3 := (Va)4, Vi = V3. 
Lemma 10.9 We have a direct sum decomposition, 
Yt = V; Ọ V4, 
which is both w™!- and ¢-orthogonal, and ¢ is non-degenerate on V4. 


Proof We have 


Vi = (YF C VE = Va, (10.8) 
hence 
Vi = V; C V =V. (10.9) 
Clearly, 
Viet) = vs (10.10) 


From (10.9) and (10.10), we get 
Vz c V3. (10.11) 
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Let us show that V3 N V, = {0}. Assume that v € V; N Vy and v Æ 0. By (10.11), 
we have v-v = 0, hence v € Vi. 
By the non-degeneracy of w7}, there exists v’ such that v’-wv Æ 0. Let us fix 
a basis (e!,...,e%) of V> such that 
é. ce =0, fori Fj, 
é. é =1, forl<i<p, 
é. Cé =0, forpt+1<i<gq. 
We set v” = v' — X }_ 1 (v'-Ge’)e’ so that v”-Çet = 0 for 1 < i < q, and hence v” € 
V = V3. Since v” — v’ € V = V?, we have v”-w™tu = v'-w™tv Æ 0. Therefore, 
v € V3 = V4, which is a contradiction. 
Hence, Vs N V, = {0} and Y* = V; @Vy. The direct sum is clearly w~!- 
orthogonal, and also -orthogonal by (10.11). Finally, V4 A Vi C V4 N V3 = {0} 
by (10.8). Hence, ¢ is non-degenerate on V4. 


Lemma 10.10 There exists a direct sum decomposition 
V* = Vs $ Vr @ Va 


which is both w™!- and ¢-orthogonal, such that is non-degenerate on V4, Ker Ç N 
Vy is Lagrangian in V7, and € =0 on Vg. 


Proof Let V5 C Vz be a maximal subspace on which Ç is non-degenerate. By 
(10.8), Vi C V3, so V3 = Vi B V;. Set 


Ve := V N Va, Vv; = Ve + Vs; Vs = Ve N Vz. 
We claim first that 


V; N (Vi + V2) = {0}, (10.12) 
Ve NV? = {0}. (10.13) 


In fact 
Vs N V + V2) © Vs N (Vi + V2) =V} nM + Və) C Vi 


Hence, V; N (Vi + V2) C V; NV, = {0}. 
Similarly, 


Ve NAVE C V NAVE = VE NA VE = (Vi +V)? = V3 = Va. 


Hence, Ve NVE C Vs N Vy = {0}. 
Recall that if E1, E2, F are subspaces of E, then 


(E+E) QF=E QF+E:NF, if E; C F for i=1 or 2. (10.14) 
Let us prove that 
V7 N Vs = {0}. (10.15) 
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In fact, 
Vg = Ve N V? A Vs = (Vi + V2) A VÈ N V3, 
hence 
Vz NA Vs = (V5 + Ve) O (Vi + V2) AVS. 
Since Vg C Vi + Vo, we have 
(V5 + Ve) A (Vi + V2) = Vs N (Vi + Vo) + Ve N (Vi + Vo) = Vo, 


using (10.12). Next, Ve N V$ = {0} by (10.13), which proves (10.15). 

It follows that V3 = V7 ® Vs, and that this decomposition is w™t-orthogonal. 
Since Vg C (Vi + V2) NV3 C Vı, the decomposition is also -orthogonal and ¢ = 
0 on Vs. 

Finally, Ker ¢ N V7 = Vi N V7 = Vi N V2 and 


(Vi N V2)? A V7 = (ViN V2) NAV = (Vi + V2) (VA Ve + Vs) 
= V NA V + (Vi + V2) NA V; = V NV, 


by (10.12). Hence, Ker ¢ is Lagrangian in W7. 


Proof of Prop. 10.8. We first consider separately three cases: 
Case 1: ¢ is non-degenerate. We can treat Y as a Euclidean space and apply 
Corollary 2.85 to the anti-symmetric operator wÇ with a trivial kernel. 
Case 2: Ker ¢ is a Lagrangian subspace of Y* . Let V a maximal subspace of Y* on 
which Ç is non-degenerate. We check that V is Lagrangian and Y* = V @ Ker ¢. 
We choose a -orthogonal basis (e!,...,e7) of V and complete it to a symplectic 
basis of Y* by setting e? = w¢e’, for 1 < j < d. 
Case 8: Ç=0. We choose any symplectic basis of Y*. 

In the general case we use Lemma 10.10 and apply Case 1 to V4, Case 
2 to V7 and Case 3 to Vg. The remaining statements of the proposition are 
immediate. 


Proposition 10.11 Let ¢ € CL,(Y*,¥), with Re¢ > 0. Then spec (w) C C\R. 


Proof Set ¢=@ +i, with ¢1,¢) real and ¢; > 0. Let w € CY” with wow = 
Aw be an eigenvector of wÇ for a real eigenvalue A. Let w = wı +iwe, with 
w1, w2 E€ VY. Then, 

2Ailw tw w2) = (www) 
(wo! DlwCw) = - (Tw) 


= —(wi|Cwi) + (we|Cwe). 


II 


Since A € R, taking the real part yields (wı|& w1} + (w2|¢,w2) = 0, and hence 
w=0. 
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10.1.4 Poisson bracket on charged symplectic spaces 
Recall that a complex space Y equipped with a non-degenerate anti-Hermitian 
form J; wy is called a charged symplectic space. Its realification Vp is equipped 
with an anti-involution given by the imaginary unit denoted by j and the sym- 
plectic form 


1 — PEES 
z Trwy + y W2). (10.16) 


Recall that v denotes the generic variable of Y* (which in this subsection is 
complex). Recall from Subsect. 4.1.5 that every function F on Y* has the usual 
derivative V" F(v) € Cy, the holomorphic derivative V, F(v) € YV and the anti- 
holomorphic derivative VyF (v) € Y , related by the identities 


Yi -Wry2 := Rey, wy: = 


1 
u-VR =uV, +UVs, u c y*. (10.17) 


The symplectic form wg allows us to define a Poisson bracket. Its expression 
in terms of real derivatives is 


{F,G}(v) = —V®F(v)-weV"®G(v). 


Proposition 10.12 The Poisson bracket expressed in terms of the holomorphic 
and anti-holomorphic derivative is 


{F,G}(v) = —5VoF (vw) 7 SV. F(v) BVeG(2). 


Proof We can write CYg œ Y @ Y; see (1.33). By (10.17), VEF = (V, F, VF), 
VEG = (V.G, VzG), as elements of Y © Y. Besides, by (10.16), we written as a 
matrix VOY yt © y“ is 
1 p J 
WOR= 2 


2ļw 0 


10.2 Quantum quadratic Hamiltonians 


As in the previous section, (VY, w) is a finite-dimensional symplectic space. We 
also fix an irreducible regular CCR representation Y > y > W (y) € U (H). Recall 
that, for b € S’(Y*), Op(b) denotes the Weyl-Wigner quantization of b. 

Recall also that CPol£? (Y*) denotes the set of polynomials on Y* of degree 
<2. CCR? (V) will denote the set of operators on H obtained as the Weyl- 
Wigner quantization of elements of CPol£?(Y#). These operators will be called 
(quantum) quadratic Hamiltonians. (Obviously, in the above definition we can 
replace the Weyl-Wigner quantization with z, D—, D,x—, Wick or anti-Wick 
quantizations.) 
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This section is devoted to the study of quantum quadratic Hamiltonians. We 
will see in particular that they behave to a large extent in a classical way. 


10.2.1 Commutation properties of quadratic Hamiltonians 


Recall that V(b denotes the second derivative of b € S’(Y*). We treat it as a 
distribution on Y* with values in L,(Y*,Y). 

The following theorem is one of the most striking expressions of the correspon- 
dence principle between classical and quantum mechanics. 


Theorem 10.13 (1) For x € CPol=?(*), b € S'(Y*) we have 


i[Op(x); Op(b)] = Op({x,b}), (10.18) 
5 (Op(x)Or(b) + Op(6)Op(x)) = Op (x+ Trovu.) 
(2) The map 
CPol*(") 3 x> Op(x) € CCR V) 


is a x-isomorphism of Lie algebras, where CPol£? (y* ) is equipped with the 
Poisson bracket {-,-} and CCR? (Y) is equipped with if-,-]. 


Proof (1) follows from (8.41) by expanding the exponential. (2) follows imme- 
diately from (10.18). 


In the following definition one cannot replace the Weyl-Wigner quantization 
by the other four basic quantizations. 


Definition 10.14 We denote by CCR3°'()) the set of operators obtained by the 
Weyl-Wigner quantization of polynomials in CPol? (Y* ). Elements of this space 
will be called purely quadratic (quantum) Hamiltonians. 


It will be convenient to introduce the following notation for purely quadratic 
Hamiltonians: 


Definition 10.15 If¢ € L.(CY*,CyY), then Op(¢) will denote the Weyl- Wigner 
quantization of Y* Juve v-Cv. 


Note that if x(v) = v-¢v, then Vx(v) = 2¢v and V”? x = 2¢. 
Proposition 10.16 (1) For G, € L,(CY*,Cy), 


[Op(¢1), Op(¢2)] = 2i0p(G2-w1 — G1 wa). 


Hence 
sp) > a [Op(aw"!) € CCR”) 


is an isomorphism of Lie algebras. 
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(2) For ¢ € L.(CY*, CY), y E€ V, 
W(y)Op(¢)W(y)* = Op(¢) + 2¢ (Cwy) — (y-wCwy) 1. 


Proof (1) immediately follows from (10.18). To prove (2), we use 
W(y)o(m)W(y)* = by) + yi wyt. 


10.2.2 Infimum of positive quadratic Hamiltonians 


Quantizations of positive quadratic Hamiltonians are positive. One can give a 
formula for their infimum, which in quantum physics is responsible for the so- 
called Casimir effect. 


Theorem 10.17 Let ¢ € Ls(Y*,Y), ¢ > 0. Then Op(¢) extends to a bounded 
below self-adjoint Hamiltonian and 


1 
inf Op(¢) = z EV- Cw). (10.19) 
Remark 10.18 By Prop. 10.8, — (wÇ)? is a diagonalizable operator with non- 


negative eigenvalues, hence \/—(w¢)? is well defined. 


Proof of Thm. 10.17. Let (e1,...,€2a,e',...,€2%) be as in the proof of Prop. 
10.8. Writing ¢; for é(e;), we obtain 


O =Y Aj (G3j-1 +.43)) + DO ira 
j=l k=p+1 


Clearly, inf œ? = 0. By the well-known properties of the harmonic oscillator, 
inf($3;41 + $3;42) = 1. Thus 


Now, 
€j, 1 < j Š 2p, 
—(¢w}ej =0, 2p+1< k< 2d. 


p 
Thus, Try- (w)? =2 X A;. 
j=1 


10.2.3 Scale of oscillator spaces 


In the Fock space [,(Z), a distinguished role is played by the number operator 
N. It allows us to define a family of weighted Hilbert spaces (N + 1)'T,(Z), 
which is often used in applications. 
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Recall that in this section we consider a regular CCR representation over a 
finite-dimensional symplectic space VY 3 ye W (y) € U(H). In this framework, 
in general we do not have a single distinguished operator similar to N. However, 
a similar role is played by the whole family of positive definite quadratic Hamil- 
tonians. They define a family of equivalent norms, as shown by the following 
proposition. 


Proposition 10.19 Let ¢,¢, € Ls(V*,Y), where ¢,¢, > 0. Then for any t > 0 
there exist 0 < C, such that 


Cr Op(G1)' YII < OKO Fl] < lOG YI, YEH. (10.20) 


Proof Choose a basis, as in Prop. 10.8. Using this basis, we can identify H with 
T,(C“) and Op(¢) with dI'(h) + 341, where the operator h is diagonal and has 
positive eigenvalues. Using the natural o.n. basis of T, (C?) we easily check that 
for any n = 1,2,... there exists C, such that 


|Op(G.)" I? < Cn [OKOE]. 


By interpolation, this implies the first inequality in (10.20). Reversing the role 
of ¢ and ¢; we obtain the second inequality. 


Definition 10.20 For any t> 0, the t-th oscillator space Ht is defined as 
Dom Op(¢)', where ¢ € L,(Y*,V), ¢ > 0. By Thm. 10.19, H! does not depend 
on the choice of ¢ and has the structure of a Hilbertizable space. We set 
H= (HY 

Recall that in Def. 8.50 we defined H® and in Def. 8.51 we defined H79. 
They are related to spaces Ht as follows: 


HOS ily. Vee Le (10.21) 


t>0 t<0 


10.2.4 Quadratic Hamiltonians as closed operators 


Prop. 10.19 shows that all Op(¢) with ¢ > 0 have the same domain and in par- 
ticular are essentially self-adjoint on H. The following theorem describes more 
general classes of quadratic Hamiltonians. 


Theorem 10.21 (1) Let x € PolS*(Y*) (x is a real quadratic polynomial). 
Then Op(x) is essentially self-adjoint on H™. 

(2) Let x € CPolS*(Y*) (x is a complex quadratic polynomial). Assume that 
the purely quadratic part of x is positive definite. (In other words, y(v) = 
utyut suv with p EC, y € CY, ¢ E€ CL.(Y*,V) and Reç > 0.) Then 
Op(x) is closed on H! and maximal accretive. 
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Proof Fix Ço € Ls(¥Y, Y*) such that Co > 0, and set N = Op(¢o). Op(x) is Her- 
mitian on H®. By (10.20), we have 


[OPDI] < CINSI, Be Hn. 


Next we have [Op(x),iN] = Op{x,¢}. Since {x, Co} € PolS’(Y*), we have 
{x; Go} < Co for some C, and by Thm. 10.17 we get [Op(x), iN] < C(N + 1). 
Applying Nelson’s commutator theorem, Thm. 2.74 (1), we obtain that Op(x) 
is essentially self-adjoint on Dom N, hence also on H°, since N is essentially 
self-adjoint on H%. This proves (1). 

To prove (2), we set xı = Re x, x2 = Im x, Bi = Op(xi), B = Op(x). We note 
that 


+[|B1,iB2] = Op({x1, X2}) < C(Bı + 1), (10.22) 
by Thm. 10.17. We write 
B*B = B? + B? + |B1,iB2] 


(10.23) 
> B? — Cı (Bı + 1) > 5B? - 021, 
using (10.22), which shows that B is closed on Dom B1. Next 
Re(U|BW) = (U|B, Y) > 0, (10.24) 


by Thm. 10.17. It remains to prove that B + A is invertible for large enough 
à. Inequalities (10.24) and (10.23) for B replaced by B+ 1 show that 
Ker(B + All) = {0} and that Ran(B + All) is closed. Next we have 


(B+ AB + cll)~' + $(B, + cll)~*(B* + All) 


Bı + cll)~? (Bı + Al)(By + cll)~? + 4 (By + cl)~![B,,iBy](By + cl)7! 
Ml — C)(B, + cl)“, 


= 
zat 
again using (10.22). If Y € Ran(B + All)+, then 


Re (W|(B + Al)(B, + cll)! Y) = 0, 


and hence Y = 0 if A is large. This completes the proof of (2). 


10.2.5 One-parameter groups of Bogoliubov «-automorphisms 


Classical quadratic Hamiltonians generate one-parameter groups of linear sym- 
plectic transformations. On the quantum level one can assign two roles 
to a quadratic Hamiltonian H: i[H,-] generates a one-parameter group of 
*-automorphisms el!” . e~4, and iH generates the one-parameter unitary group 
el!’ The following theorem describes the former group. The latter group, which 


is somewhat more difficult, is discussed in the following section. 
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Theorem 10.22 Let x € Pol=? (Y*), ie. x is a real quadratic polynomial. Let 
bE S'(Y*) and b(v) = blett VX), Then 


ef OP(X) Op(b)e#OP(X) = Op(b;). (10.25) 
In particular, for y € Y, 


OPC) W (ye HOP) = W(e*Vx¥y), (10.26) 


Proof Let $, Y € H®, b e S(Y*). By (10.3), 


Set 
P; = et OPODO, Y, = eOr Y, 


We know that Op(x) is self-adjoint and ®, Y € Dom Op(x). Hence, by Thm. 
10.13 (1), 


. (®;|Op(b:) Wr) = —i(®:|[Op(x), Op(br)] Vr) 
+(®,|Op({x, 6: }) Y) = 0. 
Hence, 


eo #OP(X) Op(h; Jel’ OP O) = Op(b). 


This proves (10.25) for b € S(’*). We extend (10.25) to S’(Y*) by duality. 


For further reference, let us restate Thm. 10.22 for purely quadratic 
Hamiltonians. 


Corollary 10.23 Let ¢ € L;(V*, Y). Then forb € S'(Y)*, bi(v) = blett VS v), 
e7OP(O Op(bye7 2 9P() = Op(b;). 
In particular, for y € YV, 


eF OP(O) PW (y)e~ 2 OP) = Wey). 


10.3 Metaplectic group 


In this section, as in the previous one, (,w) is a finite-dimensional symplectic 
space and Y 3 y > W (y) € U(H) is an irreducible regular CCR representation. 
In this section we study unitary operators of the form e'¥ , where H is a purely 
quadratic Hamiltonian. We show that they form a group, called the metaplectic 
group, isomorphic to the double cover of the symplectic group. 
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10.3.1 Implementation of Bogoliubov transformations 


It follows from the Stone-von Neumann theorem that, for a finite-dimensional 
symplectic space, all Bogoliubov rotations can be implemented by unitary oper- 
ators. The set of such unitary implementers forms a group. 


Definition 10.24 We define Mp° (YV) to be the set of U € U(H) such that 
{UW(y)U* : ye V}={Wly) : ye VY}. 
Proposition 10.25 Let U € Mp*(yV). Then there exists a unique r € Sp(yV) 
satisfying 
UW (y)U* =Wiry), yey. (10.27) 
The map Mp° (VY) > S'p(V) obtained this way is a group homomorphism. 
Definition 10.26 If (10.27) is satisfied, we say that U implements r. 
Note that (10.27) is equivalent to 
UOp(a)U* = Op(aor*), a € S'(y*). (10.28) 


There also exists a smaller group that is sufficient to implement all linear 
symplectic transformations. Its definition is more involved. As a preparation for 
this definition, with every r € Sp(V) we associate a pair of unitaries +U, differing 
by a sign: 


Definition 10.27 (1) Let r € Sp(V) be regular (see Def. 10.6). Let y € sp(V) 
be the Cayley transform of r, that is, y = 4=" (see Subsect. 1.4.6). Set 


l+r 
U, := £Op(f), 
where f(v) = det(1 +y) 7T”, (10.29) 


(2) Let r € Sp(VY) be arbitrary. Let r = ror be the canonical decomposition of 
r into a regular ro € Sp(Y) and an involution k E€ Sp(V) given by (10.4). 
Let Y = Vee P Vreg be the decomposition of the symplectic space such that 
k =(—1) 1. Let m = dim Ysg. Then we set 


U, := +U, Un, 


for 


Uk := +Op((ir)"/? sg), 


where ds is the Dirac delta function at zero on Me times 1 on Vrag: 


Note that under the assumptions of Def. 10.27 (2), our CCR representation 
can be decomposed as the tensor product of a representation over Ysg and over 
Vreg, and then 


U; Sy oi, 
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where Isg is the parity operator corresponding to Ysg, defined as in Subsect. 
8.4.4. 


Definition 10.28 Mp(V) is the set of operators of the form +U, for some 
r € Sp(y). It is called the metaplectic group of V. 


Theorem 10.29 Let r € Sip(Y). 


(1) The set of elements of Mp(Y) implementing r consists of a pair operators 
differing by the sign +U, = {U,,—U,}. 

(2) The set of elements of Mp° (Y) implementing r consists of operators of the 
form uU, with |p| = 1. 

(3) Ifri,r2 € Sp(Y), then Up, Ur, = Ur r. 


The above statements can be summarized by the following commuting diagram 
consisting of exact horizontal and vertical sequences: 


(10.30) 


The meaning of all the arrows in the above diagram should be obvious. In 
particular, the horizontal arrow U(1) > U(1) is just u > p?. 

It remains to prove Thm. 10.29. We start by considering the case of regular 
symplectic maps. Recall that the formula for +U,. is then given in (10.29). 


Lemma 10.30 Let r € Sp(V) be regular. Then 


(1) U, intertwines r, i.e. 


U,o(y) = ġ(ry)Ur, yey. 


(2) U, is unitary. 
(3) If r1, r2,r € Sp(V) are regular and rır = r, then U,,U,, = £U, . 


Proof Let y € Y. Set b(v) = vqw™tv. Using Thm. 10.13 (1), we obtain 


Ov(e)6ly) = Ople"Optv) = Op (ey — Fue"). 
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Now, 
dy- : {ye} =e (1 yy 
= (lt y)ry = etry + : {ry,e?}. 


Hence, 
Ovie®)6ly) = Op (e%(ru) + 5 {rve} ) = olry)Ople 


Thus Op(e!”) intertwines r, and hence (1) is true. 

Let by, b2,b, 71,72,y be related to rı,ro,r as in (10.29). We know that 
Op(e"! )Op(e?) intertwines r. Likewise, we know that Op(e'”) intertwines r. 
Hence, for some c, 


Op(e™ )Op(e™) = cOp(e”). 


Next using Thm. 8.70 and formula (4.12), we obtain that Op(e!”! )Op(e'”2) has 
the symbol 


dv d 
fewlone tn + ivo yaw tv —2ivy wtu — Qiv-wo!v2 + 2iv, v2) re 
l ; dv du 
= mt f exp (i(v1, v2)-o(u1, v2) + 218-(v1, v2)) E7 5, 
(10.31) 


where 


(10.31) equals 
det (—io)~? exp(—i0-0~'6). 


Setting v = 0 and using Subsect. 1.1.2, we obtain 


c= det(—io)~? =E det(1 + y2). 
Next, by (1.49), 


1+y= (A+A n AH 1). 


Hence, 


1 


det(1 +7)? = +det(1+ 72)? (1+ y172)7(1+ 1)?. 


Therefore, 


det(1 + 7)? Op(e!”) = + det(1 + y)? Op(e”) (1+ 91)? Ople). 
This proves (3). 
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It remains to prove that U, is unitary. We have Už = AU,.-1, for 


à= det (1+ 7)’ det(1—7)7?. 


Since by (3) U,-1U, = +U1 = 1, it suffices to verify that |A| = 1. But using 
that det a = det a* , we get 


det(1 + y) = det (w(1 — y)w7') = det (1 — 7). 


This implies that |det(1 + 7)7| = | det(1 — 7)7 |, which completes the proof of 


(2). 


To treat the general case we will need more lemmas. 


Lemma 10.31 Let rı,r2,r3 be regular. Then we can write rg as ro = fafs with 
T2, f2, r1ř2 and for3 regular. 


Proof Let D= {r € Sp(Y) : r and rır are regular}. Clearly, D is an open 
dense subset of S'p(V) containing 1. Hence, we can write rg as r2 = f2f2, where 
T2, rıř2 are regular and Il — fə can be made as small as we wish. Then if 1 — 7, 


is sufficiently small, ĉo and fərz are regular. 


Lemma 10.32 Let r;,7; E€ Sp(VY) be regular for 1<i<p. Assume that 
Ti Tp =P fp. Then 


U,, -+-U,, = £U;, U; 


fp’ 


Proof If r is regular, so is r~', and hence, by Lemma 10.30, U,-1 = +U; +. 
Therefore, we are reduced to proving that 


Tı eee Tp == 1 = Ur eee U, — +1. (10.32) 


Tp 


Using Lemma 10.31, we write r1r2r3 as rıf2f2r3. Then, by Lemma 10.30, we get 


Ur, = Ur Un, Un Urg Ur, = U, Ur, Ur, Un, = EU, fa Urara. 


Relabeling the r;, we are reduced to showing (10.32) with p replaced by p— 1. 
Continuing in this way we end up with 


rr =l => Uri Ur, = +1, 


which holds since rı,r2 and {1 are regular. 


Lemma 10.33 Let « be a symplectic involution, so that there exists a decompo- 
sition Y = Vreg B Veg into mutually w-orthogonal subspaces and k = (1) 1. 
Decompose Ysg further as Veg = Xsg Ð Xsg, where Xsg is a Euclidean space, with 
the standard symplectic form on Ysg. Set 


0 -1 0 
u:=|]1 0 0j € SpV). 
0 0 1 


Then u € Sp(V) is regular, u? = k and +U, = +U?. 
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Proof The lemma follows by the properties of the evolution generated by the 
harmonic oscillator; see Subsect. 10.5.1. 


Proof of Thm. 10.29. Let us show that Mp(Y) is a group. Let r1, r2,r3 E€ Sp(Y), 
rır2 = r3. Let ri = kiro; be the decomposition described in (10.4). Applying 
Lemma 10.33, we can write k; = u?, where u; € S'p(V) are regular. Thus, we 
have 


2 2 2 
rır? = T01 U1 702 U9 = T03 U3 = r3. 


By definition and then Lemma 10.33, 


+ U,, Un = Un UZ Um U2 (10.33) 


ul u2)? 
Un, = Un Ua (10.34) 


ug’ 


By Lemma 10.32, (10.33) equals (10.34). This proves also that Mp(Y) —> Sp(V) 
is a homomorphism with the kernel consisting of {1, —1} ~ Z2. 

It is obvious that Mp° (V) is a group. It clearly contains Mp(V), and hence 
the homomorphism Mp° (Y) —> Sp(V) is onto. By the irreducibility of the CCR 
representation, the kernel of this homomorphism is U(1). 


10.3.2 Semi-groups generated by quadratic Hamiltonians 


In the next two theorems, we will compute the Weyl-Wigner symbol of the 
semi-group generated by a maximal accretive quadratic Hamiltonian and of the 
unitary group generated by a self-adjoint quadratic Hamiltonian. We start with 
the case of a maximal accretive Hamiltonian. 


Theorem 10.34 Lety € CY, ¢ € CL,(Y*,Y). Assume that Re¢ > 0. Consider 
the complex quadratic polynomial 


xlv) = yu + v-v. (10.35) 
Then for t> 0, the bounded operator e'©P() has the Weyl-Wigner symbol 
felv) = (det cos tw)? exp (-v-w"tg(tw6)o (10.36) 


= 1 = E 
-y (W) tgltwt v + 7Y (E = (W) tgltwe)) y). 
The next theorem describes the case of a quadratic self-adjoint Hamiltonian. 


Theorem 10.35 Lety € Y, ¢ € Ls(Y*,Y). Consider the real quadratic polyno- 


mial x defined as in (10.35). For t € R, let g(v) be the Weyl-Wigner symbol of 


the unitary operator e~"OPOO), 


(1) If TZA spec tw = 0, then 


gi(v) = (det cosh twt)? exp (iow tanh(tw¢)vu (10.37) 


+iy-(w¢)~ tanh(tw¢)v + ty ((w¢)7' tanh(tw¢) — t1) Cty). 
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(2) In the general case, to find the Weyl-Wigner symbol of e~#0? we can do 
as follows. We choose ¢ E€ Ls(V*,Y) with G > 0. We set Çe := Ç + ied, and 
let ge + be defined by (10.37), where ¢ is replaced with ¢.. Then 


li > 0; 
lim ge,e(v), t > 0; 


g(v) = x 
him geal), t<0. 


Proof of Thm. 10.34. We first note that e~'0P00 is well defined as a strongly 
continuous semi-group, since Op(x) is maximal accretive. Note also from Lemma 
10.11 that w¢ and Çw have no real eigenvalues, so the operator tg(tw¢) is well 
defined by the holomorphic functional calculus and cos(tw¢)? £ 0. 

Since 


1 
ðe 7OP(X) — =m (O(a: 2? +4 e PM Op(x)), 
it suffices, using Thm. 10.13, to verify that 


ô filv) = —x(v) fi(v) + £TH(VO VVO fir(v)w, 


(10.38) 
fo(v) =1. 
We have 
fev) = flv) (= v-G cos? (tueG)u — y+ cos? (turg)u 
+ iy (11— cos? (twt) Cty — si log det cos(twc)) 
= filv) (= vv = yv — v-Gtg?(tw6)u — yrtg? (twe) 
+ Tute (to) y + 5 Troctgtw)). (10.39) 
Now, 
VO x(v) = 26, 


VO fw) = —fi(v) (areo 


— |te(tag) (207! + (W) y) (telte) (2w + wo) 
Using that Tr|y:)(y2| = (y2lyi), we get 
T(V x)wV fi (vw = filv) (4Trwctg(twl) (10.40) 


+8u-wCtg? (twC)u + 8u-tg?(twd)y + 2y-¢-ty) . 


Comparing (10.39) and (10.40) we see that (10.38) is true. 
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Proof of Thm. 10.85. We may assume that t > 0. For e > 0, set v-(v) = x(v) — 
iev-¢,v. Then we have 


e OPC) = s — lim e~#OP (Xe). 

€\0 
This implies that e~#0P(%) converges to e~#°P(™) in CCRS (Y). This implies 
that the Weyl-Wigner symbol of e~‘0P(*«) converges to the Weyl-Wigner sym- 
bol of e~#©PO0 in S’(Y*). Hence Thm. 10.35 follows from Thm. 10.34. 


The following theorem provides an alternative definition of the metaplectic 
group: 
Theorem 10.36 (1) Let € L.(Y*,Y). Then iP) € Mp(y). 
(2) Conversely, Mp(V) is generated by operators of the form OP) with ¢ € 
Ls (yt J) £ 


Proof By Thm. 10.35, e'°?) = Op(g), where 
g(v) = (det cosh twC)~? exp (iv-w7! tanh(tw¢)v) . 


Set r = eS”, Then 


ee? —eS¥ 
i oe! et” 4 ee = tanh Cw, 
eb’ 
Py sae oa 
cosh Cw 


Taking into account that det eS” = 1, we obtain that 
g(v) = det(1 + yw) Fei”, 


This proves (1). 

All elements of S'p(V) in a neighborhood of 1 are of the form r = e° for a € 
sp(). By (1), the corresponding +U, are of the form e!°?(5) for ¢ € Ls(Y*, YV). 
But the whole group S'p(V) is generated by a neighborhood of 1. This proves 


(2). 


10.3.8 Mp(y) as the two-fold covering of Sp(Y) 


Definition 10.37 Let G be a path-connected topological group. A covering group 
of G is a path-connected topological group G with a surjective homomorphism 
m:G—>G. If for each g € G the set n™!(g) has n elements, then G is called an 
n-fold covering of G. 


Introducing an arbitrary Kahler structure on Yy and considering the polar 
decomposition, we easily see that Sp(Y) is path-connected. The same argument 
shows that its fundamental group, that is, mı (Sp(V)), equals Z. Hence, for any 
n € {1,2,...,No} the n-fold covering of Sp(Y) exists and is unique up to an 
isomorphism. 
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The group Mp()) is clearly path-connected, since e/9?(), t € [0,1], is a con- 
tinuous path joining 1 and &°P), For U € Mp(J), let m(U) € Sp(Y) denote 
the symplectic transformation r implemented by U. By Thm. 10.29, 7~!(r) = 
{U,,—U,}. Hence, Mp(Y) is the double covering of Sp(V). 


10.4 Symplectic group on a space with conjugation 


Throughout this section we fix a finite-dimensional space ¥ and consider the 
space ¥* © X equipped with the symplectic form w and the conjugation T given 


by 
fo a o fa o 
Ei o AT kc ei 


Recall that its dual is isomorphic to X @ X* with the symplectic form w7 


=p [0 NY) tg ef, 
j = op 7 Slo -af 


The Poisson bracket on XY © X* takes the familiar form 


1 and 


conjugation T*: 


{b1, bo} = Vebi : Veb2 — Vrbi Vebo, bi, bz E C'(XK © A*). 


Recall from Thm. 1.47 that every finite-dimensional symplectic space can 
be equipped with a conjugation and is isomorphic to ¥* @ ¥. This section is 
devoted to a discussion of symplectic and infinitesimally symplectic transforma- 
tions in a symplectic space with conjugation. It is a preparation for the next 
section, where we consider the Schrödinger CCR representation on L? (X). 

As already discussed in Remark 10.1, we actually have two symplectic spaces 
with conjugation at our disposal: Y = X* ® X and Y” = X  X* . They are dual 
to one another and, as we know, both are relevant, as seen e.g. from the relations 
(10.27) and (10.28). We will explicitly describe Sp(Y*) and sp(*), since they 
appear more naturally in the quantization of classical symbols (but, obviously, 
it is easy to pass to Sp(V) and sp(¥V), to which they are naturally isomorphic). 


10.4.1 Symplectic transformations on a space with conjugation 
Let a* € L(X @X*). a* belongs to sp(¥ @ X*) iff 


a” = j =I ’ 


where a € L,(¥,X*), cE L(X), BE Ly (X*, X). 
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Let (¢,7)€¥ @X* and a* € sp(X @A*). Clearly, ((q,7), a*) Easp(X 9 X*). 
Its Hamiltonian is 


1 1 
XOX* > (2,6) x(x, E) = -7- rt GE pram + &-cx 4 58 BE. 


Let r* € L(X p X*). Write r* as 


rt = $ i l (10.41) 
r* € Sp(& @ X*) iff 
a*d— #b= 1, c*a=a*c, dřb= b" d, (10.42) 
or, equivalently, 
ad* — b = 1, ab* =ba*, cd* = dæ. (10.43) 


In fact, (10.42) is equivalent to (10.1) and (10.43) is equivalent to (10.2). We 
have 
dt b 
= 
fo = p at | i 


10.4.2 Generating function of a symplectic transformation 


In the next theorem we prove a factorization result for symplectic transforma- 
tions, similar to the one discussed in Subsect. 1.1.2. It will be used to define its 
generating function. 


Theorem 10.38 Letr* € Sp(¥  X*) be as in (10.41) with b invertible. 


(1) We have the factorization 
, [a o] [m 9f o alfao 
s si Aae a} |->» of lf ap oo 


e=db-! = bt-1d# € L,(¥,X*), 
f=bta=atbt- € L(&, &*). 


where 


(2) Define S € CPAS? (X X) by setting 
X x X D (21,22) S(x1, £2) := (b7tq) : x1 + (eq +1): 22 


1 1 
+3% - fri — 2 -blz + z”? - eX. 


nl+ le alle} =e] ass 


Then 
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iff 
Vx, 5(#1, 42) =—£1, Ve, S (21,22) = E2. (10.46) 


Proof The proofs are direct computations, using (10.42) and (10.43). 


Definition 10.39 The function S(a1,22) is called a generating function of the 
affine symplectic transformation (10.45). 


10.4.8 Point transformations 


Definition 10.40 Elements of sp(X @ X*) that commute with the conjugation 
T” are called infinitesimal point transformations. 


Their set is the image of the following injective homomorphism: 
gl(X) > c k > E spl OX). (10.47) 


X P XË 3 (x, £) cr = r-c* € is the Hamiltonian of (10.47). 


Definition 10.41 Elements of Sp(X  X*#) that commute with the conjugation 
T” are called point transformations. 


Their set is the image of the following injective homomorphism: 


GL(#) ams k o 


j rl E€ Sp(X @ X*), (10.48) 


We have 


10.4.4 Transformations fixing X* 
The set of elements of sp(¥ © X*) that send ¥* to zero is the image of the 
following injective homomorphism of Lie algebras with the trivial bracket: 


L(X,X*) >am p o E sp(X @ X*). (10.49) 
The Hamiltonian of (10.49) is —4x-azx. 
The set of elements of Sp(¥ @ X*#) that fix elements of V* is the image of 


the following injective homomorphism of groups (where Ls(&,Æ*) is equipped 
with the addition): 


Rese f | E P(X @ X*). (10.50) 
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We have 


10.4.5 Transformations fixing X 


The set of elements of sp(¥ @ ¥*) that send Æ to zero is the image of the 
following injective homomorphism of Lie algebras with the trivial bracket: 


L(X*,X) 3 Bre E i E€ sp(& @A*). (10.51) 


The Hamiltonian of (10.51) is —$€-G€. 

The set of elements of Sp(¥ © X*) that fix elements of X is the image of the 
following injective homomorphism of groups (where L,(4* , X) is equipped with 
the addition): 


p 


LARP i 


| E Sp(X @ AX*). (10.52) 
We have 
ex lee ire 
Pio 0 (0 af 
The generating function for the transformation (10.52) is 


S(z1, £2) = F(a — x2) 87! (x1 — x2). 


10.4.6 Harmonic oscillator 


We choose a scalar product on ¥ and use it to identify ¥* with ¥. 
Consider the Hamiltonian x(x, €) = $2” + 44°. It generates the flow 


eyx | 7 | _ cost sint| |x} _ |£ 
| |—sint cost| | &l l&l 
(x? +x?) cost—220:£4 
2 sint ` 


Its generating function is S (xo, 214) = 


10.4.7 Transformations swapping X and X* 
Let b € L(X*, X). Then the following transformation is symplectic: 


0 b 
—b#-1 0l’ 


Its generating function is S(x£1, £2) = —x1:b7! ao. 


262 Symplectic invariance of CCR in finite-dimensions 


10.5 Metaplectic group in the Schrödinger representation 


As in the previous section, ¥ is a finite-dimensional real vector space. In this 
section we describe the metaplectic group Mp(¥* ® X) in the Schrödinger CCR 
representation on L? (¥). 


10.5.1 Metaplectic group in L?(R) 
We start with the one-dimensional case. Let us consider the Schrödinger repre- 
sentation in L? (R) over R @ R. We will describe some examples of subgroups of 
the metaplectic group Mp(R © R) C U(L?(R)). 
Example 10.42 Let y(x,£) = x-£. Then Op(x) = $(a@-D + D-z) and e~#OP(™) 
belongs to the metaplectic group. We have 


eHOPO) W(x) =e72*W(etz), Yer). 
Example 10.43 The multiplication operator en te” belongs to the metaplectic 
group. 


Example 10.44 The operator eo 7tD® belongs to the metaplectic group. Its inte- 
gral kernel equals 


10.5.2 Harmonic oscillator 


We still consider the one-dimensional case. Let x(x, £) := $€? + x°. Then 


Op(x) = 5D? + 427. The Weyl-Wigner symbol of e~!0P) is 
w(t, x, £) = (ch$)—' exp(—(a? + €?)thé). (10.53) 
Its integral kernel is given by the so-called Mehler’s formula 


(x? + y?)cht + 2ry 
2sht 


W(t, x,y) = m7? (sht)7? exp (= 


e#0PO) has the Weyl-Wigner symbol 
w(it, æ, €) = (cos £)~’ exp (—i (£? + €’)tg4) (10.54) 


and the integral kernel 


aes —(z? +y’) cost + 2 
W (it, 2,y) = 7 >| sint¢| re Te Hiep ( LUDO 2), 


2isint 
Above, [c] denotes the integral part of c. 


It is easy to see that (10.53), resp. (10.54) are special cases of (10.36), resp. 
(10.37). 
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We have W (it + 2i7, x,y) = —W(it, x,y). Note the special cases 
W(0, x,y) = d(x a y), 
W(E,2,y) = (27) -ten Feit, 
W(ir,z,y) =e" F(a +y), 


1 i3 


W (88, x,y) = (2r) tem E iev, 


Corollary 10.45 (1) The operator with kernel +(27i)~>e~'*¥ belongs to the 


—1 
metaplectic group and implements f 0 | 


(2) The operator with kernel +iô(x + y) belongs to the metaplectic group and 
implements a 
j f Si 


10.5.3 Quadratic Hamiltonians in the Schrödinger representation 


Until the end of the section we consider ¥ of any finite dimension. Any y € 
CPolS?(Y*) is of the form 


X O X* D (x, £) > x(a, £) = a(x) + E-cx + (E), 
where a € CPolS? (¥), 6 € CPolS?(X*) and c € L(&). We have 
Op”? (x) = a(x) + £- D + B(D), 


Op(x) = Op’? (x) + iTrc. 


10.5.4 Integral kernel of elements of the metaplectic group 


First we describe various examples of elements of the metaplectic group. 
Proposition 10.46 Ifm € GL(X) with detm # 0, then the operator 
+T U(x) = +(det m)? U(mz) (10.55) 


# 
belongs to Mp(X* X) and implements k et E€ Sp(X* @ X). 


Proof Assume first that det m > 0. Let c € gl(A’) such that m = e°. Recall that 
if x(x, £) = a-c* €, then 


Op(x) = x-c* D+ sh c Op?” (x) Sac" D. 
But ez Tte = (det e°)? = (det m)?. 


Suppose now that detm < 0. Fix an arbitrary Euclidean structure in ¥. We 
can write m as mim, where det mı > 0 and mz = 1 — 2ļ|e} (e|, where e € X, 
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m* 0 me 0 Il — 2|e) (e} 0 
=P h = 1 . Th 
Hels E | 0 Bel | 0 mall a. eaae TP 


first term we implement as above, the second by the exponential of a one dimen- 
sional harmonic oscillator; see Corollary 10.45 (2). 


Proposition 10.47 Let a € L,(¥,X*). Then e~2"°" € Mp(X#* X) and 


7 l a 
implements o al 


Proposition 10.48 Let b € L(X,X*). Then the operator with the kernel 


++(2mi)—# (det b) Felt $722 (10.56) 


—p-} 
belongs to Mp(X* X) and implements k 0 | : 


Proof Equip ¥ with a scalar product. We can identify ¥ with ¥* and write 
E a ‘a i 0 
bt o | {1 0 0 j? 
By Corollary 10.45, the operator with integral kernel +(27i)~ te7i”''*2 belongs 
to Mp(X @ X) and implements $ 0 | By Prop. 10.46, i bal is imple- 
mented by (10.55). Then we use the chain rule. 


Let us now describe the case of an (almost) arbitrary r € Sp(Vv* X). We 
can write r* = É l Recall from Thm. 10.38 that, if b is invertible, we can 


efe di oi a) 


and introduce the generating function of r*: 


factorize r* as 


1 1 
X x X D (41,22) S(a1, £2) := gti fei = 7-0 1a + 5 72 et. 


The following theorem is one of the most beautiful expressions of the cor- 
respondence between classical and quantum mechanics, since the distributional 
kernel of the (quantum) unitary operator U, is expressed purely in terms of the 
generating function for the symplectic transformation r*. 


Theorem 10.49 Let r € Sp(X* X) be such that b is invertible. Then the 
operators +U, E€ Mp(X* ® X) implementing r have their integral kernels equal 


to 


+U, (x1, 22) = +(2mi)~? \/— det Vz, Va, 5 079022), 
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Proof We can write 


ofa Ifo 2) Lt e] 
ral | F 0 le «| arr. 


rf and re are implemented in Mp(4* © X) by Ue = e7 2? 2 and Up= emitte, 
r, is implemented in Mp(¥* @ X) by Up, which has the integral kernel (10.56). 
Hence r = rfrpre is implemented by UsUpUe, which has the integral kernel 


+(2mi)~? (det b)~ Fe gti ST giti-b'a2e— 302-601 


10.6 Notes 


Normal forms of quadratic Hamiltonians were first established by Williamson 
(1936). Thus, Prop. 10.8 is a special case of Williamson’s theorem. 

The fact that Bogoliubov rotations are implemented by a projective uni- 
tary representation of the symplectic group was noted by Segal (1959). Its 
implementation by a representation of the two-fold covering of the symplec- 
tic group, the so-called metaplectic representation, is attributed to Weil (1964) 
and Shale (1962). The metaplectic group plays an important role in the concept 
of the Maslov index, the semi-classical approximation and microlocal analysis; 
see Maslov (1972), Leray (1978), Guillemin-Sternberg (1977) and Hormander 
(1985). The semi-classical approximation and microlocal analysis are asymptotic 
theories (where the small parameter is the Planck constant h or the inverse A~! 
of the momentum scale). One can obtain for example extensions of Thm. 10.35 
or Thm. 10.49 to non-quadratic Hamiltonians or non-linear symplectic maps. In 
these extensions the expressions of Weyl—Wigner symbols or distributional ker- 
nels are given by asymptotic expansions in terms of the small parameter. In the 
linear case these expansions have only one term and are exact. 

The first famous application of the symplectic invariance of CCR seems to 
be Bogoliubov’s theory of the excitation spectrum of the homogeneous Bose gas 
(Bogoliubov (1947a); see also Fetter-Walecka (1971) and Cornean—Derezitiski— 
Zin (2009)). 


11 


Symplectic invariance of the CCR 
on Fock spaces 


This chapter is a continuation of Chap. 9, where we studied Fock CCR repre- 
sentations. Our goal is to extend the results of Chap. 10 about the symplectic 
invariance of canonical commutation relations to the case of Fock CCR repre- 
sentations in any dimension. 


11.1 Symplectic group on a Kahler space 


The basic framework of this section, as well as most other sections of this chapter, 
is the same as that of Chap. 9. 

In particular, throughout the section, (V,-,w,j) is a complete Kahler space. 
We recall that for r € B(Y), r* denotes the adjoint of r for the Euclidean scalar 
product of Y. 

Recall that the holomorphic space Z in CY is defined as Ran 5( 1 — ij), so that 
CY = Z © Z. Z is a (complex) Hilbert space. 

In this section we study the symplectic group in a complete Kahler space of 
any dimension. We treat the symplectic form w as the basic structure of the 
Kahler space VY. However, the additional structure on Y plays an important role. 
In particular, it gives Y a Hilbertian topology, which is especially useful when 
we consider the infinite-dimensional case. 


11.1.1 Basic properties 


Definition 11.1 The group of linear transformations on Y that are bounded, 
symplectic and have a bounded inverse will be denoted by Sp(Y). Similarly, the 
Lie algebra of bounded infinitesimally symplectic transformations on Y will be 
denoted by sp(y). 

Note that sp(V) is the set of generators of norm continuous one-parameter 
groups in S'p(V). 

We can use the anti-involution j instead of the symplectic form w to describe 
various properties of symplectic and infinitesimally symplectic transformations. 

The following proposition can be compared with Prop. 1.37. 


Proposition 11.2 (1) r € Sp(YV) iff 


a) r*jr =j, and b) rjr* =j. 
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(2) r E€ Sp(y) iffr* € Sp(y). 
(3) Ifr € Sp(y), then r7! = —jr* j. 


Proposition 11.3 (1) a € sp(Y) iffa*j+ja=0. 
(2) a € sp(V) iff a* € sp(y). 


11.1.2 Unitary group on a Kahler space 


Recall that a complete Kahler space VY can be viewed as a complex Hilbert 
space. It is then denoted by YÜ, with the imaginary unit given by j and the 
scalar product given by (y1|y2) := yı - y2 + iyr-wy2 (see (1.37)). 


Proposition 11.4 We have the following characterizations of the unitary group 
and Lie algebra on a Kahler space: 


U(Y) = O(V) N SpV) = OLY) NGL(Y®) = SpV) NGL(Y), 
u(Y°) = (V) N sp(V) = (V) N glY®) = sp(Y)N gl). 


It is easy to characterize elements of U (V€) and u(Y°) by their extensions to 
CY = ZZ. 


Proposition 11.5 (1) r € U(V®) iff 


with p € U(Z). 
(2) a € u(y) iff 


with h = h*. 


11.1.8 Symplectic transformations on Kahler spaces 


We recall that if a € B(Z1, Z2), then a* := @* € B(Z2, Z1). We recall also that 
B,(Z, Z) denotes the set of g € B(Z, Z) such that g* = g, and B,(Z) denotes 
the set of h € B(Z) such that h* = h (see Subsect. 2.2.3). 


Proposition 11.6 r € Sp(Y) iff its extension to CY equals 


P q 
Aes 11.1 

Í f | ve 
with p € B(Z), q € B(Z, Z), and the following conditions hold: 


conditions implied by Prop. 11.2 (1a): pp-gq=l1, pq-dp=0), 


conditions implied by Prop. 11.2 (1b):  pp* —qq* = 1, pq* —qp* =0. 
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Proposition 11.7 a € sp(V) iff its extension to CY equals 


ag =i & Al (11.2) 


with h € By,(Z) and g € B,(Z, Z). 


We describe now a convenient factorization of a symplectic map. Let r € 
Sp(V), and let p,q be defined as in (11.1). Note that 


př >21, op pS l. 


Hence p~! and p*—! are bounded operators, and we can set 
c i= q (pt), (11.3) 
=e (11.4) 


Recall that, for a,b € Ba (Z), a < b means a < b and Ker(b — a) = {0}. 
Proposition 11.8 (1) We have c,d € B,(Z,Z) and 


čc<l, add<l. (11.5) 


(2) The following equivalent characterizations of c,d hold: 


c=ptq, (11.6) 
d = (p*) q" . (11.7) 
(3) One has the following factorization: 
1 d] f) 0 0 
a lo il | 0 pile 1 ah) 


(4) We have 


x x = 0 d 
tort- Derg +D = |F 5) 
0 
C 


(rérc — I) (rre + 1)! = | | (11.9) 


(5) We have the identities 
l- cë =(p*p)', 1-—d*d=(pp*)". (11.10) 
Proof For example, the first inequality of (11.5) follows from the fact that 


pp* > qq*, which implies that (p*)~'p~! = (pp*)~! < (q*)~'q7!. Now c*c= 
q*(p*) pq < 1. 


11.1 Symplectic group on a Kahler space 269 


11.1.4 Positive symplectic transformations 


Symplectic transformations that are at the same time positive enjoy special prop- 
erties. We devote this subsection to a discussion of their basic properties. 

Let r € Sp(¥Y) such that r = r* and r > 0 as an operator on (Y,-). Recall that 
the unitary structure on CY is obtained from the Euclidean structure of y as in 
Subsect. 1.3.4. Hence, rc = rý and rc > 0. We have 


a 
TE Shna 
q P 


where p = p* > 0 and q = q* . The conditions in Prop. 11.6 simplify to 


p—-q=1, pq- qp=0. 


ges | p ej 
. -q P 


In the case of positive symplectic transformations some of the identities of 


We have 


Prop. 11.8 simplify: 


Proposition 11.9 Letr € Sp(VY) such that r = r* andr > 0. Let c € B,(Z, Z) 
be defined as in (11.3). Then c*c < 1, 


"C= | Aae) = (1 — ete) “3 
Z l “| Ea E E i 
(ré-W(re+ 1) = : ok (11.12) 


Conversely, let c € B.(Z,Z) satisfy cc <1, and let r be defined by (11.11). 
Then r E€ Sp(V), r=r*,r>0. 


Proof The properties of c follow directly from the properties of p, q given above. 

Next let c € B,(Z, Z) with c*c < 1. Clearly, cc* = cc < 1, and hence the oper- 
ators 1 — cc* and 1 — c*c are invertible. We check that the operator r defined by 
(11.11) is a positive symplectic transformation. 


Positive symplectic transformations can be obtained as exponentials of self- 
adjoint infinitesimally symplectic transformations: 


Proposition 11.10 Let a € sp(V) such that a = a* . Then ac = ag, and hence 
there exists g € B,(Z, Z) such that 


æ=] j a (11.13) 
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Moreover, r = e° belongs to Sp(Y) and satisfies r = r*, r >0 and 
cosh \/gg* jones VII" g 


= gg" 
ro=| | sinh QF N (11.14) 
-ig “cosh yg*g 
tanh /9g* 
ee EE (11.15) 
99° 


11.1.5 Polar decomposition of symplectic maps 
Proposition 11.11 (1) Let r € Sp(Y) such that r >0. Then, for each e € R, 
r€ € Sp(y). 
(2) Let r € Sp(V). Then there exist unique k € Sp(Y), u € U(VYE) such that 
k = k”, k > 0 andr = ku. The operators u, k are given by the polar decom- 
position of r as an operator on the real Hilbert space (Y, -). 


Proof Let r € Sp(Y) such that r=r* and r>0. Then rj=jr7!, since 
ré€Sp(¥). This implies that (z-r)~'j=j(z—r7')7! for z¢€C\R, and 
hence 


f(r)j =jf(r~"), for any measurable function f. 


In particular, for € € R we have r‘j = jr‘, and hence r€ € Sp(V). This proves 
(1). 

Now let r € Sp(¥). Set k = (rr*)?. By (1), k € Sp(Y). Set u = k7'r. Clearly, 
u € Sp(¥). By the properties of the polar decomposition in (Y,-) we have u € 
O(¥). Hence u € U(Y), which proves (2). 


11.1.6 Restricted symplectic group 


In this subsection we introduce a subgroup of the symplectic group on the Kahler 
space that plays an important role in Shale’s theorem, a basic result of the theory 
of CCR representations on Fock spaces. 


Proposition 11.12 Let r € Sp(¥Y). Consider p,q,c,d defined by (11.1), (11.3) 
and (11.4). The following conditions are equivalent: 
(1) j- rjr € B’). 
(2) rj —jr € B’ (Y). 
(3) Trq*q < œ. 
(4) Tr(p*p — 1) < œ. 
(5) Tr(pp* — 1) < œ. 
(6) d€ B’(Z, Z). 
(7T) c€ B’(Z, Z). 
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Proof Clearly, (1) (2). 
We have 


2s ET 


Hence 
Tr(rj —jr)é(rj —jr)c = 4(Tr q* q + Tr q*q) = 8Tr q*q = 8Tr (p*p — 1), 
using that q*q = p*p — 1. This implies that (2)=(3) (4). If v € U(Z) and p= 
v|p| = |p*|v is the polar decomposition of p, we have pp* = vp*pv*. So (4)%(5). 
The identities c = p~'q and d = qp! and the fact that p is invertible show that 


(3)=(6) and (3)=(7). The identities 1 — cc* = (p*p)~! and 1— d*d = (pp*)~! 
show that (7)=(4) and (6)=(5). 


Definition 11.13 Let Sp;()) be the set ofr € Sp(V) satisfying the conditions of 
Prop. 11.12. The set Sp;(Y) is called the restricted symplectic group. We equip 
it with the metric 


dj(r1,72) := ||pi — pall + lla — @lle- (11.16) 


Equivalent metrics are |\[j,r1 — rəl+l| + l, rı —rolll2 and |lri — ral] + 
ID; ri — rolll2- 

We say that a € sp;(Y) if a € sp(Y) and aj — ja € B? (VY), or equivalently g € 
B? (Z, Z), where we use the decomposition (11.2). 


Proposition 11.14 (1) Sp,(Y) is a topological group. 

(2) spi(V) is a Lie algebra. 

(3) Ifa € spi(VY) then e* € Sp (V). 

Proof The fact that Sp;(V) is a topological group is clear, since [rır2,j] = 
ri[re,j] + [r1,j]r2. To prove (3), we write 


lo) 
NPE 1 . 
ej -je =) zeil 


n=0 


and use that ||{a”,j]|]2 < nlla||"~*||[a@, j]|l2, which yields 


letj — je" lz < ell! [aj — jall2. 


11.1.7 Anomaly-free symplectic group 


In this subsection we introduce another, much smaller subgroup of the symplectic 
group on the Kahler space. Its name is suggested by the well-known terminology 
used in quantum field theory. 


Definition 11.15 Let Spjar(V) be the set of re Spi(V) such that 
2j — (jr + rj) € BY(Y), or equivalently p-— lz € B'(Z), where we use the 
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decomposition (11.1). Sp; ar(Y) will be called the anomaly-free symplectic group 
and will be equipped with the metric 


dj at (r1, r2) := ||p1 — poll + liq — @lle- 


An equivalent metric is ||[j, rı — rəJ+ lj + I, rı — rolll. 
We also define spj at(V) to be the set of a € spi (V) such that aj +ja € B! (Y), 
or equivalently h € B!(Y), where we use the decomposition (11.2). 


Proposition 11.16 (1) Spjat(Ņ) is a topological group. 
(2) spjat (V) is a Lie algebra. 
(3) If a € spjat(Y) then e € Sp; at (V). 


Proof Ifr € Sp; ar(), then 1-— r € B? (Y). It follows that if r1, r2 € Spj at (V), 
then rır2 — (rı + r2) + 1€ B! (Y), which easily implies that rir2 € Spj at (V) 
and proves (1). To prove (2), note that spj at(Y) C B?(Y). To prove (3), we 
use that if a € spjat (V), then e° — (1+ a) € B'(Y). 


Proposition 11.17 (1) Let r € Sp(Y) be positive. Then re Sp (VY) iff re 
Spj,at (X). 
(2) Let a € sp(V) be self-adjoint. Then a € sp;(V) iff a € spjat (Ņ). 


Proof (1) We know that r € Sp;(Y) iff c € B?(Z, Z). But (11.11) then implies 
that r € Sp; at (X). 

(2) By the decomposition (11.2), a € spi(V) is self-adjoint iff h = 0 and g € 
BZ Z): 


Proposition 11.18 Let r € B(Y) and let r = rou be its polar decomposition. 
Then 


(1) r € Sp(y) iff ro € Sp(y). 
(2) r € Spi (V) iff ro € Spi (X). 
(3) r € Sp; at (VY) iff ro E€ Spjat (V) and u € Spj at (VY). 


11.1.8 Pairs of Kähler structures on symplectic spaces 


In this subsection we study the relationship between two Kähler anti-involutions 
on a given symplectic space. One of them is denoted j and is treated as the basic 
one. The other is denoted j4. 

In the first proposition, jı is obtained by conjugating j with an arbitrary 
symplectic map. 
Proposition 11.19 Letr € Sp(¥). Setjı =r —+jr. 
(1) jı is a Kahler anti-involution. 
(2) re UWS) ifj =j. 
(3) If r = ulr| is the polar decomposition of r, then jı = |r|~*jIr|. 
(4) ji =jr*r. 
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Proof Since r € Sp(¥Y), we have ywjiy = y-wrtjry = (ry)-wjry, which shows 
that (w,j,) is Kahler and proves (1). Clearly, r € U(Y°) iff [r,j] =0, which 
is equivalent to jı =j. This proves (2). If r= ulr|, then [u,j] = 0, hence jı = 
|r|~!j|r|, which proves (3). (4) follows from Prop. 11.2 (1a). 


The next proposition is a partial converse of the previous one. In particular, 
we compute a positive symplectic map that transforms j into j1. 


Theorem 11.20 (1) Let jı be an anti-involution such that (w,j,) is Kahler. 
Then k := —jj, is a positive symplectic transformation. 

(2) Let k € Sp(V) be positive. Then jı := jk is a Kahler anti-involution. 

(3) Let k,j, be as in (2). Then r =k? defined in Subsect. 2.3.2 satisfies 


réespy), r=r*, r>0, rtjr=j. (11.17) 


(r is positive symplectic and intertwines j and jı.) 
(4) There exists c € B,(Z,Z) such that 


(a). = E | I (11.18) 
(5) We have 


o| a- cc*)~? (l= ce*) Fe 
re = Pa de | (11.19) 


_ [ (1+ c~) cc*)7 2(1—cc*)~'e 
ke ~~ | 2c*(1 — cc*)7! (1+ c*e)(1— Hel ’ (11.20) 
. [A + ec*)( — ec)! 2(1— cc*)~1e 
HET | —2c* (1 — cc*)~! eo ee) 


Proof Since j,jı € Sp(V), k = —jjı € Sp(V). Since (w,j,) is Kahler, we have 
0= (jiy) wy + yrwjiy: = — (jiyi) jy2 — y1 jj1y2, 


i.e. jfj = —jjı. Hence 
Gj)” =j] = -jíj = jji, 


i.e. k = k*. Again using that (w,j,) is Kahler, we get —y-jjiy = y-wjiy > 0, i.e. 
k > 0. This proves (1). 

Let us prove (3). The fact that r € Sp(V) follows from Prop. 11.11 (1). Using 
that r = r* and r € Sp()), we obtain that jı = jr? =r—1jr. 

Set b:= pot. We check that jb = —bj. This implies (4). Then using (11.12) we 
see that rc equals (11.11), which is repeated as (11.19). Then we use k = r° and 


jı = jk to obtain (11.20) and (11.21). 
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Proposition 11.21 Let Z and Z, be the holomorphic subspaces of CY ~ Z 9 Z 
for the anti-involutions j and jı. Let c be as above. Then 


Z, = {(z,-tz) : z€ Z}, 
Zi = {(-cz,z) : z€ Z}. 


Proof Every vector of Z; is of the form (1 — ij, )yı for some yı € VY. Since k > 0, 
every vector of Y} is of the form y, = (1+k)~'y for some y € VY. Now 


(1 — iji) + k)-ty = (1— ijk) (1+ k) ty 
= lzy- lz} )y 
= Z — C2, 


where z = lzy € Z. Hence every vector of Z, is of the form z — Cz for z € Z. 
Applying the canonical conjugation on CY we obtain the corresponding result 
for Zi s 


The following proposition will be used to describe the unitary equivalence of 
two Fock CCR representations (one of the versions of Shale’s theorem). 


Proposition 11.22 Let j,jı,k,c be as above. The following conditions are 
equivalent: 


(1) i € BO. 

(2) 1-ke B’(y). 

(3) ce B?(Z,Z). 

(4) There exists a positive r € Spj at (Y) such that jı = rjr™t. 
(5) There exists r € Spi(V) such that jı = rjr7'. 


Proof The identity —j(j — jı) = 1— k and j € Sp(V) imply the equivalence of 
(1) and (2). 

(11.18) and the boundedness of (1+ k)~! show that (2) implies (3). 

Since c*c < Ig and c= c*, we have cc* < lz, and hence (Ig — c*c)~! and 
(Lz — cc*)~! are bounded. From (11.20) we obtain that (3) implies (2). 

(4) = (5) is obvious. (5) = (1) is obvious. (3)=(4) follows from (11.19). 


Remark 11.23 The Hilbert-Schmidt property in conditions (1) and (2) uses the 
real scalar product on Y that belongs to the Kahler structure (-,w,j). Therefore, 
conditions (1) and (2) may not seem symmetric w.r.t. the anti-involutions j and 
ji. Nevertheless, if they are satisfied, then the scalar products - and -k are related 
with the operator k, which is bounded with a bounded inverse, hence the set of 
Hilbert-Schmidt operators w.r.t. the scalar products - and -k coincide. 
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11.1.9 Conjugation adapted to a pair of Kahler involutions 


Generically, a pair of Kahler anti-involutions determines a conjugation for both 
Kahler structures, as expressed in the following proposition: 


Proposition 11.24 Suppose that jı is an anti-involution such that (w,j,) is 
Kahler. Then the following is true: 


(1) There exists T E€ B(Y) such that 
T =1, TIT = >j, TjiıT = —ji- 


(T is a conjugation for both j and jı.) 
(2) Let k = —jjı. Then rkr = k. 
(3) If Ker(j — jı) = {0}, or equivalently Ker(1 — k) = {0}, then we can take 


TiS lji +lk) = Tho,1((k)- 


Proof Recall that k* = k, k > 0. 

Assume first that Ker(j — j1) = {0}, and hence Ker(1-— k) = {0}. Set r= 
Ti, +00[(K) — lho,1;(k). We have 7° = 1 and 7 € O(Y). Using that kj = jk~', we 
see that Tj = —jr. Since Tk = kt, we have also 7}; = —jiT. 

If Ker(j — ji) # {0}, we set Yi := 11} (k)VY. The spaces Y, and Vo := VYE are 
invariant under j since kj = jk~'. We first construct the conjugation 7 on Yo as 
above. On Ņı we have j = jı. We can choose an arbitrary anti-unitary involution 
Ti of YP. Then we set T= 7 67 on V= VON. 


Recall that YET := {ye VY : Ty = +y}. Set X = YTT. As in Subsect. 1.3.10, 
we can identify the Kahler space with conjugation Y with X 6 ¥ by the map 


1 1 
iay ) XOX, 
2/3 ok yy 
which corresponds to the choice c = 1 in (1.38). We set m := k7! y Which is a 
positive self-adjoint operator on the real Hilbert space VY. The symplectic form 
on VX XOX is 


yy (j—+r)y, 


(zi sı wlr £3) = z] ‘Ta — Ti £3 : 


Proposition 11.25 We have 
_ {1 0 . [o0 41 . [0 —-(m)7! ofm 0 
r= l desli dle Of oe anni S 


Proof The matrix representation of 7 and j on ¥ @ ¥ was shown in Subsect. 
1.3.10. To compute k, we note that if y € Y is identified with (jz1, £2) EX OX, 
then ky is identified with (kjr1,kx2) = (jma1,m7!x2) since jk = k~'j. The 
formula for jı follows from jı = jk. 
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11.2 Bosonic quadratic Hamiltonians on Fock spaces 


The basic framework of this section is the same as that of the previous one. Recall, 
in particular, that Z is a Hilbert space and Y := Re(Z © Z) is the corresponding 
Kahler space. We consider the Fock CCR representation over Y in T,(Z). 


11.2.1 Wick and anti- Wick quantizations of quadratic polynomials 


Let us consider various kinds of complex quadratic polynomials on Y and their 
quantizations. We recall that B'(Z) denotes the set of finite-dimensional oper- 
ators on Z. 

Let h € B'(Z). Consider the polynomial 


Y* > (Zz) Z-hz. (11.22) 


The Wick, Weyl-Wigner and anti-Wick quantizations of (11.22) are, respectively, 


dI(h), dr (h) + z dr (h) + (Tr h)1. 


Note that the anti-Wick and Weyl-Wigner quantizations of (11.22) can be 
extended to the case h € B! (Z), that is, to trace class h. The Wick quantization 
of (11.22) can be defined, e.g. for h € B(Z), or even for much more general h. 


al 


i 2 
Suppose that g € BË (Z, Z) ~ T (Z). Consider the polynomial 
Yt > (Z, z) > Z-gZ. (11.23) 


The Wick, anti-Wick and Weyl-Wigner quantizations of (11.23) coincide with 
the two-particle creation operator a*(g), according to the notation of Subsect. 
3.4.4. Following the notation of Def. 9.46, this can be written as Op°™° (\g)). It 
can be defined as a closable operator also if g € B?(Z,Z) ~ T? (Z). It will act 
on Y, € IT? (Z) as 


a*(g)Un := y (n + 2)(n + 1)g 8s Un. (11.24) 


(Note that on the right of (11.24) g is treated as an element of r? (Z).) 
The complex conjugate of (11.23) equals 


Yt Ə (z, Z) = 2-g* 2 = 2-92. (11.25) 


Its Wick, anti-Wick and Weyl—Wigner quantizations coincide with the two- 
particle annihilation operator a(g); see again Subsect. 3.4.4. Following the nota- 
tion of Def. 9.46, this can be written as Op" “ ((g|). It is clear that a(g) extends 
to a closable operator iff g € B?(Z, Z) ~T,(Z), and a(g)* = a* (g). 

A general element of CPol? (Y* ) is 


Yt > (Zz) 2Z-hz + Z-gıZ + 2-Go2z, (11.26) 
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where h € B" (Z), 91,92 € Bi (Z, Z). We can write (11.26) as 


(Z,z)-C(Z,2), where Cc = Ee A B(Z@Z,Z@2). (11.27) 


(Recall that CY ~ Z $ Z, CY* ~ ZO Z and we use elements of Bi (Y* , V) for 
symbols of bosonic quadratic Hamiltonians, as in Def. 10.15.) 
The quantizations of ¢ are 


Op**(¢) = 2dr (h) + a* (g1) + alg2), (11.28) 


Op(¢) = 2dr (h) + (Tr h) 1+ a” (g1) + a(92), (11.29) 


Op®®” (¢) = 2dr (h) + (2Tr h) 1 + a* (g1) + a(g2). 


Clearly, 
Op(c) = 5 (Ov""(¢) + Op" (0). 


We can extend the definition of Op(¢) and Op** (C) to the case of gi, g2 € 
B?(Z,Z) and h € B'(Z). Op* (Ç) is defined under much more general con- 
ditions. All these quantizations are Hermitian operators iff h is Hermitian and 


gı = 92. 


11.2.2 Bosonic Schwinger term 


For simplicity, in this subsection we assume that Z is finite-dimensional. Recall 
from Thm. 10.13 that the Weyl-Wigner quantization restricted to quadratic 
symbols yields an isomorphism of the Lie algebra sp(V) into quadratic Hamilto- 
nians in CCR?°'()). This is no longer true in the case of the Wick quantization, 
where the so-called Schwinger term appears. This is described in the following 
proposition: 


Proposition 11.26 Let ¢,¢; € B,(Y*,Y), i = 1,2. Then 
Op(¢) = Op""(C) — (Tr cwj) L (11.30) 
[Opt (61), Op" *(¢2)] = 2p" "* (Qw + Gwe) — i(Tr [Gw, Cw]j) 1. 


Proof Let ¢ be as in (11.27). We have wc =i| ee 


24 4 € B(Z@Z,Z0@ 2). 


Therefore, 


h# 


Therefore, (11.30) follows from (11.29). 
Now to compute the Schwinger term we apply Prop. 10.16 (1) and (11.30). 


.| —A i h 
Gewe=if l A], Geweie = | $ . 
92 Jo R 
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11.2.8 Infimum of bosonic quadratic Hamiltonians 


For simplicity, in this subsection we again assume that Z is finite-dimensional. 
The Wick quantization of a positive quadratic symbol is then bounded from 
below. In the following theorem we compute the infimum of the spectrum of 
such Hamiltonians. 


Theorem 11.27 Leth € By(Z), g € B2(Z, Z). Suppose that for z € Z 


(Z, 2)-C(Z, z) = 2Z-hz + z:g*z + Z gZ > 0. (11.31) 
Set 
y= | 7 A B(Z0Z,Z@2). (11.32) 
h* g 
Then 


1 
a*a 1 h? —gg* —hg+gh*]" fh 0 
inf Op“ ’ ao. ht? — g*g J0 ht j 


h? — gg*  —hg + gh* 
2—_— 
Proof We have (Ccwc)* = E -L htg* h*?— gg 
inf Op* “(¢) + Trh = inf Op(¢) 


. Thus, by Thm. 10.17, 


1 
1 1 h? —gg*  —hg + gh* |? 
= —T = -T ; 


11.2.4 Gaussian vectors 


Let c € r?(Z). Recall that we can define the two-particle creation operator a* (c) 
acting on TË” (Z) as in Subsect. 3.4.4, and that we can identify c with an oper- 
ator c € B? (Z, Z) (see Subsect. 3.3.4). Since c € B? (Z, Z), c*c is trace-class, so 
det(1 — c*c) is well defined. If we assume also that c*c < 1, then det(1 — c*c) > 0. 
So we can define 


1 1 


Q := det(I — c*c)te2™ OO. (11.33) 


Theorem 11.28 (1) Ifc € B?(Z, Z) and c*c < 1, then Q. is a normalized vec- 
tor in Ts(Z). 

(2) Let k be a positive number with k?|c| < 1. Then Qe belongs to Dom k” and 
KN Qe = Ngec, where N is the number operator. 

(3) Suppose that c is a densely defined operator from Z to Z such that (z|cZ2) = 
(22|c%1), ie. c C ct. Suppose that there exists Y € T,(Z) satisfying 


(a(z) — a*(cz))W=0, zZEDome, 
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in the weak sense. Then c € B?(Z, Z) and c*c < 1. Moreover, WV is propor- 
tional to Qe. 
(4) Let &,c € B?(Z, Z) and cic; < 1. Then 


(Qa Re) = det(I — c*e,)* det(1 — cScy)* det(1 — eže)? . 


Proof First let Ų be as in (3), and let 2, z2,...be a sequence of vectors in 
Domē. For I C {1,2,...} finite, set 
M(I) = ( Ul a*(2,)Q|¥). 
i€l 


From 
0=( Ul a" (21) O\(a" (n41) — a(Zn41))¥) 


we obtain 


n 


M1 n +1}) = $ laln) MAL nih. 


i=1 
This yields 


(a* (z1) +++ a" (Zom41)Q|V) = 0, 
" A m—1 = 
(a (21) -aq (z2m Q| Y) = A 5 pus (Zo (2141) |CZo(214+2))s 


o EPairom 
where à := (Q|Y) and Pairəm is the set of pairings in {1,...,2m} (see Subsect. 
3.6.10). 
In particular, for Z1, Z2 E€ Domc this gives the following formula for the two- 
particle component of WU: 


V2(z1 Qs 22|V) = A(z |e). (11.34) 


Since Y € T,(Z), the l.h.s. of (11.34) can be extended to a bounded functional 
on [?(Z). This implies that either A = 0 or c €T?(Z), and then the Lh.s. of 
(11.34) equals A(z1 s z2|c). 


We have 
1 m1 = 
(z Qs ++: Ws Zam |c) = Seal 5 E (Zo(2i+1)|CZo(2i+2)) 
` oESom P 
m!2™ mimt E 
= 2m! >» lI (Zo (2i+1) |CZo(2i+2)), 
` oEPairsm t=O 


which implies that 


(2m)! Shien. 1 
2mm! C T Azm ml 


Wom = (a*(c))""Q, Wom = 0, 


ie. Y = ret (OQ, 
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Let us compute |je?*”‘°)Q||2. Since c*c is trace-class, we can by Corollary 2.88 
find an o.n. basis {e;, : i € I} of Z such that céj = A;e;, A; > 0. Using this basis, 
we can unitarily identify Z with © C. By the exponential law of Subsect. 3.5.4, 


tel 
we unitarily identify T's(Z) with @ (Ts(C), Q). Under this identification, 
iel 


> oa (11.35) 
= (1-8)! = det (n-e). 


This shows that the vector 9, in (1) is normalized. Moreover, if A; > 1 for some 
i € I, then one of the series on the r.h.s. of (11.35) is divergent, which contra- 
dicts the fact that the vector Y is normalizable. This shows the necessity of the 
condition c*c < 1 and completes the proof of (3). 

Let us now prove (2). Since eV a*(c)e“#" = e?ita* (c), we obtain that 


1 


eNO, = det(1— cre) ter@ (OQ 


? 


for ¢ = e?e. It follows that if k*c*c < 1, eNO, extends holomorphically in 
{z€C: Imz > —logk} and is uniformly bounded on this set. Therefore, Qe € 
Domk™ and kQ. = det(1— c*c)!/4er* 9N, which proves (2). 

It remains to prove (4). Let us first assume that Z is finite-dimensional. In the 
complex-wave representation, e7% ()Q equals e777 and 


(e227 l) Qez e)N) = (2m | eTl 9229377 dzdz, (11.36) 
Re(Z®Z) 

To compute this integral, we use the arguments in Subsect. 4.1.9. We are led to 

compute det v, where v is an operator on Re(Z @ Z) given by 


ve = det ie | Í 


But det v = det vc = det(1 — cı c2). From (4.10), we obtain that (11.36) equals 


(er (UQ|er# e)N) = det(1— G%c2)7?. 

Let us now prove (4) in the general case. For simplicity, we will assume that Z is 

separable (the non-separable case can be treated by the same argument, replacing 

sequences by nets). Let us fix an increasing sequence of finite rank projections 

T1, T2,... such that s — lim mp = 1. For c € B2(Z, Z) we set Cn = nnCTn, SO 
n—oo 
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that cn — c in the Hilbert-Schmidt norm. We claim that 


lim Qe, = Q. (11.37) 
By approximating c,,¢2 by Cin, C2, this implies (4) in the general case. 
It remains to prove (11.37). Using (4) in the finite-dimensional case, we get 
that 


[Qe — Qe, 2—2— 2Re(Qe, [Qe ) = 0 when n,m —> oo, 


hence the sequence Qe, ,Q,,... converges to a normalized vector Y. There exists 
k >1 and ko < 1 such that, for all n, kfc cn < kôl. Using (2), we obtain that 
Y € Dom N and that Q., converges to Y in Dom N. Therefore, we can let n — oo 
in the identity 


(alz) — a*(cnZ)) Qe, = 0 


to get 


a(z) — a*(cz))W =0. 


Since (W|Q) = lim (Q,, |Q) > 0, (3) implies that Y = Qe. 


11.2.5 Gaussian vectors in the real-wave representation 
Let c € B?(Z, Z) such that c*c < 1. Let k be the positive symplectic transfor- 
mation defined in terms of c by formula (11.20), that is, 
(14+ ec*)(1— cc*)71 2(—cc*)—'e 
2c*(1— ec*)7} (1+ c*c)(1—c*c)“! 
As discussed in Subsect. 11.1.9, we can identify Y with ¥ ® X, where ¥ is a real 
Hilbert space, the symplectic form on JY has the standard form and 


S.. 51 oim 0 
i=l 0 k = E ea 
where m € B;(&), m >0 and 1- me B?(4). 
In Sect. 9.3 we described the unitary map T'’ between the Fock space [;(Z) 


and the Gaussian L’ space L?(¥ senre da) intertwining the Fock and the real- 
wave representations such that T'Y Q = 1. 


Proposition 11.29 In the real-wave representation, we have 
TY O(a) = Cert (I-m™)a 
where C is a “normalizing constant” (see Prop. 5.79). If 1—m € B(X) then 


TQ, (x) 2 (det m) Terr (=m Ea 
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Proof Assume first that Y is finite-dimensional. The proposition can then be 
proved by a direct computation, using that 


d 1 


L2(¥,e77" dx) = L2(¥,(2m)~Fe7?” da). 


In the general case, we use the same approximation argument as in the proofs 
of Thm. 11.28 and of Thm. 5.78, given in Subsect. 11.4.6. 


11.2.6 Two-particle creation and annihilation operators 


In this subsection we discuss certain properties of two-particle creation and anni- 
hilation operators. 


Proposition 11.30 Let c € [?(Z) ~ B?(Z, Z). Then 
*(e) and a(c) with domain TÊ” (Z) are densely defined closable operators. 
(c) +.a(c) is essentially self-adjoint on TË? (Z). 
“) ander are closable on ri"(2Z) iff c< 1, and we have 
e22°(a(z) = (a(z)+a*(cz))e 27, =z EZ; (11.38) 
ezl) a*(z) = (a*(z) +a(cz))e2™, zez. (11.39) 
Proof We have a(c) C a*(c)*, a*(c) C a(c)*, which proves (1). 
To prove (2) we will use Nelson’s commutator theorem, Thm. 2.74 (1), with 


the comparison operator N + 1. By Prop. 9.50 we get that (N + 1)~!'a*(c) and 
a(c)(N + 1)~! are bounded. Since 


Na*(c) =a*(c)(N +21), Na(c) = a(c)(N — 20), 


we obtain that a*(c)(N + 1)! is bounded, so a*(c) + a(c) is bounded on Dom N. 
Next, since 


[N, a* (c) + a(c)] = 2(a* (c) — a(c)), 


we get that +[N,a*(c) + a(c)] < C(N + 1). Applying Nelson’s commutator the- 
orem, we see that a*(c) + a(c) is essentially self-adjoint on Dom N, hence on 
rf! (Z). 

It remains to prove (3). Clearly, e?“() is defined on I’"(Z). We note also that 
er lOQ E T,(Z) iff cœ*c < 1, by Thm. 11.28. It remains to prove that if c*c < 1, 
then e?"(°) is defined on F(Z). This is equivalent to showing that e7 (OQ € 
Dom pid a*(z;) for all 21,...,2n € Z. But this follows from Thm. 11.28 (2). Since 


e24(°) C (er@())*, e227) C (e2(°))*, we see that e2%(°) and e2*") are closable. 
Identities (11.38) and (11.39) are direct computations. 
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11.3 Bosonic Bogoliubov transformations on Fock spaces 


We use the same framework as in the previous section. (Y,-,w,j) is a complete 
Kahler space. Z is the holomorphic subspace of CY, so that we can identify Y 
with Re(Z @ Z). 


Y > y Wy) € U(Ts(Z)) (11.40) 


is the Fock CCR representation. 

The central result of this section is the version of Shale’s theorem which 
says that a symplectic transformation is implementable in the Fock CCR rep- 
resentation iff it belongs to the restricted symplectic group. The corresponding 
automorphism of the algebra of operators will be called the Bogoliubov auto- 
morphism. Unitary operators implementing Bogoliubov automorphisms (the so- 
called Bogoliubov implementers) form a group Mp? (V), which can be viewed 
as the natural generalization of the group Mp‘(¥) to the case of an infinite 
dimension. 

We will also describe the group Mp; af(), which is a generalization of the 
group Mp()) to infinite dimensions. Note that both Mp;(Y) and Mpj,ar(Y) 
depend on the Kahler structure on Y (which is expressed by putting j as a 
subscript). 


11.3.1 Symplectic transformations in the Fock representation 
Definition 11.31 We define Mp‘ (Y) to be the set of U € U('s(Z)) such that 


{UW(y)U* : yeY$={Wly) : ye V}. 
We equip Mp? (VY) with the strong operator topology. 
Definition 11.32 Let r € Sp(y). 
(1) We say that U € B(I'(Z)) intertwines r if 
UW (y)U* =Wiry), yey. (11.41) 


(2) If in addition U is unitary, then we say that U implements r. 
(3) If there exists U € U (T,(Z)) that implements r, then we say that r is imple- 
mentable on I';(Z). 


We will prove: 


Theorem 11.33 (Shale’s theorem about Bogoliubov transformations) (1) Let 
r € Sp(V). Then r is implementable iff r € Sp;\(Y). 

(2) Let U € Mp? (VY). Then there exists a unique r € Spj(Y) such that r is imple- 
mented by U. Mp;(¥) is a group and the map Mp? (V) > Spi(Y) obtained 
this way is a group homomorphism. 
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(3) Let r € Spi (V). Let p,d,c be defined as in Subsect. 11.1.3. Define 
Us = | det pp*|-te727 (DT ((p*)-) e229. (11.42) 


Then U3 is the unique unitary operator implementing r in the Fock repre- 
sentation such that 


(Q\|U}Q) > 0. (11.43) 


All operators implementing r in the Fock representation are of the form pU,., 
where |u| = 1. 
(4) We have an exact sequence 


1— U(1) > Mp; (YV) > Sp(V) 1. (11.44) 


Proof of Thm. 11.83. Let us prove (3). By Prop. 3.53, we have 
Dp" )a*(z) = a (p72) (p*7t}), (11.45) 
T(p*~")a(z) = a(pz)P(p*~"). (11.46) 
Set V := e727 MP((p*)—!)e74(). Using (11.45), (11.46), (11.38) and (11.39), 
we see that 
Va*(z) = (a*(p*-!z + dpez) + a(pcZ))V 
Va(z) = (a(pz) + a*(dpz))V = (a*(qz) + a(pz))V. 


II 
— 
Q 

* 
aha, 
RS 

& 
Nisa 
| 
T 
Q 
RQ 
Xl 
nN” 
SN 


Therefore, 


Voly) =o(ry)V, yey. 


Thus V intertwines the representations (11.40) and (11.41). These representa- 
tions are irreducible. Hence, by Prop. 8.13, V is proportional to a unitary oper- 
ator. Clearly, 


By Thm. 11.28, 
IVO]? = det(1 — d*d)~? = (det pp*)?. 


Hence, Ui = (det pp*) 7V is unitary. (Q|UiQ) = (det pp*)~* > 0, hence Ui also 
satisfies the condition (11.43). The uniqueness is obvious. 

Let r € Sp(Y). Suppose that UW (y) = W(ry)U, y € Y. Define the operator 
c as in (11.3). Then the vector UQ satisfies the conditions of Thm. 11.28 (3). 
Hence, c € B?(Z,Z). By Prop. 11.12, this is equivalent to r € Sp; (V). 
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11.3.2 One-parameter groups of Bogoliubov transformations 
Let h € By(Z), g € B2(Z, Z). Let ¢ € B(Y*,Y) be defined by ĉe = E 
Recall that 4 
Op" *(¢) = 2dr (h) + a” (g) + a(g) 


is a self-adjoint operator. If in addition h € B} (Z), then we can use the Weyl- 
Wigner quantization to quantize Ç, obtaining 


Op(¢) = 2dr (h) + a*(g) + a(g) + (Tr h) 1. (11.47) 


Let a € sp(Y) be given by 


ac = Ccowe =i E s] 
(see (11.2)). Let r; = e'* and 
we E a 
Tic =i s2 
dt i 


For t € R we set 
di := Pr, Ci := që ee) 
The following theorem gives the unitary group generated by the Wick and Weyl- 
Wigner quantizations of Ç: 
Theorem 11.34 (1) For any tER, pe™™*” — 1€ B!(Z), di,q € B?(Z,Z) 
and 
Cogita AANE ‘ 
eOr" (6) — (det pe~”)? e720 (4 DT (pr eral), (11.48) 
Besides, (11.48) implements ry. 
(2) If in addition h € B} (Z), then pı — 1 € B! (Z) and 
etOP(O = (det pi) 77672% IT (pter le, (11.49) 
(In both (11.48) and (11.49) the branch of the square root is determined by 


continuity.) 


11.3.3 Implementation of positive symplectic transformations 


Let us consider a positive r € Sp; (V). From formula (11.11) we know that there 
exists c € B?(Z, Z) such that 


re=|f ‘| ae ees FE il 
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By Thm. 11.33, r is then implemented by 
Us = det(1 — cc*)te7?* OTA — cc*) Fer), (11.50) 


We recall also that a € sp;(Y) is self-adjoint iff 


for g € B?(Z, Z). 
The following formula is essentially a special case of (11.48) for r, = e° 


Ui, = ež (otal) 52) 


(11 
F ta + (tanh Lo) pa (Ag ) 
= (det cosh(t/gg*)) a9 T (cosh(tygg* yy 

Suppose now that 7 is a conjugation as in Thm. 11.24. By Prop. 11.25 we can 
identify VY with ¥ @ X, so that for m € L,(¥), m > 0, 


pa |e 0 
[0 mj’ 
Recall also that we defined the unitary map T"¥ between the Fock space T,(Z) 


and Gaussian L? space L?(¥,e~?” dx) intertwining the Fock and real-wave 
representations such that TY Q = 1. 


Proposition 11.35 In the real-wave representation on L°? (X, e722 da) the oper- 
ator UÌ takes the form 


T'Y UÌT™* F(x) = (det m)? e77 (I-™)” F(ma). 


11.3.4 Metaplectic group in the Fock representation 
Sp(Y) Ə r+ Uj is not a representation — it is only a projective representation. 
To construct a true representation we need to restrict ourselves to Sp; ar()). 
Thus we will obtain a generalization of the metaplectic representation to infinite 


dimensions. 


Definition 11.36 For r € Sp; .ar(V) we define 


U, := +(det p*) 77 e72% OT ((p*) er), (11.53) 


(We take both signs of the square root, thus +U, denotes a pair of operators 
differing by the sign.) 


Definition 11.37 We denote by Mp; at(VŅ) the set of operators of the form +U, 
for some r € Spj.at(Y). We equip it with the strong operator topology. 


Theorem 11.38 Mp; at(VŅ) is a topological group. We have the exact sequence 
1 > Z2 > Mpjat(V) > Sp;,at(Y) > 1. (11.54) 
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If Y is finite-dimensional, then Mpj at(Y) coincides with Mp(Y) introduced in 
Def. 10.28. 


The proof of this theorem is based on the following lemma: 


Lemma 11.39 (1) +U, are unitary. 

(2) U-W(y)US = W(ry). 

(3) Up, Ops = 2 rg 

(4) If Y is finite-dimensional, then +U, coincides with +U, introduced in Def. 
10.27. 


Proof The operators U, differ by a phase factor from Uj} from Thm. 11.33. 
Therefore, they are unitary and implement r. This proves (1) and (2). 
Let us prove (3). We know that 


L 
2 


(QU r Q) = +(det p*) 7? = +(det(pıp2 + q)*) 7. 


Moreover, 


(11.55) 


(Q|Un Ur, Q) = +(e” De 22°42) 0) (det př)? (det p3) ~? 


1 


+ det (1 + dyc*)~2 (det p*)~? (det ps)~?, 


using Thm. 11.28 (4) and the fact that c,,d2 are symmetric. Using the formulas 
in Subsect. 11.1.3, we see that 


(pipe + 192)" = p( + deci )p], 
which implies that 


(QU, Ur, 2) = £(Q|U,, n 9). (11.56) 


We know that U, r, and U,,U;,, differ by a phase factor. This phase factor must 
be equal to +1 by (11.56), which completes the proof of (3). 


The following theorem gives an alternative definition of the group Mp; at (V): 


Theorem 11.40 Mpj,a:(V) is the subgroup of U(I's(Z)) generated by &OP(S), 
where Op(¢) are defined as in (11.47) with g € B?(Z,Z) and h € Bi(Z). 


11.4 Fock sector of a CCR representation 


The main result of this section is a necessary and sufficient criterion for two Fock 
CCR representations to be unitarily equivalent. This result goes under the name 
Shale’s theorem and is closely related to Thm. 11.33 about the implementability 
of bosonic Bogoliubov transformations, which we also call Shale’s theorem. 
Another, closely related, subject of this chapter can be described as follows. 
Consider a symplectic space Y and a CCR representation in a Hilbert space H. 
Suppose that we are given a Kahler anti-involution j. We will describe how to 
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find a subspace of # on which this representation is unitarily equivalent to a 
multiple of the Fock representation associated with j. 

The basic framework of this section is slightly different from that of the preced- 
ing sections of this chapter. As previously, in this section (Y,w) is a symplectic 
space and j € L(Y) is a Kahler anti-involution. We do not, however, assume that 
YV is complete. 

The notation and terminology of this section is based on Subsects. 1.3.6 and 
1.3.8, 1.3.9, and was also recalled at the beginning of Chap. 9. Recall, in par- 
ticular, that yı - Y2 := —y,-wjy2 is the corresponding symmetric form, so that 
(Y,-,w,j) is a Kahler space (not necessarily complete). Z := Picecy is the cor- 
responding holomorphic space. We have identifications CY ~ Z ® Z and 


1 sake x = 
V> yı (Go ijy), 54 iiv) Re(Z @ 2). (11.57) 
We recall also that Z inherits a unitary structure. If (z;, Z7) = y;, then 


yı Yo = 2Re(z1 |22), (11.58) 
ywy: = 2Im(z |22). 


Recall that the completion of Y is denoted Y™”!. Clearly, ZP! is the holomor- 
phic subspace of the complete Kahler space Y°?!. 


11.4.1 Vacua of CCR representations 
Suppose that 


Yayo W7 (y) =e" e U(T,(Z)) (11.59) 


is a regular CCR representation. As in Subsect. 8.2.4, we introduce the creation, 
resp. annihilation operators a7*(z), resp. a” (z) by 


a™*(z):=6"(z), a° (z):= ¢" (Z), zEZ. (11.60) 


Note that these operators depend not only on the representation m, but also 
on the Kähler anti-involution j, so in some situations it is natural to call them 
j-creation, resp. j-annihilation operators. 


Definition 11.41 The space of j-vacua is defined as 
KT := {V EH : a™(z)W=0, ze Z}. 
Proposition 11.42 (1) K” is a closed subspace of H. 
(2) Let Y € H. Then 
VEK & (PIW (yY) = |F]? yey. 
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(3) Elements of K” are analytic vectors of é"(y), y E€ V. 
(4) f,Y EK", then 

(BW (y)¥) = (OfWewHl, yey, 


1 
(®|67 (y1) 6" (y2)¥) = zlo -Y2 +iywy2), y1, y2 E€ V. 


Proof Let us suppress the superscript m to simplify notation. 

(1). The space of vacua K is closed as an intersection of kernels of closed 
operators. 

Let us prove (2) <. Let Y € H such that (Y|W (y)Y) = ||¥|2e71 lI? . Without 
loss of generality we can assume that ||¥|| = 1. Taking the first two terms of the 
Taylor expansion of 


R > t> (VIW (ty)t) = |]WPer re lr 
we obtain 

(Wis()¥) =0,  (Wlo(y)?#) = Zll. (11.61) 
In particular, ¥ € Dom ¢(y), y € Y. Let z = y — ijy € Z. Then 


a*(z)a(z) = $(z)¢(Z) 
= (ly) — id(y))(d(y) + idGy)) = o(y)? + oy)? - Iyl. 


Hence, 


lacet? = (YA t) + (Wey)? Y) — llul? = 0. 


To prove (2) =>, note that if UV € K, then UV € Dom d(y), y € V. In particular, 
the function 


R > t F(t) = (Y|W (ty)Y) 
is Cl. Let y € Y, z = t (y — ijy) € Z. Using Thm. 8.25 (1), we get 
ply)W (ty) = a* (2)W (ty) + W (ty)a(2) + “lye w (ty. (11.62) 
This yields 
AF (t) = i(¥|o(y) W (ty) ¥) 
= 7 (a(z)¥|W(ty)®) + 5 (VIW (ty)a(z)¥) — silyl? (X, W(ty)t) 
= —sl|lylPF(). 


Since F(0) = ||W||?, we get that F(t) = ||P ||2e7 z l1? 

From (2) we know that F(t) is analytic, hence by the spectral theorem Y € K 
is an analytic vector for (y), y € VY, which proves (3). Finally, (4) follows from 
(11.61) by polarization. 
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11.4.2 Fock CCR representations 


As in Sect. 3.4, for z € Z°?! we introduce creation, resp. annihilation operators 
a* (z), resp. a(z) acting on the bosonic Fock space I,(2°?!). 


Definition 11.43 The regular CCR representation 
Y ym Wy) =k OME) CUTZ"), y= (2,2), (11.63) 


is called the Fock representation over the Kahler space Y. 


This is a slight generalization of the definition used in Subsect. 9.1.1, since 
we allow for a non-complete space JY. Clearly, the representation (11.63) can be 
extended to a representation over Y?! in an obvious way. 

Note that j-creation, resp. j-annihilation operators defined for the CCR repre- 
sentation (11.63) coincide with the usual creation, resp. annihilation operators 
a*(z), resp. a(z). Likewise, a vector Y € T,(Z°?!) is a j-vacuum for (11.63) iff it 
is proportional to 2. 

We can also consider another Kahler anti-involution jı, not necessarily equal 
to j. The following theorem describes the vacua inside ',(Z°?!) corresponding to 
ji- It is essentially a restatement of parts of Thm. 11.28. 


Theorem 11.44 (1) Let ce Bz”, Ze), ce* <1, and let jı be the Kahler 
anti-involution determined by c as in Subsect. 11.1.8. Then Q, is the unique 
vector in T',(Z°?') satisfying the following conditions: 

(i) [Ql] = 1, 
(ii) (R.Q) > 9, 
(iii) OQ, is a jı -vacuum. 
(2) The statement (1) (iii) is equivalent to 


(alz) — a*(cz))Q,=0, zEZ. (11.64) 


11.4.3 Unitary equivalence of Fock CCR representations 


Suppose that we are given a symplectic space (Y, w) endowed with two Kahler 
structures, defined e.g. by two Kahler anti-involutions. Each Kahler structure 
determines a Fock representation. In this subsection we will prove a necessary 
and sufficient condition for the equivalence of these two representations. 


Theorem 11.45 (Shale’s theorem about Fock representations) Let Z, Zı be the 
holomorphic subspaces of CY corresponding to Kahler anti-involutions j and jı. 
Let 


Y > y= e0 EU(T.(Z)), (11.65) 
Yayre*™ €U(T.(Z1)) (11.66) 
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be the corresponding Fock CCR representations. Then the following statements 
are equivalent: 


(1) There exists a unitary operator W :T.(Z) > T,(Z1) such that 


Wo(y) = oi(y)W. (11.67) 


(2) j— jı is Hilbert-Schmidt (or any of the equivalent conditions of Prop. 11.22 
hold). 


Proof Let aj,a,,Q, denote the creation and annihilation operators and the 
vacuum for the representation (11.66). 

(2)=(1). Assume that j —j, € B?(Y). We know by Prop. 11.22 that there 
exists r € S'p\(Y) such that jı = rjr*. Thus, by Thm. 11.33 there exists U, € 
U(I's(Z)) such that U,¢(y)U* = ġ(ry). 

Note that rc is a unitary operator on CY and rcZ = Z4. Set u := re zi Then 
u € U(Z, Z1), hence T (u) € U (T,(Z),Ts(Z1)) and 


T(u)ja* (z) (u)* = aj (uz), T(uja(2)T (u)* = a (uz), z€ Z. 


Consequently, T(u)é(y)['(u)* = ¢ı (ry). Therefore, W :=T(u)Už satisfies 
(11.67). 

(1)=(2). Suppose that the representations (11.65) and (11.66) are equivalent 
with the help of the operator W € U (T, (Z1), rs(Z)). Then Y := WQ, satisfies 


(a(z) —a*(cz))W = 0, zE Z. 


By Thm. 11.28, this implies that c € B?(Z, Z). Hence, j — jı € B? (V). 


11.4.4 Fock sector of CCR representations 


Let us go back to an arbitrary regular CCR representation (11.59) over a Kähler 
space Y. We will describe how to determine the largest sub-representation of 
(11.59) unitarily equivalent to a multiple of the j-Fock representation over Y in 
P( 2"). 


Theorem 11.46 Set 
H” := Span" { W" (y) : Wek", ye}. (11.68) 


(1) H7 is invariant under W" (y), y € V. 
(2) There exists a unique unitary operator 


U" : K" 8T, (Z®!) > H" 
satisfying 
U7 VeW(yQ= Wy), WERK, yey, 


where W (y) denote Weyl operators in the Fock representation on T,(Z°?!). 


292 Symplectic invariance of the CCR on Fock spaces 


(3) 
U” 1@W(y) =W*(y)U", yey. (11.69) 
(4) If there exists an operator U :1T,(Z°?') > H such that UW (y) = W” (y)U, 


y € YV, then RanU C H". 
(5) H7 depends on j only through the equivalence class ofj w.r.t. the relation 


juris & jı -jz € B’(Y). (11.70) 


Definition 11.47 Introduce the equivalence relation (11.70) in the set of Kähler 
anti-involutions on Y. Let |j] denote the equivalence class w.r.t. this relation. 
Then the subspace H” defined in (11.68) is called the [j]-Fock sector of a CCR 
representation W”. 


Proof of Thm. 11.46. Clearly, H” is invariant under W” (y), y € Y. Now let 
Y; € K", yi E€ V for i = 1,2. We have 


(W7 (y1) Vi |W" (yo) Wo) = e7”: (Wy |W" (yo — y1)Y2) 


= (W,|W.)er™ "wy g—T(y2—M (2-H) 
Similarly, if (zi, z1) = yi, we have 
(V1 @ W(y1)Q|W2 9 W(y2)Q) = (V1 |Wy)e? Fe Aer FA) aa) 
using (9.13). Using (11.58), we obtain that 
(W7 (41) V1 |W" (yo) 2) = (X1 @ W(y1)Q|V2 @ W(y2)Q). (11.71) 
Let us set 
UV @W(y)Q := W" (y)Y 


and extend U” to K" & P (Z?) by linearity. By the identity (11.71), we see 
that U” is well defined and isometric. It extends as a unitary operator between 
K” &T,(Z®!) and H”. Property (3) follows from the definition of U”. 

Finally, let U : r,(Z®!) = H be an operator such that UW (y) = W" (y)U. 
Then, by the argument leading to (11.71), we see that UCQ C K”. Therefore, 
RanU C Ran U”. 

Let us prove (5). For i = 1,2 denote by Hi, K; the spaces H™, K7 corres- 
ponding to the anti-involution j;. It suffices to prove that Hz C Hı. We first 
claim that 


K2 NH: # {0}. (11.72) 


In fact, by Thm. 11.46 (1) we know that Hı is invariant under W (y), y € YV. 
Besides, y > Wy) lou, is unitarily equivalent to a multiple of the Fock rep- 
resentation on T,(Z1). Since jı — jo € B?(Y), it follows from Thm. 11.45 that 
yr W(y)| 24, contains vacua for j2, hence (11.72) holds. 
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We claim now that Kə C Hı, which implies that H2 C Hı. If Ke É Hı, then 
Ky NH} is the non-trivial space of jy-vacua for y > Wy) | a2 
1 


Applying the analog of (11.72) to H}, we see that H} should contain vacua 
for jı, which is absurd. Hence, K2 C H1, which completes the proof. 


Proposition 11.48 If the CCR representation (11.59) is irreducible and K" + 
{0}, then it is unitarily equivalent to the |j|-Fock representation. 


Proof Since (11.59) is irreducible, we have H7 = {0} or H” = H, which proves 
the proposition. 


11.4.5 Number operator of regular CCR representations 


In this subsection we consider an arbitrary regular CCR representation (11.59) 
over a Kahler space Y with a Kahler anti-involution j. We now discuss the notion 
of the number operator NT associated with (11.59). The number operator N” 
allows for a direct description of the Fock sector H”. In some cases this descrip- 
tion can be used to show that H7 = H. This is in particular the case for a finite- 
dimensional VY, when Thm. 11.52 gives an alternative proof of the Stone—von 
Neumann theorem (Thm. 8.49). 
Here is the first definition of N”. 


Definition 11.49 Let N be the usual number operator on the bosonic Fock space. 
Let U" be defined as in Thm. 11.46. Define Dom N" := U" K" & Dom N, which 
is a dense subspace of H". The number operator in the representation m is the 
operator on H with the domain Dom N" defined by 


N" :=U"(1@ N)U™. 


(Note that N” need not be densely defined.) 

Before we give an alternative definition of N”, let us recall some facts about 
quadratic forms. We will assume that a positive quadratic form is defined on the 
whole space H and takes values in [0, co]. The domain of a positive quadratic 
form b is defined as 


Domb := {®@EH : b(®) < ow}. 


If the form b is closed, then there exists a unique positive self-adjoint operator 
B such that 


Domb=DomB?, b(®) = (®|B). 


If A is a closed operator, then ||A®||? is a closed form. The sum of closed forms 
is a closed form, and the supremum of a family of closed forms is a closed 
form. 
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Definition 11.50 For each finite-dimensional subspace V C Z, set 


dimV 


ny(®) := 2 lla" (w), 


where {v;}2im Y is an o.n. basis of V. (If ® ¢ Doma" (vi) for some i, set nī, (®) = 


The quadratic form nī, does not depend on the choice of the basis {v;}¢® Y 
of V. Moreover, by Thm. 8.29, np is densely defined. 


Definition 11.51 The number quadratic form n” is defined by 
n” (®) := supnp(®), SEH. 
v 


The following theorem says that the number quadratic form of Def. 11.51 gives 
the number operator introduced in Def. 11.49. 


Theorem 11.52 Letn" be the number quadratic form associated with W7 and 
j. Then Domn” = Dom( N")? and 


n™(®) = (DINTE), B € Dom N”. 
In particular, H" = (Dom n)”. 


To prepare for the proof of the above theorem, note that n” defines a positive 
operator (with a possibly non-dense domain), which we temporarily denote N”, 
such that Domn” = Dom( Ñ")? and 


n™(®) = (PÄTE), € Dom Ñ”. (11.73) 


Our aim is to show that N7 = N". 
Note also that 


Domn” C Dom ¢"(y), y EV. (11.74) 


Lemma 11.53 If ® € Dom(N*)? and F is a Borel function, then 
a™ (z)F(N™ — DE = F(N™)a™(z)®. (11.75) 


Proof Let us suppress the superscript m to simplify notation. First we note 
that W (y) maps Dom Ñ>? into itself and have 


n(W (y)®) = n(®) + (®|o(iy)®) + sll eI. (11.76) 


In fact, using (8.21) we see that (11.76) is true if we replace n with ny, where V 
is a finite-dimensional subspace of Y containing y. Then (11.76) follows immedi- 
ately. 


11.4 Fock sector of a CCR representation 295 
By the polarization identity, (11.76) has the following consequence for ®, Y € 
Dom N?: 
(NW (y)®|N2 W(y)W) (11.77) 
= (Ñt eÑ tt) + (BlOGy)¥) + 5 lvl? EN). 
Replacing ® by W(y)*® and using the invariance of Dom Ñ? under W (y), we 
can rewrite (11.77) as follows: 
(N?O|N7W(y)W) (11.78) 
= (WW (y)* BNEW) + (WO lo) ¥) + Flu? (Walt). 
Next assume in addition that 6, Y € Dom Ñ. Then we can rewrite (11.78) as 
(NO|W (y)W) (11.79) 
= (W (y) SINY) + (W(y)*®lo(jy)¥) + TIKULA 


We replace y by ty and differentiate (11.79) w.r.t. t. (Differentiating is allowed 
by (11.74).) We obtain 


(NO|d(y)V) = (S(y) ONY) — i(|o(jy)¥). (11.80) 
Substituting jy for y in (11.80), we obtain 
(NO|o(jy)¥) = (oy) NW) +i(O|o(y)W). (11.81) 
Adding up (11.80) and (11.81), we get 
(N®la(z)¥) = (a*(z)®|NW) — (Bla(z)V). (11.82) 


Next let us assume that ® € Dom Ñ?. Then N® € Dom Ñ? C Doma(z). 
Hence, (11.82) implies 


(N®la(z)¥) = (Pla(z)(N —)Wv). (11.83) 
Therefore, a(z)W € Dom Ñ, and we have 
Na(z)¥ = a(z)(N —1)¥, (11.84) 
or equivalently 
(Ñ + All)a(z)V = a(z)(N + Al—1)¥. (11.85) 


Now let ® € Dom N? and \ > 1. Then (Ñ + All— 1)~!@ € Dom N°. Therefore, 
by (11.85), 


(Ñ + Al)a(z)(N + Al — 1)~tv = a(z)®. (11.86) 
Multiplying this by (Ñ + \1)~!, we obtain 
a(z)(N +Al—1)7!® = (Ñ + Al)~!a(z)®. (11.87) 
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Since linear combinations of functions (Ñ + A1)~! with \ > 0 are strongly 
dense in the von Neumann algebra of bounded Borel functions of N, and a(z) is 
closed, (11.87) implies 


a(z)F(N —1)0 = F(N)a(z)®, 6 € Dom N?, 


for any bounded Borel function F. 


Lemma 11.54 K” = {0} implies Dom Ñ" = {0}. 


Proof Again we suppress the superscript T to simplify notation. Suppose that 
Dom Ñ ¥ {0}. We know that N > 0. Therefore, spec Ñ is non-degenerate and 
bounded from below. Hence, Ao := inf spec Ñ i is a finite number, and 

Ran Tiasa) ra {O}. 


By Lemma 11.53, for any z € Z 


a" (z) Dy .a9+1((N) = Dy, —1,r0((N)a" (2). (11.88) 
But 


Dy) —1,a0((N) = 0. 
Therefore, (11.88) is zero and 


Ran Dray aN) CK = {0}, 


which is a contradiction. 


The following lemma is immediate: 
Lemma 11.55 Suppose that H = H” 6 H!. Suppose that 
YVayrWwty)ecH 
is a CCR representation and W" (y), y € V, leaves H? invariant. Then W" (y) 


also leaves H! invariant. Thus we have two CCR representations, 


V >y W" (y) V >y W" (y) 


Fre Pere 


Let K’, Ni denote the corresponding spaces of vacua and the operators defined 
by (11.73) for the representations i = 0,1. Then 


K=Kok!, N=NoN!. (11.89) 


Proof of Thm. 11.52. We are in the situation of Lemma 11.55: we have two 
CCR representations, in H? = H” and in H! = (H°)+. 
By the definition of N”, we have 


N™=N°@N', 
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where Dom N! = {0}. From U"™1@W/(y)=W(y)U", yey, we get 
U™1@ a(z) = a™(z)U", z € Z, and hence N° = N°. 

We know that K C H°, hence K! = {0}. By Lemma 11.54, this implies 
Dom Ñ! = {0}. Therefore, N™ = N". 


11.4.6 Relative continuity of Gaussian measures 


In this subsection we prove Thm. 5.78, the Feldman—Hajek theorem, which says 

that the Gaussian measures with covariances A, A» are relatively continuous iff 
i ia 

A, ? A, A, ? — lis Hilbert-Schmidt. 


Proof of Thm. 5.78. To conform with the notation used in this chapter we 
denote the covariances A, Ay of Thm. 5.78 by ay, ao. 

Without loss of generality we can assume that a, = 1. In fact, note that 
(Glen) = (EE), -y > (Elan) = (EE), -4 
for b = ay ‘ay. Since a? is unitary from a to ¥, we see that 1-— a'a € 
B? (a? X) iff 1— ar aza}? € B?(X). Hence, replacing ¥ by a? X and az by 
a; a2, we may assume that a; = 1 and denote az simply by a. 

Let us consider the real-wave representations for the covariances ll and a, as 
in Sect. 9.3. From Prop. 9.16 we know that they are unitarily equivalent to 
the Fock representations for the symplectic space (1 © ¥,w) with the Kahler 


anti-involutions 
0 —ł 0 —(2a)-! 
Jra 2 Po 
jel acer o f 


k=-in=|5 a]. 

It is easy to see that 1—k is Hilbert-Schmidt for the real scalar product on 
X ® X coming from the Kahler structure (w,j) iff 1— a is Hilbert-Schmidt on 
X. 
Proof of =. Assume that 1— a € B? (X). For simplicity let us denote the two 
Gaussian L? spaces by L? (X, du) and L? (X, dj). 

By Thm. 11.45, we know that the two real-wave representations above are 
unitarily equivalent. In particular, there exists a unitary operator U intertwining 
these representations. By restriction to the position operators, we deduce that 


We set 


U:L?(X,dp) > L?(X,dji), UF(x)U~' = F(z), 


for all cylinder continuous functions F on Æ. By monotone convergence, this 
identity extends first to all bounded %,yi-measurable functions, and then to all 
measurable functions (see Subsect. 5.2.1). We note then that if A € 8, 
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then u(A) = 0, resp. (A) =0 iff 14(7) = 0 as a multiplication operator on 
L? (X, du), resp. L? (X,d), which shows that u and u are mutually absolutely 
continuous. 

Proof of <=. Assume now that u and À are mutually absolutely continuous. Then 
we have 


dij = Fdp, for F>0 a.e., and f Pau=1. 
x 


Clearly, UV := F? is a unit vector in L? (Æ, du). We will show that 


Ary (w)Y — at, (©)Y =0, wEeCr, (11.90) 
in the weak sense, where c = s and ax,,(-), @rw(-) are the creation and annihi- 


lation operators in the real-wave representation on L? (4, dj) defined in Subsect. 
9.3.1. 

We claim that (11.90) implies that 1— a € B?(4). In fact, by Prop. 9.16, 
the real-wave representation on L? (X¥,du) with the anti-involution j above is 
unitarily equivalent to the Fock representation on I, (CX). Applying Thm. 11.28, 
we deduce from (11.90) that c € B?(CX), i.e. 1— a € B?(A). 

Note that if ¥ is finite-dimensional, then 


(elz), (11.91) 


Hence, 


which is equivalent to (11.90). In the general case we will approximate ¥ by an 
increasing family of finite-dimensional subspaces 4, on which (11.91) is valid, 
and pass to the limit n — +00. 

We choose an increasing sequence (Tn )nen of rank n orthogonal projections in 
X such that s — im, Ty, = 1. We set 


a = -— NK 
Xn = TX, Gn t= TAT, Bry = BO, 


where we recall from Sect. 5.2.1 that BY is the a-algebra of cylinder sets based 
on yY. 

We note that B is generated by UJ 
polynomials based on | 
of Thm. 5.56. 

We denote by fin, resp. fin the Gaussian measures on Xy with covariances 1, 
resp. an. For E € X, we have 


i, ef du, =} eS dy, | tain = f eS? dii, 
x, x ~ X 


n n 


nen Bn. This follows from the fact that the 


nen <n are dense in L? (X, du), which is a consequence 
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which by a density argument implies that 


A ulejäju = f ulo)dn, T u(x) djin = f wean, (11.92) 


n 


if u is a B,-measurable integrable function. 

We denote by Fi, := Es, (F) the conditional expectation of F w.r.t. B,. We 
recall that if (Q,%, u) is a probability space and Bo C B is a o-algebra, then 
Es, is defined on L*(Q,dy) as the orthogonal projection on the subspace of 
$B -measurable L? functions. Ey, extends to a contraction on L'(Q,dy) with 
So Ey, (u)du = ho udp. In our case, since B is generated by U 
that 


nen Sn, we know 


F, > F jae. and in L'(X,dy). (11.93) 


If ® is B,-measurable, we have, using (11.92), 


f, eran = f eran f o@ran= f Baans f BPm, 


n 


which shows that 
djin = F,dun, n EN. (11.94) 


For P € CPol,(%,) and w € Cn, we have 


I, 


n 


w:-V,P(a2)F(a2)dun = f w:V,P(a)dfin, 
Xn 


which we can rewrite as 
(w:VeP|F)12(x, aun) = (we VeP|1) za x, dän) 
On L? (X, din), we have 
(wV) = -OWV, +02, (11.95) 


and on L?(4’,djin), we have 


(w-Vz)* =-OV, +4, Wx. (11.96) 
This yields 
f w-V_PFidun = | a'w- xPF, dhn. (11.97) 
Xn Xn 


Since X, is n-dimensional, un and ft, can be realized on %, with 
dun = (21)7"/2e- FI") dar, jin = (27)~"/? (det an) FET Pe dar, 
so that 


-1 


F, (x) = (det Gn) zez lan z)+z (zle). 
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It follows from (11.97) that F, satisfies in the usual sense the identity 
w: VPF, (£) = (1 — az w - F, (£). 
Let us set 
U, =F, 
so that Y, € L2(%,,djim), ||Vn|| = 1. From V Yn = 1 Fy ? Va Fp, we get that 
w: Vrn (£) = za — a; ')w: U, (2), we CX. 


Considering now ©, as a function on ¥, using (11.95) we can rewrite this identity 
as 


1 T:Vı + —(1+a7')W-2)PV,du=0, P € CPol; (Xn), w ECX, 
x 
or equivalently 


1 a 
(—a,@- Va + z+ a, )W-x)PV,du=0, P€CPol(X,), w ECX. 
x 


(11.98) 
We note now that if w € X and wn := mn w, then for all P € CPol,(¥) 


lim (anwn — aw)-V,P = 0, 


n—> oO 


lim ((an + 1)wn -x — (a+ 1)w-x)P=0 in P(X, p). 
Since Ų,„ is uniformly bounded in L? (X, du), we deduce from (11.98) that 


1 
lim | (aW: V: + z+ a)ū : x)PU du =0, P € CPols (Xn), w E€ CX 


n— 00 x 


for some m. (11.99) 
We claim now that 
w— lim wv, =V. (11.100) 


In fact, since W,, is uniformly bounded in L?, it suffices to show that, for all 
G € L®(X, du), 


lim | (Y, —V)Gdy =0. (11.101) 
n— o0 x 
Let ©, = (VU, —V)Ge L? CL. We know from (11.93) that ©, +0 u a.e.. 
Moreover the sequence (®,,) is bounded in L?, since G € L®. It follows from 
Subsect. 5.1.9 that the sequence (®,,) is equi-integrable, which using the fact 
that ®, — 0 u a.e. implies (11.101). 
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Passing to the limit in (11.99) and using (11.100), we finally get 
f -Va + a+ a)ū- x)PYdu=0, we X, (11.102) 
first for P € CPol,(%,,) for some m, and then by density for all P € CPol,(&). 


Using the definition of arw(w), a%,(w) on L?’ (¥,du), we see that (11.102) 
implies (11.90), which completes the proof of the < part of the theorem. 


Proof of Prop. 5.79. We use the notation of the proof of Thm. 5.78. We have 
seen that W, resp. Y, are the bosonic Gaussian vectors for c = (a — 1) (a + 1)7t, 
resp. Cn = TCT. Since cn +c in B?(X), it follows from Thm. 11.28 that 
WU, —> Y in L’, hence Fp, —> F in L!. This proves (1) and (3). (2) is left to the 
reader. 


11.5 Coherent sector of CCR representations 


This section is devoted to coherent representations, that is, translations of Fock 
CCR representations. It is to a large extent parallel to the previous section about 
Fock CCR representations. 

We keep the same notation as in the previous section. In particular, (Y, w) is 
a symplectic space, 


Yayo W" (y) € U(H) 


is a regular representation of CCR and j € L(Y) is a Kahler anti-involution, so 
that we obtain a Kahler space (¥,-,w,j). 

Z is the holomorphic subspace of CY. As usual, we identify CY with Z @ Z. 
We do not assume that V, or equivalently Z, is complete. 

y* denotes the algebraic dual of VY. Similarly, Z* denotes the algebraic anti- 
dual of Z. We have the identification Y* = Re(Z* @ Z“). 


11.5.1 Coherent vectors in a CCR representation 


Let f € Z*, that is, f is an anti-linear functional on Z, possibly unbounded. 
We also introduce a symbol for the corresponding (possibly unbounded) linear 
functional on yV, v = (f, Dig € Y*. Clearly, 


v: (2,2) = (flz) + (Alf). 
Definition 11.56 We define the space of j, f-coherent vectors 
$= {VEH : V EDoma (z), a™(z)W = (2| f)¥, z€ Z}, 


where the j-creation, resp. j-annihilation operators a™*(z), resp. a” (z) are defined 
in Subsect. 8.2.4. 


302 Symplectic invariance of the CCR on Fock spaces 


Proposition 11.57 (1) K} is a closed subspace of H. 
(2) VE KF iff (UW y)¥) =e HY, yey, 

(3) Elements of KẸ are analytic vectors for 6"(y), y E€ V. 
(4) If, V € K7, then 


(BIW (y)Y) = (BP) tY, 
(BIG (y)V) = (®|W)v-y, 
(SIE (y) o (y2)V) = ; (yi-y2 + iyr-wy2) (|Y) + (v-yr)(v-y2)(®]W). 


Proof We will suppress the superscript m to simplify notation. 

(1) Ky is closed as an intersection of kernels of closed operators. 

Let us prove (2) =. Let Y € H such that (U|W(y)W) = ||W|2e 71 +4, With- 
out loss of generality we can assume that ||Y|| = 1. Taking the first two terms in 
the Taylor expansion of 


t (UW (ty) = 67i Hn, 
we obtain 
TAE) = vy, (Eey E) = sy? + wy). (11.103) 
If z = Ł(y — ijy) € Z, we have 
(a* (2) =(Fl2)1) (a(2) — (2 f)1) 
= 39)? + 390) + ile), OGy)] 

—s(alf)o(y) + i (2If)oGy) = Deu) — lG) + lee. 

Using (11.103), we obtain that 
Il (a(z) = IAY? = 0. 


Let us prove (2) =. Consider y € Y. Note that if Y € Kẹ, then V € Dom ¢(y). 
We consider the function 


R > t= (U|W(ty)¥), 
as in the proof of Prop. 11.42. For z = į (y — ijy) € Z, we get 
TEO = i(Ylu)W(ty)t) 
= i (a(2)Y|W (ty) Y) + i (V|W (ty)a(2)¥) — ty? (|W (ty)Y) 
=i((flz) + (IA) FO - $y F), 


which yields F(t) = ||U|[2e— T° 9 titw, 
(2) immediately implies (3). 
(4) follows from (2) and (11.103) by polarization. 
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11.5.2 Coherent vectors in Fock spaces 


We consider the bosonic Fock space T,(Z°?!) and the usual creation and annihi- 
lation operators a*(z), a(z). 


Theorem 11.58 Let Y € T,(Z™®!) be an f-coherent vector for the Fock repre- 
sentation over Y, that is, for any z € Z, V € Dom a(z) and 


a(2)¥ = (2)/)¥. 
Then the following is true: 
(1) If f is continuous, i.e. f € Z°?!, then Y is proportional to W(—if,if)Q. 
(2) If f is not continuous, then Y = 0. 
Proof By induction we show that, for z1,..., 2, € Z, 
a(Zn-1)++:a(41)V E€ Doma(z,), a(zn)---a(z1)V = (zalf) al. 
This implies 
(a"(z1) +++ "(Zn QW) = (lf) + (@n IF) (QIE). (11.104) 
In particular, 
(218) = (a*(z)QUW) = (2/f)(QWY), 2 € 2. 


Using the fact that Z is dense in Z°P!, we see that (Q|W) f is a bounded functional 
on Z, hence it belongs to Z°?!. Thus either f € Z°?! or (Q|Y) = 0. In the latter 
case, (11.104) implies that Y = 0. 


11.5.8 Coherent representations 
Consider the usual Weyl operators W (y), y € Y, on the bosonic Fock space 
T, (Zl). Set 
Y > y= Wyly) = Wye) € U (T, (Z). (11.105) 


Clearly, (11.105) is a regular CCR representation, 
Definition 11.59 (11.105) is called the j, f-coherent CCR representation. 


Theorem 11.60 (1) (11.105) is the translation of the Fock representation by 


the vector (f, f) E€ YË (see Def. 8.21). 
(2) If f € Z®™! (equivalently, v € Y°P?!), then 


Wy(y) = WGS, -if)W(y)W (iS, if). 


(3) If f g Z°!, then (11.105) is not unitarily equivalent to the Fock representa- 
tion Y 5 y= Wy). 
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Proof (3) Let U € U(H) intertwining W;(-) and W(-). Since UQ. satisfies the 
assumptions of Thm. 11.58 we obtain that UQ = 0, which is a contradiction. 


11.5.4 Coherent sector 


Let us go back to an arbitrary CCR representation (11.59) over a Kahler space 
V. We will describe how to determine the largest sub-representation of (11.59) 
unitarily equivalent to a multiple of a coherent representation over Y in T,(2°?!). 


Definition 11.61 Introduce the equivalence relation on the set of Kahler anti- 
involutions on Y and anti-linear functionals on the corresponding holomorphic 
space Z: 


Gn fO ~ Gz f) © jı -jz € BO), A-heZ?. 


Let |j, f] denote the equivalence class of (j, f) w.r.t. this relation. 
The |j, f|-coherent sector of the representation W” is the subspace of H defined 
as 


Hip = Span" W" (y) Y : VEK, yE y}. 
The CCR representation W” is |j, f]-coherent if iy = H- 


Theorem 11.62 (1) Hī is invariant under W" (y), y € Y. 
(2) There exists a unique unitary operator 


U; : K} ® T,(Z®!) — Hip 
satisfying 
UF VAWs(yJQ=W(y)W, VEK, yey. 
(3) 
Uf 18W; (y) =W" (y)UF, yey. (11.106) 


(4) If there exists an operator U :T,(Z°?!) + H such that UWs(y) = W" (y)U 
fory € V, then RanU C Hi 


11.6 van Hove Hamiltonians 


In this section we will study self-adjoint operators on bosonic Fock spaces of the 
form 


H= ee dé + fr w(E)a(é)dé + f w(é)a* (dé + € 
= dT (h) + a(w) + a*(w) + cll (11.107) 


(first written in the “physicist’s notation” and then in the “mathematician’s 
notation”). Note that this expression may have only a formal meaning. In some 
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cases, the constant c is actually infinite. Following Schweber (1962), we call 
(11.107) van Hove Hamiltonians. We will see that in the case of an infinite num- 
ber of degrees of freedom these Hamiltonians have a surprisingly rich theory. We 
will discuss both classical and quantum van Hove Hamiltonians. Their theories 
are parallel to one another. 

Throughout this section, Z is a Hilbert space and h is a positive operator on 
Z with Ker h = {0}. (It is, however, easy to generalize the theory of van Hove 
Hamiltonians to non-positive h.) 

In addition to h, van Hove Hamiltonians depend on the choice of w. The choice 
w € Z turns out to be too narrow. 

In order to explain the nature of w, it will be convenient to use the notation 
introduced in Subsect. 2.3.4. In particular, we will consider the spaces (h° + 
h)Z for 0 < a < $. Note that 


we (h? +h*)Z & Noy(hweh?Z, Un so(h)weh?Z. (11.108) 


For w € (h° + h®)Z, the behavior of w near h = 0 (resp. h = +00), i.e. at low 
(resp. high) energies, is encoded by the exponent a (resp. 3) and connected 
with the so-called infrared (resp. ultraviolet ) problem. We will always assume 
that 


w € (1+h)Z. (11.109) 


Note that if w € (1+ h)Z, then (e”” — 1)h-!w € Z for any t ER. 


11.6.1 Classical van Hove dynamics 


Definition 11.63 The classical van Hove dynamics is defined fort €R as 
a (2): =e z + (e** —Dh tw, zE€Z, teER. 


It is easy to see that R 3 t+ at is a one-parameter group of affine transfor- 
mations of Z preserving the scalar product. 

Let us note the following property of the dynamics a. Let p;,p2 be two comple- 
mentary orthogonal projections commuting with h. For i = 1,2, let Z; := Ran pi. 
Thus we have a direct sum decomposition Z = Z1 ® Z2. 

Set h; := pih, treated as a self-adjoint operator on Z;. Let a; be the dynamics 
on Z; defined by h;, w;. Then the dynamics a splits as 


al (21, z2) = (ai (21), a5 (22). 
In particular, we can take 
Pi := lo, (h), pe := Ii, ph). (11.110) 


Then hı is bounded and hz > 1. In the case of hı the ultraviolet problem is 
absent, but the infrared problem can show up. In the case of hə we have the 
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opposite situation: the infrared problem is absent, but we can face the ultraviolet 
problem. 

Assume for a moment that w € hZ. Then the van Hove dynamics is equivalent 
to the free van Hove dynamics: 


of =r oa 07, (11.111) 
where 


r(z):=2+h wh, of(z):= ez. (11.112) 


11.6.2 Classical van Hove Hamiltonians 


Z can be interpreted as a charged symplectic space with the form Z1 :w2z2 := 
i(z1|z2). In the case of finite dimensions we know that for every charged sym- 
plectic dynamics t +> a; there exists a real function H on Z satisfying 


<a'(2) = iVzH(a'(z)). (11.113) 
This function is called a Hamiltonian of a. It is unique up to an additive constant. 

In the case of an infinite number of degrees of freedom the situation is more 
complicated. It is even unclear how to give a general definition of a Hamiltonian 
of an arbitrary charged symplectic dynamics. It may, for instance, turn out that 
natural candidates for a Hamiltonian are defined only on a subset of Z, and 
differentiable on a smaller subset. 

The classical van Hove dynamics is an example of a charged symplectic dynam- 
ics. If the dimension is finite, it is easy to see that its Hamiltonian is 


H(z) = (z|hz) + (2|w) + (wiz) + c, 


where c is an arbitrary real constant. 

In infinite dimensions we will see that the van Hove dynamics possesses natural 
Hamiltonians. Clearly, these Hamiltonians will be defined only up to an arbitrary 
additive constant. One can ask whether it is possible to fix this constant in a 
natural way. We will argue that there are two ways to do so, both under some 
additional assumptions on w in addition to (11.109). 


Definition 11.64 Assume 
we (1+h?)Z. (11.114) 
Set Di := Dom h?, and 


Ay(z) := (z|hz) + (z|w) + (wiz), z € Dr. 


We will say that Hy is the classical van Hove Hamiltonian of the first kind. 


11.6 van Hove Hamiltonians 307 


Definition 11.65 Assume 
w E ht? Z +hZ. (11.115) 
Set Dy = {z2 EZ : AM?z+h- Vw E Z}, and 
Hi(z) := (WV? zt aol wht? z +h! Pw), zE Dy. 
We will say that Hy, is the classical van Hove Hamiltonian of the second kind. 
Clearly, both Hy and Hy are well defined iff 
we hl? Z = (1+h?)Z A (h? +h)Z, 
and then 
Hy = H; + (wlh7*w). 


Definition 11.66 Let w be a functional satisfying (11.109). We split the dynam- 
ics a into a, ®© ag, the functional w into wı ® w2 as explained in Subsect. 11.6.1, 
with the splitting given by (11.110). Then, by (11.108), wı € Zı = (1+ hi) Zi 
and wz E€ h2 Z2 = (h? + h2)Z. So we can define the Hamiltonian H,1 for the 
dynamics a; on the domain Dı 1, and the Hamiltonian Hə yy for the dynamics 
az on the domain Də 11. 

Set D:=D,1@ Don. A function H on D will be called a classical van Hove 
Hamiltonian if it is of the form 


H(z, 22) = Ay 1(21) + Hə 1 (Z2) +, (21, 22) E D, 
where c E R is arbitrary. 


Note that, in general, there exist w € (1+h)Z that do not belong to 
(1+ h!/?)ZU (h!/? + h)Z. For such w, the dynamics a is well defined but nei- 
ther Hy nor Hy are well defined. 

The following proposition says that van Hove Hamiltonians are in a certain 
sense Hamiltonians of the van Hove dynamics. Recall that the Gateaux differen- 
tiability was defined in Def. 2.50. 


Proposition 11.67 Let w € (1+h)Z. Let H be the corresponding van Hove 


Hamiltonian with the domain D. Then 


(1) The function H is Gâteaux differentiable at z € Z iff hz + w belongs to Z, 
and then 


VeH(z) = hz + w. 


(2) The dynamics t> a'(z) is differentiable w.r.t. t iff hat(z) +w €Z, and 
then 
dy pat 
Eal (2) = i(fha' (2) +w), 
which can be written in the form (11.118). 
(3) at leaves D invariant and H is constant along the trajectories. 
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The following theorem discusses various special features of van Hove 
Hamiltonians. 


Theorem 11.68 Let H be a van Hove Hamiltonian. 

(1) 0 belongs to D iff w € (1+ h!/?)Z. If this is the case, then H = Hı + H(0). 

(2) H is bounded from below iff w € (h!/? + h)Z. If this is the case, then H = 
Hy + inf H. 

(3) H has a minimum iff w € hZ. This minimum is at —h~!w, and then 


Ay (2) = (r(z)|Ar(2)), 


where T was defined in (11.112). 


Proof We split the dynamics, the functional and the vectors in Z. Then the 
proofs are immediate. 


Formally, 


Ay(z) = (2|hz) + (wlz) + (zw), 
Hi(2) = (z|hz) + (wlz) + (zw) + (wA w). 


11.6.3 Quantum van Hove dynamics 


We again assume w € (1+ h)Z. Many quantum objects are analogous to their 
classical counterparts. Typically, in such cases we will use the same symbols in 
the classical and quantum case, which should not lead to any confusion. 


Definition 11.69 For B € B(T,(Z)), we set 
a’ (B) := V(t) BV(t)*, 
where V(t) is a family of unitary operators on T;(Z) 
V(t) := P(e") exp (a* (1 — ec" )htw) — a((D-e7'")htw)). 


t 


tra’ will be called a quantum van Hove dynamics. 


It is easy to check that V(t) is strongly continuous and, for any ¢1,t2 E€ R, 
V(ti)V (t2) = e(ti, t2)V (ti + t2), 


for some c(t1,t2) € C, |c(ti,t2)| = 1. Hence, œ is a one-parameter group of 
«-automorphisms of B(I's(Z)), continuous in the strong operator topology. 

In order to make the relationship with the classical dynamics clearer, one can 
note that 


a! (a*(z)) = ((e!” — Dae wz) + a*(ez), ze Z. 
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Let Z = Zı ® Zə, as in Subsect. 11.6.1. Then we have the identification 
T;(Z) =Ts(Z,) @T's(Z2). The dynamics a factorizes as 


a‘ (Bı ® By) = aj (B1) @ a5 (B2), Bi € B(T.(4)), += 1,2. (11.116) 


11.6.4 Quantum van Hove Hamiltonians 


Definition 11.70 We say that a self-adjoint operator H is a quantum van Hove 
Hamiltonian for the dynamics t+ a! if 


a’ (B) = et” Be~”, (11.117) 


By Prop. 6.68, such a Hamiltonian always exists and is unique up to an additive 
real constant. 

Assume for a moment that w € hZ. Then, up to a constant, van Hove Hamil- 
tonians are unitarily equivalent to the free van Hove Hamiltonian: 


H :=Udl(h)U* + cl, 
where U is the “dressing operator” 
U :=exp(—a*(h7'w) + a(h™tw)). (11.118) 


In the general case, (11.118) can be ill defined, and the construction of van Hove 
Hamiltonians is more complicated. 


Definition 11.71 Let w € (1+ h!/?)Z. Define 
U(t) = em (Am wle" a w)—it(wlh w) t), 


We easily check that Ur(t) is a one-parameter strongly continuous unitary group. 
Therefore, by the Stone theorem there exists a unique self-adjoint operator Hy 
such that 


Ui (t) = etH, 
We will say that Hı is the quantum van Hove Hamiltonian of the first kind. 
Definition 11.72 Let w € (ht/? + h)Z. Define 


ith ho! 


Ur (t) .— eilm(h' w]e WV (t). 


We easily check that U(t) is a one-parameter strongly continuous unitary group. 
Therefore, by the Stone theorem there exists a unique self-adjoint operator Hy, 
such that 


Up (t) = ef Au 


We will say that Hy is the quantum van Hove Hamiltonian of the second kind. 
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Clearly, both Hy and Hry are well defined iff w € hil? Zz, and then 


Hy = Hy + (w|h™ w). 


Theorem 11.73 Let H be a quantum van Hove Hamiltonian of a dynamics 
treat’. Then the following statements are true: 


(1) Q belongs to Dom |H|!/? (the form domain of H) iff w € (1+ h'/?)Z. Under 
this condition H = Hı + (Q| HQ). 

(2) The operator H is bounded from below iff w € (h!/? + h)Z. Under this con- 
dition H = Hy +inf H, where inf H denotes the infimum of the spectrum of 
H. 

(3) The operator H has a ground state (inf H is an eigenvalue of H) iff w € hZ. 
Then, using the dressing operator defined in (11.118), we can write 


Hy = UdT(h)U*. (11.119) 


Proof We write a as a, ® a2, w as wı Gwe, with w, € Z1, we € h2 Z2; see 
(11.116). 

The operator dI (h1) + a* (w1) + a(w1) is essentially self-adjoint on Dom N1, 
by Nelson’s commutator theorem with the comparison operator N1; see Thm. 
2.74 (1). We set 


Ay = (dar (h1) + a* (wy) + a(wy))” 


Clearly, Hı 1 is a Hamiltonian of a,. 
Next we set 


Hə 1 := U2dI'(h2)U3, Us := exp(—a* (hz ' w2) + a(hy'w2)), 
which is a Hamiltonian of a$. Hence, any Hamiltonian of a is of the form 
H = Hi8 1+18 H1 +cl. 


We drop the subscripts I, II in the rest of the proof. Since Q, € Dom H; we see 
that 


1 
Q =, QN € Dom|H|? 4 N € Dom HŽ 
L 
€ UZ € DomdI (h)? & w € h? Zp. 
This proves (1). 


Let us now prove (2). Since Hy > 0, H is bounded below iff Hı is bounded 
below. Since Dom N; is a core for H,, we have 


inf spec Hı = (W,|H,V;). 


inf 
Yı EDomNı, || ||=1 
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Set wi = I. 1)(h)wi, Ue = exp(—a* (hy! wi) + a(hy'w{)). Then 
(W, |W) = lim (wi |(ar(n) +a* (w£) + a(w{)) Vr) 
= lim ( (UŽ Y1 AP (m Ut Y1) = (wi lay" ws) Wall?) 


f 
It follows that if wı € h? Z1, then H; > —(wı|h] w). 
Conversely, assume that Hı is bounded below. Then, for 


Qz, = exp(a* (21) — a(z1))O, 
we have, by Subsect. 9.1.4, 
(Q4, |A 93) = (41 |h) + (wila) + (21w). 


By Thm. 11.68 (2), this implies that w: € h? Zı. This completes the proof of (2). 
To prove (3), we note that Hə has the ground state U292. Hence, H has 
a ground state iff Hı has one. If wı € hıZı, then Hı = U,dI'(h1)U; for U; = 
exp(—a*(h;'w1) + a(hī*)wı), hence it has a ground state. 
Assume now that Hı has a ground state Y. We again split 2, into Z{ @ Zf+, 
for Zf = ljo, (h)Zı. Then H, splits into Hf & 1+ 1@ Hf", wı into wf 6 wit 
and W into Y‘ @ Wt. Since wit € h] 'Z{+, we have 


yt = exp(—a* (hy ‘w{*) — a(hy'w{*))Q, 
and therefore 
a(z)¥ = (z|h-!w,)¥,  z€ Ze, 


We apply Thm. 11.58 with Z = U Z¢+, so that 2°?! = Z4, and we obtain that 


e>0 
w € hZ. 
Formally, 
Hı = al (h) + a*(w) + a(w), 
Hy = dT (h) + a* (w) + a(w) + (wh tw). 


11.6.5 Nine classes of van Hove Hamiltonians 


We can sum up the theory of van Hove Hamiltonians by dividing them into three 
classes based on the infrared behavior and three classes based on the ultraviolet 
behavior. Altogether we obtain 3 x 3 = 9 classes. 


Infrared regularity 


1. (w| jo 1)(h)R-?w) < o. 
In the classical case, H has a minimum; and in the quantum case, H has a ground 
state. 
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2. ( To 1j(h)h-!w) < 00, (w| 1p 1j(h)h-?w) =o. 

H is bounded from below and Hy is well defined, but in the classical case H has 
no minimum, and in the quantum case H has no ground state. 

3. ( Tyo 1(h)w) < OO, (w|ljo1)(h)h-1w) = 00. 

H is unbounded from below; Hry is ill defined. 


€ 


€ 


Ultraviolet regularity 

1. (w 1, ool (hw) < œ. 

In the classical case the perturbation is bounded; in the quantum case the per- 
turbation is a closable operator. 

2. (wlln æœ(h)htw) < 00, (wp lhw) = oo. 

H; is well defined, but in the classical case the perturbation is not bounded, and 
in the quantum case the perturbation is not a closable operator. 

3. (wla, (A) ?w) < 00, (wp oo) (h)h tw) = 00. 

The constant c in (11.107) is infinite; Hy is ill defined. 


11.7 Notes 


The existence of many inequivalent representations of CCR was noticed in the 
1950s, e.g. by Segal (1963) and Garding-Wightman (1954). Shale’s theorem was 
first proven in Shale (1962). Among early works describing implementations of 
symplectic transformations on Fock spaces let us mention the books by Friedrichs 
(1953) and by Berezin (1966). They give concrete formulas for the implemen- 
tation of Bogoliubov transformations in bosonic Fock spaces. Related problems 
were discussed, often independently, by other researchers, such as Ruijsenaars 
(1976, 1978) and Segal (1959, 1963). 

Infinite-dimensional analogs of the metaplectic representation seem to have 
been first noted by Lundberg (1976). 

The book by Neretin (1996) and the review article by Varilly—Gracia-Bondia 
(1992) describe the infinite-dimensional metaplectic group. 

The Fock sector of a CCR representation is discussed e.g. in Bratteli-Robinson 
(1996). It is, in particular, useful in the context of scattering theory; see Chap. 
22 and Dereziriski-Gérard (1999, 2000, 2004). 

Coherent representations appeared already in the book by Friedrichs (1953), 
and were used by Roepstorff (1970). Our presentation follows Dereziriski-Gérard 
(2004). 

The ultraviolet problem of van Hove Hamiltonians is discussed e.g. in the 
books of Berezin (1966), Sect. III.7.4, and of Schweber (1962), following earlier 
papers by van Hove (1952), Edwards—Peierls (1954) and Tomonaga (1946). The 
name “van Hove model” is used in Schweber (1962). 

The understanding of the infrared problem of van Hove Hamiltonians can be 
traced back to the papers by Bloch—Nordsieck (1937) and by Kibble (1968). 

Our presentation of the theory of van Hove Hamiltonians follows Dereziriski 
(2003). 
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Canonical anti-commutation relations 


Throughout this chapter, (V, v) is a Euclidean space, that is, a real vector space 
YV equipped with a positive definite form v. 

In this chapter we introduce the concept of representations of the canonical 
anti-commutation relations (CAR representations). The definition that we use is 
very similar to the definition of a representation of the Clifford relations, which 
will be discussed in Chap. 15. In the case of CAR representations we assume in 
addition that operators satisfying the Clifford relations act on a Hilbert space 
and are self-adjoint, whereas in the standard definition of Clifford relations the 
self-adjointness is not required. 

CAR representations are used in quantum physics to describe fermions. Actu- 
ally, CAR representations, as introduced in Def. 12.1, are appropriate for the 
so-called neutral fermions. Most fermions in physics are charged, and for them a 
slightly different formalism is used, which we introduce under the name charged 
CAR representations. Charged CAR representations can be viewed as a special 
case of (neutral) CAR representations, where the dual phase space Y is complex 
and a somewhat different notation is used. 

CAR representations appear in quantum physics in at least two contexts. First, 
they describe fermionic systems. This is to us the primary meaning of the CAR, 
and most of our motivation and terminology is derived from it. Second, they 
describe spinors, that is, representations of the Spin and Pin groups. In most 
applications the second meaning is restricted to the finite-dimensional case. We 
will also discuss the second meaning (including the Spin and Pin groups over 
infinite-dimensional spaces). 


12.1 CAR representations 
12.1.1 Definition of a CAR representation 


Let H be a Hilbert space. Recall that Ba (H) denotes the set of bounded self- 
adjoint operators on H and [A, B], := AB + BA is the anti-commutator of A 
and B. 


Definition 12.1 A representation of the canonical anti-commutation relations 
or a CAR representation over Y in H is a linear map 


Y > y $"(y) € Bi(H) (12.1) 
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satisfying 
[07 (y1), 0" (yo) |4 = 2y vyl, y1,y2 © V. (12.2) 


The operators $7 (y) are called (fermionic) field operators. 


Remark 12.2 The superscript n is an example of a “name” of a given CAR 
representation. 


Remark 12.3 Unfortunately, the analogy between the CAR (12.2) and the CCR 
(8.23) is somewhat violated by the number 2 on the r.h.s. of (12.2). The reason 
for this convention is the identity 7 (y)? = (y-vy)1. 


Remark 12.4 Later on we will sometimes call (12.1) neutral CAR representa- 
tions, to distinguish them from charged CAR representations introduced in Def. 
12.17. 


In what follows we assume that we are given a CAR representation (12.1). 
By complex linearity we can extend the definition of 67(y) to Cy: 


P(n +iys) = P (yi) +19" (Yo), Yayo EV. 
Definition 12.5 The operators ¢"(w) for w € CY are also called field operators. 
We have 
[97 (wi), 9 (w2)]+ = 2wi-vewell, w, w2 € CY, 
where vc is the complexification of v. 
We will sometimes use a different terminology. Let I be a set. We will say that 
{¢7 : ic I} C By(A) is a CAR representation iff 
[OF , OF l+ = 26;;- (12.3) 
Clearly, if Y Ə y > $" (y) is a CAR representation and we choose an o.n. basis 
{e; : i € I}, then ¢7 := ¢"(e;) is a CAR representation in the second meaning. 
Theorem 12.6 Introduce the notation |y|, := (y-vy)?. Let y € Y, dim) > 1. 
(1) spec 6" (y) = {-lyl lubh} le" Il = lul- 
(2) pe teC, yey. Then |lt1 + 6" (y)|| = max{|t + [yll lt — lul |3- 
(3) 7 0) = cos |y|, 1 + i= g (y). 
(4) Let yer! be the Beit of Y. Then there exists a unique extension of 
(12.1) to a continuous map 
Yr! > y g" (y) € B(H). (12.4) 
(12.4) is a representation of CAR. 
Proof Since (47)? (y) = |y|2 1, we have spec ¢" (y) C {—|y|v, yl }. If there exists 


yo E VY with yo £0 and ¢" (y0) = Aly, then dim Y = 1. But we assumed that 
dim Y > 1. Therefore, the spectrum of ¢"(y) cannot consist of only one element, 
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which proves (1). Statements (2) and (3) follow from (12.2), and statement (4) 
follows from (1). 

Motivated by Thm. 12.6 (4), henceforth we will assume that J is a real Hilbert 
space. 


12.1.2 CAR representations over a direct sum 


Constructing a CAR representation over a direct sum of two spaces is not as 
simple as the analogous construction for CCR relations (compare with Prop. 8.6). 


Proposition 12.7 Let Yı, 2 be two real Hilbert spaces. Suppose that I, € 
B(H1ı) is such that 


Vı ƏR Ə (mt) $ (y1) +th € B(H1), 
Və Ə y2 > (y2) € B(H2) 


are CAR representations. Then 


Vi EV 3 (u, y2)  $' (m1) @ 14 h @ ¢ (yo) € B(H1 8 H2) 


is a CAR representation. 


12.1.8 Cyclicity and irreducibility 


The following concepts are essentially the same as in the case of CCR represen- 
tations. 


Definition 12.8 We say that a subset U C H is cyclic for (12.1) if 

Span{¢" (y) -O7 (Yn) : VEU, y,---,Yn E€ y} 
is dense in H. We say that Yo E€ H is cyclic for (12.1) if {Vo} is cyclic for 
(12.1). 


Definition 12.9 We say that the representation (12.1) is irreducible if the only 
closed subspaces of H invariant under the ¢" (y) for y € Y are {0} and H. 


Proposition 12.10 (1) A CAR representation is irreducible iff B € B(H) and 
(d7 (y), B] = 0 for ally € Y implies that B is proportional to identity. 
(2) In the case of an irreducible CAR representation, all non-zero vectors in H 


are cyclic. 
12.1.4 Intertwining operators 
Let 
Y > y> o'(y) € Ba (Hı), (12.5) 
Yay $’ (y) € Ba (H2) (12.6) 


be CAR representations over the same Euclidean space V. 
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Definition 12.11 We say that an operator A E€ B(H1, H2) intertwines (12.5) 
and (12.6) iff 

Ady) = P (yA, yEy. 
We say that it anti-intertwines (12.5) and (12.6) iff 

Ad'(y) = -¢'(y)A, ye). 


We say that (12.5) and (12.6) are unitarily equivalent, resp. anti-equivalent if 
there exists a unitary U € U(H1, H2) intertwining, resp. anti-intertwining (12.5) 
and (12.6). 


Proposition 12.12 Ifthe representations (8.11) and (8.12) are irreducible, then 
the set of operators (anti-)intertwining them equals either {0} or {AU : AEC} 
for some U € U(H). 


Proof The proof is an obvious modification of the proof of the analogous fact 
about CCR representations and about C*-algebras; see Thm. 8.13. 


12.1.5 Volume element 


Consider a CAR representation (12.1). Let 4 be a finite-dimensional oriented 
subspace of V. Let (e1,..., €n) be an o.n. basis of ¥ compatible with the orien- 
tation. 


Definition 12.13 The volume element of the subspace ¥ in the representation 
(12.1) is defined by 


Qk = Q" (e1) Q7 (en). 
In what follows we drop the superscript m. Note that Qx does not depend 
on the choice of an oriented o.n. basis. Changing the orientation amounts to 
changing Qx into —Qy. We have 


Oi (yea Qe = Oy = (-1)"-D2Qy. 


Thus Qx is self-adjoint iff n = 0,1 (mod 4); otherwise it is anti-self-adjoint. 
Define ux € O(Y) by 


where we use the decomposition Y = ¥ @ X+. Clearly, 
Qxur =(-1)"d(uxy), yey. 


12.1.6 CAR over Kahler spaces 


In this subsection we fix a CAR representation (12.1). We use the notation and 
results of Subsects. 1.3.6, 1.3.8 and 1.3.9. 
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The following proposition shows that choosing a sufficiently large subspace 
of anti-commuting field operators is equivalent to fixing a Kahler structure in 


(X, v). 
Proposition 12.14 Suppose that Z C CY is a subspace such that 


(1) CY = ZZ; 
(2) 21,22 € Z implies [67 (21), 67 (z2)|4 =0 (or equivalently, Z is isotropic for 
vc). 


Then there exists a unique Kahler anti-involution j on (Y, v) such that 
Z={y-iy : yey}. (12.7) 


Proof (1) implies that there exists a linear map j E€ L(Y) such that Z is given 
by (12.7). (2) implies 


0 = (yı + ijyi)-ve(ye + ijyr) 
= yvy — (jy) Vjy2) +i (y1) vyz + yr-Viye) - 


Hence, 
yi Vy — (jy) vyz) =9, (yi) vyz + yrvjyz = 0, 


which shows that j is orthogonal and anti-symmetric, hence is a Kahler anti- 
involution. 


Motivated in part by the above proposition, let us fix j, a Kahler anti-involution 
on (¥,v). Recall that the space Z given by (12.7) is called the holomorphic 
subspace of CY. 


Definition 12.15 We define the j-creation and j-annihilation operators: 
a”*(z):= @"(z), a” (z):= P" (Z), ZEZ. 
They are bounded operators, adjoint to one another. 
Proposition 12.16 One has $7 (z,Z) = a™*(z) +.a"(z), z €Z, 
[a7* (21), a7*(22)]+ =0, [a7 (21), a" (z2)]+ = 0, 
la" (21), a™*(22)|4 = (z1|z2)l, 21,22 € Z. 


The Kähler structure appears naturally in the context of Fock representations. 
It also arises when the Euclidean space (Y, v) is equipped with a charge 1 U(1) 
symmetry, as in Subsect. 1.3.11. We discuss the latter application in the following 
subsection. 
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12.1.7 Charged CAR representations 


CAR representations, as defined in Def. 12.1, provide a natural framework for the 
description of neutral fermions. Therefore, sometimes we will call them neutral 
CAR representations. In the context of charged fermions (much more common 
than neutral fermions) physicists prefer to use another formalism described in 
the following definition. 


Definition 12.17 Suppose that (Y,(-|-)) is a unitary space and H a Hilbert 
space. We say that an anti-linear map 


Y > y =œ Y” (y) € BH) 
is a charged CAR representation if 


W (y), Y" l) = W (u), Y” (y2)]+ = 0, 
W (y1), 0" * (ya)l+ = (yriye) 0, Y y2 EY. 


Suppose that y > wW7(y) is a charged CAR representation. Set 


P” (y) = (Y7 (y) + ¥™*(y)), 

yir vyz := Re(yi|y2). 
Then Y Ə y> ¢" (y) € Ba(H) is a neutral CAR representation over the 
Euclidean space (V, v). In addition, Y is equipped with a charge 1 symmetry 
U(1) >60 = e € O(V). 

Conversely, charged CAR representations arise when we have a (neutral) CAR 
representation and the underlying Euclidean space is equipped with a charge 1 
U(1) symmetry. Let us make this precise. Suppose that (V, v) is a Euclidean 
space and 


YV > y> $” (y) € Br(H) 
is a neutral CAR representation. Suppose that 
U(1) 30+ up = cos O14 sin Oj, € O(Y) 


is a charge 1 symmetry. We know that jen is a Kahler anti-involution. Following 
the standard procedure described in the previous subsection, we introduce the 
holomorphic subspace for jen, that is, 


Zeh i= {y — ijeny : y EV} CEY. 


We define creation and annihilation operators associated with jen. We have a 
natural identification of the space Zep with V: 


1 
VƏy=z= 


z ijen )Y Zehe (12.8) 
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We use the identification (12.8) to introduce charged fields parametrized by 
elements of V: 


vy) =e" (2), VY) =o"). 


Then we obtain a charged CAR representation over yE with the complex struc- 
ture given by jen and the scalar product 


(yily2) = y vyz —iy-Yjeny, Y1, Y2 €V. (12.9) 


12.1.8 Bogoliubov rotations 


Consider a CAR representation (12.1). To simplify notation, we drop 7, that is, 
we consider a CAR representation 


Y > y= oly) E€ Ba (H). (12.10) 
Let r € O(Y). Clearly, 
Y > y > oy) = ory) € U(H) (12.11) 
is also a CAR representation. 


Definition 12.18 We say that the representation (12.11) is the Bogoliubov 
rotation or transformation of the representation (12.10) by r*. 


Proposition 12.19 (1) If ri,r2 € O(Y), then (6")" (y) = ¢?" (y). 

(2) The set of r € O(Y) such that (12.11) is unitarily equivalent to (12.10) is a 
subgroup of O(Y). 

(3) (12.11) is irreducible iff (12.10) is. 


12.2 CAR representations in finite dimensions 


Throughout the section we assume that (V, v) is a finite-dimensional Euclidean 
space. 

In this section we discuss CAR representations in the finite-dimensional case. 
In the literature the material of this section is usually described as a part of the 
theory of spinors and Clifford algebras. 


12.2.1 Volume element 


Suppose that Y is oriented and we are given a CAR representation (12.1). Let 
(€1,..-,€n) be an o.n. basis of Y compatible with the orientation. The following 
definition is a special case of Def. 12.13. 


Definition 12.20 The operator 
Q7 := $"(e1)--- Q" (en) 


will be called the volume element in the representation (12.1) 
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In what follows we drop the superscript 7. Let us summarize the properties of 
Q, which follow from Subsect. 12.1.5: 


Theorem 12.21 (1) Q depends only on the orientation of Y and changes sign 
under the change of the orientation. 

(2) Q is unitary. It is self-adjoint for n=0,1(mod4), otherwise anti-self- 
adjoint. Moreover, Q? = (—1)"(™-Y/?, 

(3) Qolu) = (—1)""!6(y)Q, y EV 

(4) If n= 2m, then Q? = (—1)”, Q anti-commutes with o(y), y € Y, and 


R? > (y,t) = Gly) Eti" Q 


are two representations of the CAR. 
(5) If n=2m +1, then Q? = (—1)™”, Q commutes with o(y), y € Y, and 


H = Ker(Q — i” 1) @ Ker (Q +i” 1) 


gives a decomposition of H into a direct sum of subspaces invariant for the 
CAR representation. 


Definition 12.22 Let dim Y = 2m + 1. We will say that a CAR representation 
is compatible with the orientation if Q = i™ 1. 


12.2.2 Pauli matrices 


Consider the space C?. Occasionally we will need its canonical basis, whose 
elements will be denoted | Ù), | |). 


Definition 12.23 Pauli matrices are defined as 


for foi fio 
SETETE PE a = eco 


Note that o? = 1, ož 


a 


Oj, i 1, 2,3, and 


0102 = —0201 = 103, 
0203 = —0302 = 101, 
0301 = —0103 = ldo. 


Moreover, B(C?) is generated by {o1, 02}. Clearly, {o1, 02,03} is a CAR repre- 
sentation over R®. 


Lemma 12.24 Let {¢1,¢2} be a CAR representation over R? in a Hilbert space 
H. Then there exists a Hilbert space K and a unitary operator U : C? 8 K > H 
such that 


cilk U = Uģi, olk U = Ug. 
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Proof Set I := id, ¢2. Clearly, I = I* and I? = 1. Note that I Æ 1, since J = 1 
would contradict the fact that 2 is self-adjoint. Hence, spec I = {1,—1}. Let 
K := Ker(I — 1). We unitarily identify H with K @K by the map 


Y UT := (Z ~ DY, Las ny). 


Then Ud, = 0, @1k U, Ude = 281k U. 


12.2.3 Jordan—Wigner representation 


In this subsection we introduce certain basic CAR representations over a finite- 
dimensional space. We start with the case of an even dimension, which is simpler. 
In the algebra B(@” C?) we introduce the operators 


oD) = 120- ® a; Q 12-3) i= 1,2,3, = 1, vice ge 


Note that of = io 0), Moreover, B(&™ C?) is generated by 
{o > g=l,...,m, 7=1,2}. 
We also set Jp := 1, J; := of) gl) for j =1,...,m. If we set 
Oe = jat, dW = jaf, j=1,...,m, (12.12) 
it is easy to see that 
CUE (12.13) 


is an irreducible CAR representation over R?” in the Hilbert space @”C?. Note 
that Q = In. 
Definition 12.25 The CAR representation (12.13) will be called the Jordan- 


Wigner representation over R?”. 


In the odd-dimensional case with n = 2m + 1, there exist two inequivalent 
irreducible CAR representations, both in @™C?. They are obtained by adding 
the operator +I» to (12.12). In other words, 


($1, ---, 30 Tm), (12.14) 
OP gO — Tm) (12.15) 


are irreducible CAR representations over R?”+!. We have Q = i™ 1 in the case 
of (12.14) and Q = —i' 1 in the case of (12.15). Thus the representation (12.14) 
is compatible with the natural orientation of R?”+!. 

Another useful, but reducible, CAR representation over R?”*! acts on the 
space @'”*!C?. It is given by 


(G1, ---, 2m > P2m-41)- (12.16) 
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It decomposes into the sum of two irreducible sub-representations, one equivalent 
to (12.14) and the other equivalent to (12.15). We have Q =i" 1°” & c1. The 
commutant of (12.16) is spanned by 18™+0 and Q. 


Definition 12.26 The CAR representation (12.16) will be called the Jordan- 
Wigner representation over R?”+!. 


12.2.4 Unitary equivalence of the CAR in finite dimensions 


The following two theorems can be viewed as the fermionic analog of the Stone— 
von Neumann theorem. Again, we first deal with the even-dimensional case. 


Theorem 12.27 Let (1, ¢2,...,;¢2m) be a CAR representation over R?™ in 
a Hilbert space H. Then there exists a Hilbert space K and a unitary operator 
U:@™C? QK — H such that 


Ug" @1g =U, j=1,...,2m. 


The representation is irreducible iff K = C. 
In particular, every irreducible CAR representation over an even-dimensional 
space is unitarily equivalent to the corresponding Jordan—Wigner representation. 


Proof Set 


eLa Sey ita Gling 
From the CAR we get 


Te T. 72 __ 
b=, P=1, 


> 3 5 3 (12.17) 
orl; = —Tj or, k< 2), orl; = Lj ok k> 2). 
This implies that 
~(j) ~ (J) Q)-() |. <G) z0) 
Oy Oy = b2;-102;, I; = VO. Os oO, Os 
I-ga j j 1-032 (12.18) 


eye 29 - ~(j) 
g2j—-1 = Tj-10%, 2j = [; 165 ` 


We observe that the pairs {aU al p satisfy the CAR over R? and commute 
with each other. Applying Lemma 12.24 inductively we see that there exists a 
Hilbert space K and a unitary map U : &”C? & K — H such that 


Uo!) o Ik =U, Uo 1k =6PU, j=1,--,m 
From (12.18) we get that UI; ® Ix = I,U, and hence 


Ulo @ Ik = yU, ULP @ Ik = ¢ojU, j=1,---,m 


This completes the proof of the theorem. 
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Theorem 12.28 Let (¢1,¢2,...,62m+1) be a representation of CAR over R?™ +! 
in a Hilbert space H. Then there exist Hilbert spaces K— and K, and a unitary 
operator U : QC? 8 (Ki BK_) +H such that 


Ug @ Ik, ox- = dU, j=Hl,...,2m; 
UIn & (Ik, ® —Ik_) = P2m+1U. 
The representation is irreducible iff K+ B K- = C. 


In particular, every irreducible CAR representation over an odd-dimensional 
oriented space compatible with its orientation is unitarily equivalent to (12.14). 


Proof Let Ī;, &\), 6Y be as in the proof of Thm. 12.27. Let Ui : 8” C? Q 
K — H be a unitary operator as in Thm. 12.27 for the CAR representation 
(¢1,---,¢2m) over R?”. From (12.17) and the CAR we get 


[0 Lm b2m+1] = 0, J = 1,...,2m. (12.19) 
Since B(@™C?) is generated by {oj =1,...,m, i = 1,2}, we see that 
Ut Imdem+iU1 =1@ A, A € BK). 


Again using the CAR, we get (Im 2m 41)? = 1. Hence, A? = 1. 

If A= +1, we get Ee Borat = +I. Hence, ¢dgm41 = +I,,. In this case the 
CAR representation is one of the two constructed in Subsect. 12.2.3. In the 
general case we have K = K, @K_, A= Ic, © —Ik_, and hence 


UlIn & (Ik, ® —Ik_) = bam +1U. 


The other identities follow from Thm. 12.27. 


Corollary 12.29 (1) Suppose that Y is an even-dimensional Euclidean space. 
Let Vay od! (y) € Ba(H) and V3 yr ° (y) € Bu(H) be two irreducible 
representations of the CAR. Then they are unitarily equivalent. 

(2) The same is true if Y is odd-dimensional and oriented, and both representa- 
tions are compatible with its orientation. 


12.3 CAR algebras: finite dimensions 
As in the previous section, we assume that (V, v) is a finite-dimensional Euclidean 
space. 

In this section we discuss *-algebras generated by the CAR in finite dimension. 
As pure *-algebras they are not very interesting — they are full matrix algebras 
over a 2"’-dimensional space in the case of even dimension, and the direct sum of 
two such algebras in the case of odd dimension. They become interesting when 
we consider them together with the linear subspace of distinguished elements 


oy), y EY. 
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12.3.1 CAR algebra 
Let (Y,v) be a finite-dimensional Euclidean space. 


Definition 12.30 CAR(Y) is the complex unital «-algebra generated by elements 
oly), y E€ VY, with relations 


b(Ay) = Ad(y), AER, (ys + y2) = lyi) + y2), 
(y) = ly), oly )O(Y2) + O(y2) (M1) = 2y vyl. 


The following theorem is a simple algebraic fact: 


Proposition 12.31 If 
Y > y= 4" (y) € B(H) 
is a CAR representation, then there exists a unique x-homomorphism 
t: CAR(Y) > B(H) 


such that (1) = Iy and n(ġly)) = #9 (y), y E YV. 


Definition 12.32 Applying Prop. 12.31 to the Jordan-Wigner representations 
(12.13) or (12.16) we obtain *-homomorphisms 


mW : CAR(R?™) > B(@™C’), 
WwW : CAR(R?™+!) 23 B(&”+tIC?). 


Proposition 12.33 (1) The *-homomorphisms nW for n= 2m are bijective 
and CAR(R?") is x-isomorphic to B(@™C?). 

(2) The x-homomorphisms m™ forn =2m +1 are injective and CAR(R?™+!) 
is x-isomorphic to B(@™C”) 6 B(@™C?). 


Proof Choose an o.n. basis (e1,...,€,) in Y. For an ordered subset {i1,..., ix} 
of {1,...,n}, set Qi, = IPETO; -+ Qi,- It is easy to prove that the ele- 
ments @i,,....;, are self-adjoint and are a basis of CAR(R"). Their commutation 
relations are determined by the CAR. 

Following the construction of the Jordan—Wigner representations we see that 
B(@”"C?), if n=2m, and B(&” C?) @ B(@”C’), if n=2m+1, have self- 
adjoint bases satisfying the same relations. 


The Jordan—Wigner representation determines a unique C*-norm on CAR(Y). 
Henceforth we will treat CAR(V) as a C*-algebra. 

If Yı C Və are two finite-dimensional spaces, then CAR(Y,) is isometrically 
embedded in CAR())2). 
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12.3.2 Parity 


CAR algebras have a natural Z)-grading. Therefore, they are examples of super- 
algebras. Consistently with the terminology of super-algebras, we introduce the 
following definition: 


Definition 12.34 The map a(¢(y)):=—¢(y) extends to a unique 
«-isomorphism a of CAR(Y). For j = 0,1, we set 
CAR,(Y) := {B € CAR(Y) : a(B) = (-1)/B}. 


Elements of CARo(Y), resp. CAR, (V) are called even, resp. odd. 


Suppose that Y is oriented. The following definition is closely related to Def. 
12.13. 


Definition 12.35 The volume element of the algebra CAR(Y) is defined by 


Q := ġ(e1) +++ Pen), (12.20) 


where (€1,...,€n) is any o.n. basis of Y compatible with its orientation. 
Note that Q is never proportional to 1 as an element of CAR(Y). 


Proposition 12.36 (1) Let A € CARo(Y) commute with oy), yEV (and 
hence with all CAR(Y)). Then A is proportional to 1. 

(2) Let a non-zero A E€ CARi(Y) commute with ly), y E€ V (and hence with all 
CAR(Y)). Then dim Y is odd, and A is proportional to Q. 

(3) Let a non-zero A € CAR(Y) anti-commute with o(y), y € VY (and hence with 
all CAR,(Y)). Then dim Y is even, and A is proportional to Q. 


12.3.3 Complex conjugation and transposition 


Definition 12.37 The map c(¢(w)) := (W), w € CY, extends to a unique anti- 
linear *-isomorphism c of CAR(Y). We introduce the Clifford algebra over (V, v) 
as the real sub-algebra 


Cliff(Y) := {B € CAR(Y) : c(B) = B}. (12.21) 


We also introduce the transposition A* :=c(A*), which is a linear anti- 
automorphism. 


Cliff(Y) is a real *-algebra with a basis 


Pi, °° Dixy {ii,...,¢e} C {1,...,n}. (12.22) 


In Chap. 15 we will introduce a more general notion of Clifford algebras, defined 
for an arbitrary symmetric form on a vector space. The algebra Cliff() defined 
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in Def. 12.37 corresponds to the special case of a real space equipped with a 
Euclidean scalar product. 


12.3.4 Bogoliubov automorphisms 


Proposition 12.38 If r € O(Y), then the map f (¢(y)) := (ry) extends to a 
unique *-automorphism ê of CAR(Y). We have firs = fifo. 


Definition 12.39 Ff is called the Bogoliubov automorphism associated with r. 


12.4 Anti-symmetric quantization and real-wave 
CAR representation 


In this section we introduce a natural parametrization of operators in a CAR 
algebra by anti-symmetric polynomials. This parametrization, which we call the 
anti-symmetric quantization, can be viewed as the fermionic analog of the Weyl- 
Wigner quantization. 

We also define a representation given by the GNS construction from the tracial 
state. This representation has some analogy to the real-wave CCR representation 
considered in Sect. 9.3; therefore we will call it the real-wave CAR representation. 
In this section we describe the real-wave CAR representation only in the case 
of a finite number of degrees of freedom. We will extend it to the case of an 
infinite dimension in Subsect. 12.5.3, and then we will continue its study using 
the formalism of Fock spaces in Subsect. 13.2.1. 

In this section, (V, v) is a finite-dimensional Euclidean space. 


12.4.1 Anti-symmetric quantization 


Definition 12.40 Let y,,...,yn E CY. We can treat these as elements of 
CPol} (Y*) and take their product yı --- Yn E CPola(V*). We define 


Oplu ym) = J senlo) Aluen) Moin) ECARO). (12.28) 
“ GESy 


The map extends uniquely to a linear bijective map 
CPol,(Y* ) 5 bb Op(b) € CAR(Y), (12.24) 


called the anti-symmetric quantization. 


The above definition should be compared with Def. 8.65, where the Weyl- 
Wigner quantization was introduced. 


Definition 12.41 The inverse of (12.24) will be called the anti-symmetric sym- 


bol. The anti-symmetric symbol of an operator B € CAR™®(Y) will be denoted 
sg € CPol,(Y*). 


12.4 Anti-symmetric quantization and real-wave CAR representation 327 


As usual, N denotes the number operator, which in the context of CPol,(Y* ) 
is perhaps better called the degree operator. Recall that in Chap. 3 we introduced 


As= (DNN r= (-1)"; 


see (3.9) and (3.29). We will use the functional notation for elements of 

CPol,(Y* ); see Subsect. 7.1.1. The generic variable in Y* will be denoted v. 

We equip Y with a volume form compatible with the scalar product v. We will 

use the corresponding Berezin integral on CPol,()* ), defined in Subsect. 7.1.4. 

Proposition 12.42 (1) Op(b)* = Op(Abd). 

(2) Let Z be an isotropic subspace of CY for vc. Let fi,..., fn E€ Pola(Z*) C 
CPol,(V*). Then 


Op(fi)---Op(fa) = Op(fi + fn). 
(3) If}, b1,b2 € CPol,(¥*) and Op(b) = Op(b1)Op(by), then 


b(v) = exp (Vi, VV v, ) 01 (1) be (v2)| (12.25) 


V1 =v2=v 


= | / (eeu (v-v2) by (vi )bg(v2)dv2dv1. (12.26) 


YH yt 

(4) If b € CPol,(Y*), y € CY, then 

1 

z (P(y)OP(4) + OpHb) o(y)) = Opty - b), (12.27) 

1 

z (P(y)OP() — OpUb) o(y)) = Op((vy)-Vub). (12.28) 
Proof Statements (1) and (2) are immediate. Let us prove (12.25). Let us fix 
an o.n. basis (e1,...,eq) of Y such that = = e” A---Ae!. We use the Berezin 


calculus introduced in Subsect. 7.1.5. We rename the variable vı as v and the 
variable v as w. We will write v; = e; -v, wi = ei - w. Without loss of generality, 


we can assume that bı (v) = [[ v;i, bo(w) = [[ wi for J, J c {1,...,d}. We have 
ie! ieJ 


d 
exp (>: Vo, va) = X [[|Ve Vo (12.29) 


i=1 K C{i,...,d} i€K 


The only term in (12.29) giving a non-zero contribution to 


d 
exp (>: Vw; j v. by (v) r by (w) 
i=1 


is K = I J. Without loss of generality we can further assume that 1 < p< n < 
m and 


W=U 


by (v) = v1 +++ Up + Up41 t Un; bo(w) = Wn +++ Wp41 *Wn+1 `’ Wm. 
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Then 
II Vw; © Vv; bi (V) - bo(w) |, = Un Up Ung Um =: Cv). 
i=pt+l 
We have 
Op(bi) = (e1) +++ lep) - Plep+1) ++ Olen); 
Op(b2) = (En) +++ O(€p+1) + O(En+1) lem), 
and 


Op(b1)Op(b2) = G(e1) ++ Alep) - P(ens1) lem) = Opb), 


using the CAR. This proves (12.25). 

To obtain (12.26), we apply Prop. 7.19 to the even-dimensional space 
X =V. Let x = (y1,y2), E= (v1, v2) be the generic variables in ¥ and 

0 yo! 

Xv*. Let C= ee 0 
HE -C€=v,-v7!vy. The Pfaffian of Ç w.r.t. duz A dv, is equal to 1, which by 
Prop. 7.19 proves the second identity of (3). 

To prove (4), we can assume without loss of generality that b(v) = vi, --- vi, 
and (y|v) = vj. Then Op(b) = $(e:,)-+- (ei, ), (y) = (ej). Using the CAR we 
get 


| ensa so that x- ¢7tz =y: vy and 


Hebe dea ee eee 


2 
a if j € {i,... ip}, 
a P(e; ) (ei, ) -olei ) if jig Lge tytn ty 


which proves the first statement of (4). The second can be proved similarly. 


Theorem 12.43 Ifb,bi,...,bn E€ CPol,(Y*) and 
Op(®) = Op(bi) - -- Op(bn), 


then the following version of the Wick theorem for the anti-symmetric quantiza- 
tion is true: 


b(v) = exp( Z Vo; YVo, Jor (01) bn (On) pag, aang 


i>j 


12.4.2 Real-wave CAR representation 
Definition 12.44 For A € CAR(Y), we define 

trA = 2 "Trn" V (A), dimy = 2m, 

trA = 2™-lTr”V (A), dimy=2m+1, 
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where n? is the Jordan—Wigner representation. tr is called the canonical tracial 


state on CAR(Y). 
Theorem 12.45 (1) tr is a tracial state on CCR(Y), which means 
tr(AB) = tr(BA), A,B € CAR(Y). 
(2) It satisfies 
tr(A) = tr(c(A)) = tr(a(A)) = tr(F(A)), Ae CAR(Y), r €e O(Y). 
(3) If b,c € CPol,(J*) ~Ta(Cy), then 
tr(Op(b)"Op(e)) = (dlc). (12.30) 
(4) For y,y1,yo € X, we have the expectation values 


tr (o(y)) = 0, 
tr (O(m)O(y2)) = yı vyz. 


More generally, 
tr ($(y1) +++ P(Y2m-1)) = 0, 


tr (lyi) O(Yam = 5 sgn(o) Il Yo (23-1) VYo(2j)- 


o €Pairam j=l 


Definition 12.46 Let (Tir, Hir, Qi) denote the GNS representation of CAR(Y) 
w.r.t. the state tr. The CAR representation 


Y S y birly) = ter(Oy)) € Br (Hir) 


will be called the real-wave or tracial CAR representation. 


12.4.3 Real-wave CAR representation in coordinates 


Let n be an integer. We are going to describe the real-wave representation over 
R” more explicitly. 

Clearly, @"C? has a natural conjugation, denoted as usual @"C? > Vin We 
@"C?. For typographical reasons, it will sometimes be denoted by x. The cor- 
responding real subspace of Q” C? obviously equals Q? R?. Linear operators pre- 
serving &”R? are called real. 

The conjugation of A € B(@"C?) is denoted by A or x Ax. 

Define the “vacuum vector” Q := | 1)8--- 8| |). Clearly, Q = N. 

Introduce the following operators on ®”"C?: 


N:= Pig Bt Mg qen-7 Ac= iene 
2 9 é . 
j=l 
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The role of these operators will become clear in Chap. 13, where we will iden- 
tify @"C? with the fermionic Fock space [,(C”) and they will coincide with 
the operators defined in (3.9) and (3.29). Therefore, in particular, N is called 
the number operator. For further reference let us note the following identities 
involving A: 


MEU 901918 -)A = (—05)®4- Qo,@(—03)2"—), 
A129 Veg @l2® "I A = —(—03)®9-) @o2@(—03)2"-J), 
AIU- Veg, Q1® "DA = IEUD Qo g1, 


In order to describe the real-wave CAR representation over R”, introduce the 
following operators 


g = 08 eae, 
E = 12D Qo, @oFQI—-) = APLA. 


Theorem 12.47 (1) We have two mutually commuting CAR representations: 


Oneal: (12.31) 
Eh. (12.32) 


That means 
[ aes = 2ð; j, [bi l+ = 261,55 lei o] =0, ij =1,...,n. 


(2) Let n! : CAR(R”) —> B(@"C?) be the *-homomorphism obtained by Prop. 
12.31 from the CAR representation (12.31). Then 


tr(A) = (Q|m'(A)Q), Ae CAR(R"), 


and n! (CAR(R"))Q = @"C?. Thus Q is a cyclic vector representative for 
the state tr, and hence n! is the GNS representation of CAR(R") for the 
state tr. 

(3) Let J be the modular conjugation for the state tr. Then J = Ay (where x 
denotes the complex conjugation). We have 


IGS HO j=1,..;n. 


(4) We have 


Therefore, 
Tr(c(A)) = m:(A), AE CAR(R"). 


Consequently, m(Cliff(IR”)) consists of real elements of m,(CAR(R")). 
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(5) Let Q be the operator defined in (12.20). We have 


r(Q) = Ir (QJ=6--6=6-°4 
= (—1)"02@01®---@028o1, n= 2m; 
(—1)” 018028 : -- Q02801, n=2m+1. 
By Thm. 12.47 (2), the representation ¢! can be identified with the real-wave 
CAR representation defined in Def. 12.46. 
The analysis of the real-wave CAR representation, in the case of an arbitrary 


dimension, will be continued in Subsect. 13.2.1, where we will use the formalism 
of Fock spaces. 


12.5 CAR algebras: infinite dimensions 


Throughout this section (Y,v) is a Euclidean space, possibly infinite- 
dimensional. 

One aspect of the theory of CAR algebras simplifies in infinite dimensions: it 
is not necessary to distinguish between the even and odd cases. On the other 
hand, the topological aspects become more subtle. In particular, it is natural to 
define (at least) three different kinds of CAR algebras: the algebraic, the C*- 
and the W*-CAR algebra. (The situation is, however, simpler than in the case 
of CCR algebras.) 


12.5.1 Algebraic CAR algebra 


The definition of the algebraic CAR algebra is the same as that of the CAR 
algebra in finite dimension: 


Definition 12.48 The algebraic CAR algebra over Y, denoted CAR*'®(y), is 
the complex unital x-algebra generated by elements (y), y E€ VY, with relations 
oY) = Aly), AER, — P(M + y2) = ly) + lv), 
P (Y= Py), — Ply) O(Y2) + O(y2) O(M1) = 2y vyl. 


Clearly, Prop. 12.31 extends to infinite dimension, with CAR™®()) replac- 
ing CAR(Y). The parity a, the complex conjugation c and the transposi- 
tion * naturally extend to CAR! (V). If r € O(Y), we can introduce a unique 
*-automorphism # of CAR®!8 (J), called the Bogoliubov automorphism, satisfying 
r(d(y)) = (ry) as in Def. 12.39. 


Definition 12.49 Let j =0,1. We introduce 
CAR? (Y) := {B € CAR” (Y) : a(B) = (-1) B}, 
Cliff*'*(Y) := {B € CAR™*(Y) : c(B) = B}. 
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Note that if Y is infinite-dimensional, CAR®!8 (V) does not contain an operator 
analogous to the operator Q defined in (12.20). (The same remark applies to 
CAR?” (Y) and CARW (Y) defined later on.) 


12.5.2 C*-CAR algebra 
Proposition 12.50 There exists a unique C*-norm on CAR™®(y). 


Proof We already know that this is true if Y is finite-dimensional. 

If Y has an infinite dimension, then CAR*'®(Y) is the union of CAR())) 
for finite-dimensional subspaces of Y. So CAR?! (Y) is equipped with a unique 
C*-norm. 


Definition 12.51 The CAR C*-algebra over YV is defined as 
* cpl 
CAR?” (Y) := (car )) , 
where the completion is w.r.t. the C*-norm defined above. CAR?” (Y) is a 


C*-algebra. 


The relationship between CAR representations and the algebra CAR?” (Y) is 
given by the following theorem: 


Proposition 12.52 If 
YX > y= P” (y) € Ba(H) 


is a CAR representation, then there exists a unique *-homomorphism of 
C*-algebras 


a: CART (V) > B(H) 
such that n(ġly)) = do" (y), y E€ V. 


Proof We already know that this is true if we replace CAR (Y) with 
CAR?! (Y). m extends to CAR?” (V) by continuity. 

To see the uniqueness, note that every *-homomorphism between C*-algebras 
is continuous. 


Clearly, CARÎ” (V) coincides with CAR© ()7°?!). Hence, it is enough to restrict 
to complete Y. 


Proposition 12.53 The parity a, the complex conjugation c and the trans- 
position * are isometric, and hence extend by continuity from CAR*'®(Y) to 
CAR” (Y). For r € O(Y), the same is true concerning the Bogoliubov automor- 
phism f. 
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Proof Let A € CAR*®(¥). Then 


spec A = speca(A) = specc(A) = spec A# = spec f(A). 


Therefore, a, c, * and ê do not change the spectral radius of A. Hence, they are 


isometric. 


Definition 12.54 We define CARS (Y), i=0,1, and ClifO (Y) as in 
Def. 12.49. 


Theorem 12.55 If VY is an infinite-dimensional real Hilbert space, then 
CAR?” (Y) is simple. If in addition Y is separable, then CAR? (Y) is isomorphic 
to UHF (2%) defined in Subsect. 6.2.9. 


Proof Choose an o.n. basis (e14,€1—,€2+,€2—,...) of Y. Let Y, be the space 
spanned by the first n vectors of this basis. We have a commuting diagram, 


CAR(Yam) C CAR(Vəm+2) 


l l 
B(&” C?) àg Beret), 


where the vertical arrows are *-isomorphisms and the lower horizontal arrow is 
A= A@Ic. Clearly, UX; Yom is dense in V. Hence, 


2a cpl 
CAR (Y) — (U CAROn)) 


m=1 


iso cpl 
~ (U Bech) = UHF (2°). 


12.5.3 W*-CAR algebra 


In Thm. 12.47 we defined the state tr on CAR(Y) for any finite-dimensional 
Y. For an arbitrary Y this gives rise to a state on CAR"®(), and hence on 
CAR? (Y), also denoted tr. We can perform the GNS representation using the 
state tr and obtain the triple (Htr, Ttr, Qtr), where 


my : CAR (Y) > B(Hw) 
is a faithful «representation, Qir E€ Hir is a vector cyclic for m:(Hir) and 
tr(A) = (Qe |r (A)r). 
Definition 12.56 We define the W*-CAR algebra of Y as 


CARY (Y) = (re (CARC v)” 
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Since m, is faithful, it defines an isomorphism of CAR (JY) onto 
mx(CAR© (Y)). Therefore, in what follows these two algebras will be identi- 
fied. Thus CAR© (V) is a o-weakly dense sub-algebra of CARW” (V). 

We have a normal state 


(U| ANu), AE CARY (Y). (12.33) 


On CAR?” (Y) it coincides with tr. In what follows, we will write trA also for 
(12.33). 
Thm. 12.45 extends with obvious adjustments: 


Theorem 12.57 (1) tr is a tracial state on CARW” (Y). 

(2) The conjugation c and the parity a extend to o-weakly continuous involu- 
tions on CARW” (V) preserving tr. For r € O()), the same is true for the 
Bogoliubov automorphism f. 


(3) The identities of Thm. 12.45 (3) and (4) are true. 


Definition 12.58 We define CAR" (Y), i=0,1, and Cliff” (Y) as in Def. 
12.49. 


Theorem 12.59 If Y is an infinite-dimensional separable Hilbert space, then 
CAR (Y) is isomorphic to HF (the unique hyper-finite type Il, factor described 
in Subsect. 6.2.10). 


Recall from Subsect. 6.5.2 that, for any 1 < p < oo, we can define the space 
L?(CAR™ (Y), tr). For p = 1, it coincides with the space of normal functionals 
on CARY” (Y). For p = 2, it coincides with the GNS Hilbert space for the state 
tr, denoted also Hir. Finally, for p = oo, it coincides with CARY” (Y) itself. 

For 1<p<oo, CAR*!(Y) is dense in LP’ (CARY”(Y),tr), so that 
L? (CARW (Y), tr), can be understood as the completion of CAR! (V) in the 
norm ||Al|,. := (tr|A|?)!/”. 


Definition 12.60 Similarly to the case of a finite dimension, in the general case 
we define the tracial or real-wave CAR representation over Y by 


Vay Gry) := mMer(O(y)) E€ Br (Hir). 


12.5.4 Conditional expectations between CAR algebras 
Consider a closed subspace Vı of VY. Clearly, CAR” 91) can be viewed as a 
W*-sub-algebra of CAR™ (V). Besides, CARW” (V) is equipped with a tracial 
state tr. Therefore, by Subsect. 6.5.4, there exists a unique conditional expecta- 
tion 

By, : CAR” (Y) > CAR™ %1) 
such that 


trA = trEy, (A), A € CARW (Y). 
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It commutes with the parity: 
ao Ey, = Ey, oa. 


It restricts to a conditional expectation between the corresponding CAR C*- 
algebras: 


Ey, : CAR?” (Y) > CART (V1). 


If {V; hez is an increasing net of closed subspaces of Y with y, V; dense in yV, 
tE 


we have the norm convergence 
lim Ey, (A) = A, Ae CAR (Y), (12.34) 
and the o-weak convergence 


o—w —limBy,(A)=A, AE CAR™'(Y). 


12.5.5 Irreducibility of infinite-dimensional CAR algebras 
The following proposition extends Prop. 12.36 to the infinite-dimensional case. 


Proposition 12.61 (1) Let A € CARG (Y) commute with o(y), ye V (and 
hence with all CAR© (Y)). Then A is proportional to 1. 

(2) Let a non-zero A € CARY (Y) commute with o(y), y € V (and hence with 
all CARO (¥)). Then dim Y is finite and odd, and A is proportional to Q. 

(3) Let a non-zero A € CAR (V) anti-commute with o(y), y € Y (and hence 
with all CARS (Y)). Then dim) is finite and even, and A is proportional 
to Q. 


Proof We pick an increasing net Y;, i € I of finite-dimensional subspaces of 
YV with (U;er Vi)” = V. Let F; be the conditional expectation onto CAR(Y)). 
Let A € CARE” (Y) such that Ad(y) = (y)A for y € Y. Let A; := E;(A). Since 
E;¢(y) = o(y), y E€ Vi, we obtain from Prop. 6.83 that A;¢(y) = o(y) Aj, y E€ Vi. 
By Prop. 12.36, this implies that, for all i, A; = 4; 1. We know that lim A; = A 
by (12.34). Hence, lim Ai =: A exists and A = Al. This proves (1). 

Let us now prove (2). Let us assume that there exists A with the stated prop- 
erties, and that dim y is infinite. We pick an increasing net of finite-dimensional 
subspaces Y; of odd dimensions as above, equip them with orientations and 
denote by Q; the associated volume elements as in (12.20). Considering the 
net A; := E;A, we know by Prop. 12.36 that, for all i, A; = A;Q;. Clearly, if 
i<j, then £;(Q;) = Qi, which implies that A; coincide and equal a certain 
non-zero number A. Since A := lim A; # 0 exists, lim Qi #0. Using now the 


CAR we see that if Yj, Yj are two 'finite- dimensional aces with Y; Ç Yj, then 
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IQ: — Q;|| = 1, which is a contradiction, since y is infinite-dimensional. The 
proof of (3) is similar. 


The following proposition is the W*-analog of Prop. 12.61. 


Proposition 12.62 (1) Let A€ CARY (Y) commute with o(y), ye VY (and 
hence with all CARY” (Y)). Then A is proportional to 1. 

(2) Let a non-zero A € CARY (Y) commute with o(y), y € Y (and hence with 
all CARW” (Y) ). Then dim Y is finite and odd, and A is proportional to Q. 

(3) Let a non-zero A € CARY” (Y) anti-commute with (y), y € V (and hence 
with all CARY” (V)). Then dim yY is finite and even, and A is proportional 
to Q. 

Proof The proof of (1) is completely analogous to Prop. 12.61. Let us explain 


the modifications for the proof of (2). By the same arguments as in Prop. 12.61, 
we obtain that lim Q; exists in the o-weak topology. Working in the GNS repre- 


sentation for the tracial state, we see that lim QQ does not exist. The proof of 


(3) is similar. 


12.6 Notes 


Clifford relations and Clifford algebras appeared in mathematics before quantum 
theory, in Clifford (1878). They will be further discussed in Chap. 15. 
Canonical anti-commutation relations were introduced in the description of 
fermions by Jordan—Wigner (1928). 
Pauli matrices were introduced by Pauli (1927) to describe spin } particles. 
Mathematical properties of CAR algebras were extensively ae see e.g. 
the review paper by Araki (1987) and the book by Plymen-Robinson (1994). 


13 
CAR on Fock spaces 


This chapter is devoted to the study of Fock representations of the canonical anti- 
commutation relations, a basic tool of quantum many-body theory and quantum 
field theory. It is parallel to Chap. 9, where Fock CCR representations were 
studied. 

The basic framework is almost the same as in Chap. 9. Throughout this chapter 
Z is a Hilbert space, called the one-particle space. We will consider the Fock CAR 
representation acting on the fermionic Fock space T’,(Z). 

As in Sect. 1.3, we introduce the space 


YV = Re(Z 9 Z) := {(z,Z) : z € Z}, 


which will serve as the dual phase space of our system. Recall that in the bosonic 
case we equipped Y with the structure of the Kahler space consisting of the 
anti-involution j, the Euclidean scalar product - and the symplectic form w: 


j(2,Z) := (iz,iz), (13.1) 
(z,Z) - (w, W0) := 2Re(z|w), (13.2) 
(z,Z)w(w, w) := 2Im(z|w) = —(z,z) - j(w, Ww). (13.3) 


In our presentation of the fermionic case, we will need the Kähler anti-involution 
j. The symplectic form w will not be used. Instead of the scalar product (13.2) 
we will use another scalar product, 


(z,Z)-v(w, WÑ) := Re(z|w) = 5 (242) -(w,W). 


Again we will avoid identifing Z with V. 
CY is identified with Z $ Z by the map 


Cy > (z1 t zı) t i(z2 t Zo) (z1 + iz, 21 — iz2) EZOzZ. 


y*, the space dual to Y, is canonically identified with Re(Z @ Z) by using the 
scalar product (9.2), and CY* is identified with Z @ Z. 


13.1 Fock CAR representation 


Consider the fermionic Fock space T',(Z). Recall that, for z € Z, a*(z), resp. 
a(z) denote the corresponding creation, resp. annihilation operators defined in 
Sect. 3.4. 
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13.1.1 Field operators 


Definition 13.1 For y = (21,22) € CY, the corresponding field operator acts 
on Ta(Z) and is defined as 


(21, Z2) := a*(z1) + a(z9). (13.4) 
Recall that I := (—1)%. 
Theorem 13.2 (1) Operators $(21,22) are bounded and 
(1, Z2)" = O(22,%1). 


In particular, $(z,Z) are self-adjoint. 
(2) [d(w1, We), d(21, Z2)|+ = (welz1) + (z2|w1). Hence, in particular, 


[o(w, W), O(2, 2) + = (w, W) v(z,z)1. 


(3) [o(241, 22), I]+ = 0. 
(4) If p € B(Z), we have 


T'(p)$(21, 22) = (p21, p*1 22 )T(p). 
(5) If h € B(Z), we have 
[dT (A), (21; 22)] = o(hz1, —h* 22). 
(6) We have an irreducible CAR representation, 
Y > (z,Z) = ¢(z,Z) € By (Ta(Z)). (13.5) 


For further reference let us record: 


Proposition 13.3 Let A € B(I,(Z)) anti-commute with (y), y € Y. Then A 
is proportional to I. 


Definition 13.4 (13.5) is called the Fock CAR representation over yY in T',(Z). 


Remark 13.5 Suppose that Z =C™ and (e1,...,€m) is the canonical basis of 
C™. Clearly, Ta(C) can be identified with C?. Therefore, we have the identifica- 
tion 
Qg” C2 ~ @™T,(C) ~ TCO; 
Under this identification, NER resp. pa acting on @™C? defined in (12.12) 
coincides with o(e;,€;), resp. b(ie;, -i€;) acting on T,(C™). Note that 
(e1,@1), (ier, —ié,), rae (em, €m), (iem , —iēn ) 


is an o.n. basis of (Y,v). Thus, the Jordan-Wigner representation over R?™ in 
QC? coincides with the Fock representation over R?™ onT,(C™). 
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13.1.2 Extended Fock representation 


Note that J implements the parity transformation, since 
Id(z, z)! = =z; z). 


Let us extend the scalar product v to the space Y 6 R by 


(21, 21)-V(22, 2) + tite := Re(z1|22) + tite. 
Clearly, 
VERD (z,Z,t) + (z,z) + tl € B(Ta(Z)) (13.6) 
is also an irreducible representation of the CAR. 
Definition 13.6 (13.6) is called the extended Fock CAR representation over 
YOR inT,(Z). 


Remark 13.7 Extending Remark 18.5 in an obvious way, we note that the 
representation (12.14) over R?™*! in @™C? can be identified with the extended 
Fock representation over R?"*! in T,(C™). 


13.1.3 Slater determinants 


Let W be a finite-dimensional oriented subspace of Z. (For the definition of an 
oriented complex space see Subsect. 3.6.8.) Let (w1,..., Wn) be an o.n. basis of 
W compatible with the orientation. Then 


a*(w,) +++ a* (Wn )Q = Vn! wy Qa s+: Qa Wn (13.7) 


is a normalized vector. 


Definition 13.8 Vectors of the form (18.7) are called Slater determinants. If 
W = Z, then (13.7) is called a ceiling vector. 


If u € U(W), then 
a*(uw,)-+--a* (ww, )Q = (det u)a* (w1) +--+ a*(w,)Q. 


Thus a Slater determinant depends only on the oriented subspace W. 


13.2 Real-wave and complex-wave CAR representation 
on Fock spaces 
In Subsects. 12.4.2 and 12.5.3 we introduced the concept of a real-wave CAR 
representation by using the GNS representation for the canonical tracial state. 
There exists a convenient alternative description of this representation that uses 
the Fock CAR representation, which we will discuss in this section. 
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We will also introduce the complex-wave CAR, representation — an analog of 
the complex-wave CCR representation, which we discussed in Subsect. 9.2.1. 


13.2.1 Real-wave CAR representation on Fock spaces 


Let Y be a real Hilbert space. Clearly, CY is a complex Hilbert space possess- 
ing a natural conjugation. For typographical reasons, this conjugation will be 
sometimes denoted x. 

In this subsection we continue to discuss the real-wave representation in an 
arbitrary dimension. 

We will consider the Fock space T,(CY) equipped with the corresponding 
conjugation. [',() is its real subspace of elements fixed by the conjugation 
T(x). Linear operators that preserve [’,()/) are called real. 

Introduce the following operators on the fermionic Fock space T, (CY): 


P (y) = a” (y) + aly), 
Pl) = A(a*(y) +aly))A, yEy, 
where we recall that A = (—1)Y W972, 
Theorem 13.9 (1) We have two mutually commuting CAR representations: 
YV > y> Py) € By (Ta (CY)), (13.8) 
YV > y > $" (y) € Ba (Ta (CYV)). (13.9) 
That means, for yi, y2 € V, 
lp) Pu) = E (M1), u) = 2u vyl, — [$'(y1), H(y)] = 0. 
(2) We have 
(w) = a*(w) t+a(xw), (w) = (xw), weECy. (13.10) 


(3) Let n! : CAR?” (V) — B(Ta(CY)) be the *-homomorphism obtained by 


Prop. 12.31 from the CAR representations (13.8). Then Q is a cyclic vec- 


tor representative for the state tr and the representation n!. Therefore, n! 


is the GNS representation of CAR?” (VY) for the state tr and it extends to a 
í 3 " 
isomorphism of CARY” (Y) onto m! (CAR? )) 
(4) Let J be the modular conjugation for the state tr. Then J = AT (x). We have 


JPI =F), yey. 
(5) We have 
m(c(A)) =TO9r(A)T(x), A € CAR(R”). 
Consequently, T’ (Cliff(Y)) consists of real elements of m!(CAR(Y)). 


Proof Statements (1) and (2) are simple computations. 
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Consider the GNS representation of CAR (V) w.r.t. the state tr, denoted 
(Hir, Tir, Qtr). The Hilbert space Hi, contains CARS (Y) as a dense subspace, 
equipped with the scalar product 


trA*B, A,B € CAR (V). 
Let us define a linear operator 
Pa(CY) > a = Ua := Opla) € CAR?” (Y) C Hu. 
The identity 
trOp(b)*Op(c) = (bļe) (13.11) 
implies that U extends to a unitary operator 
U : Ta(CVY) > Her. 


U maps 2 €T,(CY) onto Op(1) = 1 = Qi. 
We have 


Tu(A)B = AB, AE CAR? (Y), Be CAR? (Y) C Hu. 


In particular, consider A = Op(y) = ¢(y), y E€ Y, and B = Op(b). Adding up 
(12.27) and (12.28) we obtain 


Tix ((y)) Op(b) = Op(y-b + (vy): Vyb). 
Therefore, 


U* mr (d(y))U = yw + (vy) Ve 
= a” (y) +a(y) = 7' (y). 


This proves (3). 


By the above theorem, we can identify the representation 7! with the real-wave 
representation Ttr considered in Subsect. 12.5.3. 


13.2.2 Operators in the real-wave CAR representation 
This subsection is parallel to Subsect. 9.3.5, where we studied operators in the 
real-wave CCR representation. For brevity, we will write R for CARW (V). 
Let us use the terminology of non-commutative probability spaces, introduced 
in Sect. 6.5. By Thm. 13.9, we have a canonical unitary identification 


L? (R, tr) ~ T, (CY). (13.12) 


Thus the real-wave representation acts on a “non-commutative L? space”, which 
we view as a justification for the name “real-wave representation of CAR” for 
the constructions described above. 
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Definition 13.10 Let a be a contraction on Y. We define an operator Tw (a) 
on L? (MR, tr) = Ta (CY) by 


Tyw(a) = T(ac). 
Proposition 13.11 (1) Let a be a contraction on Y, b,c E€T,(CY) and c= 
Tw (a)b. Then, if we use the identification (13.12), we have 
Op(c) = Op(T (a)b). 


(2) Let Yı be a closed subspace of Y and e, the orthogonal projection onto Yı. 
Then 


Tw (€1) Ey, , 


where Ey, is the conditional expectation introduced in Subsect. 12.5.4. 

(3) Let r € O(Y). Then ĉ, defined originally as an automorphism of R, can be 
extended to a unitary operator on L? (XR, tr). If we denote this extension also 
by fF, we have 


Trw(r) = ?. 
The following fermionic analog of Prop. 9.29 is due to Gross (1972): 


Proposition 13.12 Let a € B(Y). Then if |la|| < 1, Tr(a) is positivity pre- 
serving. It follows that Tyw(a) extends to a contraction on L?(KR,tr) for all 
l<p<oam. 


Proof We follow the proof in Prop. 9.29, writing a as j*uj. The map Tw (j) 
becomes 


L’ (R, tr) DAM ATE L’(K,tr) @ L (R, tr), 


which is positivity preserving, as well as Tw (j*) =Tyw(j)*. If A E RQR, then 
T,w(u)A as an operator on T,(CY 6 CY) equals (uc) AT (uc)~!, which belongs 
to R&R and is positive if A is. Hence, I (uc) is positivity preserving. The second 
statement then follows from Thm. 6.81. 


The following fermionic version of Nelson’s hyper-contractivity theorem is due 
to Gross (1972) and Carlen—Lieb (1993): 


Theorem 13.13 Leta E€ B(Y),1<p<q<o and 
L fe 
lall < @@—1)?(q-1)?. 


Then T,w(a) is a contraction from LP (R, tr) to LI(%R, tr). 


13.2.3 Complez-wave CAR representation in finite dimensions 


One can reformulate the Fock CAR representation so that it becomes analo- 
gous to the complex-wave CCR representation considered in Subsect. 9.2.1. For 
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simplicity, at first we restrict ourselves to finite-dimensional spaces Z. We iden- 
tify Z* with Z using the scalar product. 

Recall that an alternative notation for .,(Z) is Pol,(Z). Elements of Pol, (Z) 
are treated as sequences whose n-th element is an anti-symmetric n-linear form 
on Z. Thus to define F € Pol,(Z) we need to specify 


F(Z,- Za)  Zlye+y2n EZ, nN=0,1,2,.... (13.13) 


In algebraic formulas we write F(Z) instead of (13.13), treating Z as the “generic 
variable” in Z, as discussed in Subsect. 3.5.1. 


Likewise, an alternative notation for [,(Z) is Pol,(Z). Applying the complex 
conjugation to F € Pol,(Z), we obtain F € Pol,(Z) such that 


E = Fie ase. Since eS. = 0 Re. (13.14) 


We will commonly write F(z) or F(Z) instead of (13.14), treating z as the 
“generic variable” in Z. 

Let us fix a (complex) volume form dZ on Z compatible with the scalar product 
of Z, and let dz be the dual volume form on Z. As in Subsect. 7.2.1, if A € 
CPol,(Z  Z), we can define its Berezin integral, 


JEGES 
Equip Pola (Z) with the scalar product 
(F|G) := / F(2)G(z)e* 7 dzdz. 
We define the map T°” :T,(Z) — Pol, (Z) by 


1 
POP Zea BAS Val Qa t Da Zn|[V), VET,(Z), 1,.-.,2n EZ. 
n! 


Applying Thm. 7.23 (2) to Y = Z, Y* = Z, we obtain the following theorem: 
Theorem 13.14 (1) The operator T™ is unitary, that is, for ®, Y €T,(Z), 


(|W) = f TPTY U(z)e* edz. 


(2) For w € Z we have 
TO =1, 
T a* (w) =w- ZT, 
T a(w) = W: Vz T, 
(TT (p)¥)(Z) = (T°) (p*z), pe B(Z), VeTa(Z). 
Proposition 13.15 For w € Z, define an operator on Pol,(Z) by 


(w, Ñ) = w-74+0-Vs. 
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The map 
Re(Z  Z) 3 (w,W) =œ o™ (w,W) € Bh (Pola(Z)) 
is a CAR representation unitarily equivalent to the Fock representation: 


b* (w, 0) = T™ (a*(w) + a(w))T. (13.15) 


Definition 13.16 (13.15) is called the basic form of the complex-wave CAR 
representation. 


13.2.4 Complex-wave CAR representation: the general case 


If Z is infinite-dimensional, the Berezin integral does not exist anymore. There- 
fore, strictly speaking, the definition of the complex-wave CAR, representation 
has to be modified. We will need to use the formalism of non-commutative prob- 
ability spaces. 

Let us start by defining an appropriate real-wave CAR representation with 
a tracial state that will replace the Berezin integral. Consider the space Z 9 Z 
equipped with a natural conjugation 


X(21, 22) = (42,21), (4,%2) € ZZ, 


whose real subspace is Re(Z © Z). Re(Z @ Z) is equipped with the symmetric 
form 


(z,Z)-v(2',2') := 2Re(z|2’), (2,2), (2’,2’) € Re(Z @ Z). 
Following Thm. 13.9, consider the real-wave CAR representation 
Re(Z @ Z) 3 (z,Z) = ¢* (z,Z) := a*(z,Z) + a(z,2) € By (Ta(Z  Z)). 


The fields ¢'Y(z,Z), z E€ Z, generate a von Neumann algebra R isomorphic to 
CAR” (Re(Z @ Z)). As in (13.10), we extend these fields from Re(Z $ Z) to 
Z © Z by complex linearity, setting for (z1,Z2) € Z 9 Z 


gb (21, Ze) — a” (z1, Z2) + a(2z2, 21) ER. 
We have 
PY (21, 22)" = PY (22,21), 
[0 (21, 22), #7 (24 Za) 4 = 2(21 |23) + 2(22|21). (13.16) 


Denote by Ray the o-weakly closed (but non-self-adjoint) sub-algebra of R gen- 
erated by ¢'(z,0), z E€ Z. 


Theorem 13.17 There exists a unique bounded linear map 


TP" 27) Gy Sa? Oa) 
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such that 
TO := 1, 
LO a* (z) = #7 (2,0) T, zeZ. 
The map is isometric, i.e. 
(Ov) = tr(T¥ 8) TY, @,Y €r,(2). (13.17) 
It satisfies 
T a(z) = #7 (0,z)T, ze Z, 
T*T(p) =Tiw(p@pT™, pe B(Z). 
The image of T™ is a commutative sub-algebra of L? (R, tr). 
Definition 13.18 The image of T™ is denoted by L? (Re, tr). 
Proposition 13.19 For z€ Z, the multiplication by ¢'*(z,Z) preserves 
L? (Ra, tr). Therefore, 
bd (z,Z)A:= 6" (z,Z)A, AE L? (Rex, tr), 
defines an operator on L? (Re, tr). The map 
Re(Z @ Z) > (z,2Z) = 6 (z,z) € Ba (L (Rew, tr)) 
is a CAR representation unitarily equivalent to the Fock representation: 


o7 (z,Z) = T™ (a*(z) + a(z) T™*. (13.18) 


Definition 13.20 (13.18) is called the alternate form of the complex-wave CAR 
representation. 


13.3 Wick and anti-Wick fermionic quantization 


This section is parallel to Sect. 9.4, where the bosonic Wick and anti-Wick quan- 
tizations were considered. 

The framework of this section is the same as that of the whole chapter. Recall 
that Z is a Hilbert space, Y = Re(Z © Z) and we identify Y* ~ Re(Z @ Z). 
Recall from Subsect. 3.5.6 that CPol,()* ) is identified with Pola (Z @ Z). 

We consider the Fock CAR representation 


Y > y = oly) € Ba (Ta(2)). 


Recall that CAR®8(V) is the «algebra generated by ¢(y), y € V. It can be 
represented by operators on the space Ta (Z). Recall that A = (1) 70/2, 
We will define and study the fermionic Wick and anti-Wick quantizations. 
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13.3.1 Wick and anti- Wick ordering 


Recall that, with b € Pol, (Z), in Subsect. 3.4.4 we defined the multiple creation 
and annihilation operators. We obtain two homomorphisms, 


Pol, (Z) > b = a*(b) € CAR*8(y), 
Pola (Z) > b+ a(Ab) € CAR?! (V). 


Note that the possibility of unambiguously defining a* (b) and a(b) follows from 
the fact that Z and Z are isotropic subspaces of CY for the bilinear symmetric 
form ve. 


Definition 13.21 For bı, bọ € Pol, (Z) we set 
Op" °"(b, b2) := a* (bı Ja( Ab), 


Op** (b2b1) := a(Abz)a* (b1). 
These maps extend by linearity to maps 
CPola (V* ) > b= Op* 7(b) € CAR?! (V), 
. (13.19) 
CPol,(Y*) > b= Op*” (b) € CAR*8(y), 
called the Wick and anti-Wick fermionic quantizations. 


Definition 13.22 The inverse maps to (13.19) will be denoted by 


CAR? (Y) 3 BH s% € CPol,(Y*), 


CAR?! (Y) > BH s4% € CPol,(Y*). 


The anti-symmetric polynomial so, resp. st” is called the Wick, resp. anti- 
y B B 
Wick symbol of the operator B. 


Remark 13.23 If we fiz an o.n. basis (e; : i € I) of Z parametrized by a totally 
ordered set I, and write 
b= 5 Diy... i 
{it jcsim Fi, peo FOL 


c= X Cy. ytm sth, jet ir T Zim Fit Zils 
: ‘ : 4 
fir}. Steet Gl 


il yd Sty OT Zim Zil il 


then we have explicit formulas 


a*,a = ; 2. ange HOA 
Op (b) = SD Diy ,..-sim if yt Oj, °° Qin Git Air, 
Ne Pe Ee tet 
a,a~ oy: ' rn ay, ey A tee 
Op*”" (c) = J Ci ,osim ihoni iy 111 Qim Qis ++ Qir- 


{irim Fi, pes FCT 
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Proposition 13.24 (1) Op’ ’“(b)* = Op*“(Ab) and Op* (b)* = Op* (AD). 
(2) Let w € Z, b € CPol,(Y*). Then 


Op**(w-b) = a” (w)Op°> (b),  Op***(b-) = Op" (d)a(w), 
a*(w)Op* *“(b) — Op" *“(Ib)a*(w) = Op* *(w-Vzb), 


a(w)Op* *“(b) — Op?" (Ib)a(w) = Op?" (w-Vzb). 
(3) If Op** (b_) = Op°™ (b4), then 


b, (Z, z) = eY=Y=b_(Z, z) 


= fet 21) (Z 2)b_ (2%, z21)dzdz. 
(4) If Op?“ (b1)Op* *(b2) = Op°™ (b), then 


b(Z, z) = eV Y by (Z, z1)bo(Z1, Z)| 


Z1>=2 


= f el? ai)-(@ 21) by (Z, zı )b2 (zı 5 z)dz dx. 
(5) The Wick quantization satisfies 
(Q/Op***(b)Q) = b(0), b € CPol,(Y*). (13.20) 


Proof It suffices to prove (1) and (2) when b is a monomial, which is an easy 
computation. 

To prove (3) and (4), we use the complex-wave representation. We see that 
the Wick, resp. anti-Wick, quantization can be seen as the Z, Vz resp. Vz,Z 
quantization. (3) and (4) follow then from Thm. 7.26. 


The following formula is the fermionic version of what is usually called Wick’s 
theorem. We will give its diagrammatic interpretation in Chap. 20. 


Theorem 13.25 Let bi,...,bn E€ CPol,(Y*). Let b € CPol,(Y*) and 
Op" (b) = Op" (by) += Op"™"(b,). 
Then 
b(Z, z) 
= exp 5 Vz, Vz, )by (21, 21) +++ Dp Cr) ; 


i>j 
(Q|Op°*" (b1) --- Op?" (bn) N) 
= exp Os Vz, Vz, Jb: (21, 21) +++ Dp (Zns%n) [gag mene : 


i>j 
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13.3.2 Relation between Wick, anti- Wick 
and anti-symmetric quantizations 


We can introduce the anti-symmetric quantization 
Pol, (Z @ Z) ~ CPol, (Y*) > b+ Op(b) € B(T,(Z)) 
as in Sect. 12.4. 
Proposition 13.26 Let b,b},b— € CPol,(Y*). Let 
Op*”“(b,.) = Op(b) = Op**" (b_). 
(1) The anti-symmetric symbol is given in terms of the Wick symbol by 


b(Z, z) = eV: V=b, (Z, z) 


= Q¢ f eC zı) (2 aby (zı ; zı )dzıd2ı > 
(2) The anti-symmetric symbol is given in terms of the anti-Wick symbol by 


b(Z, z) = e7 7V: Y=b_(Z, 2) 


= 21 fe 2(z—zi)-(z *)b_ (Z1, 21 )dZz1dz1. 
Proof To prove (1) we can assume that b4 (Z, z) = bı (Z)ba (z), so that 
Op°™" (b4) = a” (bı )a(b2) = Op(b1)Op(b2) = Op(b), 


using that Z, Z are isotropic for the scalar product v. Using Prop. 12.42 we get 
that 


b(Z, z) = eVa Ya)” (Y=: Y22) by (Z1 )ba(22)| 


z1 >22=2 


= e? Y- 'Yzb; (Z)b2 (2), 


which proves (1). Statement (2) follows then from Prop. 13.24. 


13.3.3 Wick quantization: the operator formalism 


This subsection is parallel to Subsect. 9.4.5 about the bosonic case. 

We will now treat Wick symbols as operators acting on the Fock space. We 
will restrict ourselves to a rather small class of such operators. 

Recall that if N is the number operator, then 1t} (N) is the projection from 
T, (Z) onto T? (Z). Similarly to the bosonic case, for b € B(I'4(Z)) we set bpm := 
Liny (N) bem} (N) and 


Bin (C.(Z)) 
= {b € B(T,(Z)) : there exists no such that bp. =0 for n,m > no}. 
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Definition 13.27 Let b€ B'™(L,(Z)). The Wick quantization of b is defined 
as the quadratic form on T"(Z) such that for ®, Y € T#"(2Z), 
(|Op**(b)W) 


= > D CEER R ay @ 1$" Y). (13.21) 


n,m=0 k=0 


The above definition can be viewed as a generalization of Def. 13.21. 


Proposition 13.28 Let b € CPol,(¥*) ~ Pola(Z @ Z) be identified with b € 
B'(T,(Z)) by 


(Zn Bae + Ba Zilbn,m Zn Ba tt Ba 24) (13.22) 
n+m)! oe = 
= LE @at+*@a Z1 Ba Zi Bar 2), BWyeeey Zag Zye++y 2m EZ. 


Then Op" “(b) in the sense of Def. 13.21, which involves b in the first meaning, 
coincides with Op* ° (b) in the sense of Def. 13.27, involving b in the second 
meaning. 


Proof Choose a totally ordered o.n. basis in Z. Let 
b= ei Ba +++ Ba Ci, Ba Cjm Ba tt Ba Eji- 
Then Op*”” (b) in the sense of Def. 13.21 equals 
Gp EO, Ajn ei (13.23) 


(13.22) identifies b with the operator 


lei, ®a oer Qa Cin (ej, Ba ee Ba Cim i 


Op**“(b) in the sense of Def. 13.27 is the quadratic form on TÊ! (Z) equal to 


5 (n + k)!(m + k) 
k! 


! 
lei; Da t @a Ci, (Ej, Qa t @a Ejn |@ 13. (13.24) 


pa 
It is easy to see that (13.23) and (13.24) are equal. 


© 


Proposition 13.29 Let be B*"(T,(Z)), he B(Z)c B™(T,(Z)), pe 
B(Z, Z). Then 


* 


[dr (A), Op*-*(b)] = Op? ** (hb — bh*), 


T(p) ifp is isometric, 


ifp is unitary. 
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The following proposition describes the special class of particle preserving 
operators. Recall that the operator O(c) is defined in Def. 3.11. 


Theorem 13.30 If b € B(T™(Z)), then 


(B|Op"™*(6)W) = SP MEN (Gb 10). 
k=0 


Thus 


1 a*a 
— Op? (0) 
m: 


creer (2) 


Se btk 
pe +g) — TEIR I 


1<ii<--<im <m+k 


where the operators pore € B(I**(Z)) are defined as follows: 


setm 


pmtk = O(c) b@ 18" O(a)7! 


U1 y++y%m 


rm they 


where o E€ Sm+x is any permutation that transforms (1,...,m) onto (i1,... im). 


13.3.4 Estimates on Wick polynomials 


Fermionic Wick monomials tend to be bounded more often than bosonic ones. 
Here is an example of this phenomenon: 


Proposition 13.31 Let h € B'(Z) be positive. Then ||dI'(h)|| = Tr h. 


We also have a fermionic analog of bosonic N, estimates described in Prop. 
9.50. The proof in the fermionic case is fully analogous to that in the bosonic 
case. 

Proposition 13.32 Let b€ B(I4(Z),T2(Z)) c B®" (T. (Z)) for p,q €N. Let 
m > 0 be a self-adjoint operator on Z. Then for all Y1, Y2 €T,(Z) one has 


(ab (mm)?! Op" t (b)dT (m) =W) | 


< |IE(m) Fo (m)~F | | Pr [Wal 


13.4 Notes 


The Wick theorem goes back to Wick (1950). 

The fermionic real-wave representation is due to Segal (1956). Second quan- 
tized operators in the fermionic real-wave representation were studied by Gross 
(1972) and Carlen—Lieb (1993). 

The fermionic complex-wave representation was developed by Shale- 
Stinespring (1964). 


14 
Orthogonal invariance of CAR algebras 


Let (Y,v) be a real Hilbert space. 

Recall that O(Y) denotes the group of orthogonal operators on Y and that 
o(Y) denotes the Lie algebra of bounded anti-self-adjoint operators. 

The main aim of this chapter is to discuss the invariance of CAR algebras 
(mostly C*- but also W*-CAR algebras) with respect to the orthogonal group. 
We will restrict ourselves to the results that are independent of a representation. 
In particular, they will not involve any Fock representation nor a distinguished 
Kahler structure. Orthogonal invariance of CAR algebras on Fock spaces will be 
studied separately in Chap. 16. 

To some extent, this chapter can be viewed as an analog of Chap. 10 about 
the symplectic invariance of CCR in finite dimensions. However, in this chapter 
we consider the case of an arbitrary dimension, since for the CAR this does not 
introduce any serious additional difficulties, unlike for the CCR. 


14.1 Orthogonal groups 
14.1.1 Group O;(Y) 


Recall that if dim Y is finite, besides the group O(Y) and the Lie algebra o(V) 
we have the group SO(Y) := {r € O(Y) : detr = 1}. If dimy is arbitrary, we 
still have O(Y) and o(¥), but there seems to be no analog of SO(Y). However, 
there exists a natural extension of the triple (O(’), SO(Y), o(V)) to infinite 
dimensions described in the following definition: 


Definition 14.1 Set 


OVW(Y) := {r € O(Y) ; r—-leBy)}, 
SO(Y) := {r €O1(Y) : detr =1}, 
o (V) := (V) N B! (V). 


We equip all of them with the metric given by the trace-class norm. 


Proposition 14.2 (1) O(Y) is a group and SO (V) is its subgroup. 
(2) We have an exact sequence of groups 


(3) 01 (Y) is a Lie algebra and if a € o1 (V), then e* € SO\(Y). 
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Proof We use the fact that the determinant is a homomorphism of O: (V) onto 
We have the following characterization of elements of SO; (V): 

Theorem 14.3 Letr € O1(Y). Then dim Ker(1 + r) is finite. Besides, the fol- 

lowing conditions are equivalent: 

(1) re S01 (V). 

(2) dim Ker(1 + r) is even. 

(3) There exists a € o1 (V) such that & =r. 


Proof Let us prove (2)=(3). 
Case 1. Assume Ker(1 + r) = {0}. We complexify Y and consider re € U (CY). 
Since Ker(1 + rc) = {0} and re — 1 is compact, we see that 


specrc C {el? : d€]—7,7[}. 
Take e.g. the principal branch of the logarithm (which maps C\]—oo,0] onto 
{—7 < Imz < 7}) and define b := log re. b is an anti-self-adjoint operator, b € 
B'(Cy) and re = e. It is real, so there exists a € 0;()/) such that b = ac. 


Case 2. Assume that r = —1 and dim J is finite and even. We choose an o.n. 
basis (€1,...,€2n), and set ce; := enpi, C€n4; = —e;. Then c? = —1, c € o (V) 
and e° = Icost+ csin t. Thus e° = —1. 


In the general case we set Veg := Ker(1 + r) and Vreg := VE. These are invari- 
ant subspaces of r, so that we can apply case 1 and case 2 to them respectively. 

Using that the determinant is continuous in the trace norm topology, we see 
that t> dete’ is continuous for a € o1(Y), which proves (3)=(1). 

Let us prove (1)=(2). Assume that dim Ker(1+ r) is odd. Let yo € Ker(1 + r) 
be a unit vector and ro := 1 — 2|yo)(yo|. Then rro € Oi (V) and Ker(1 + rro) = 
Ker(1+ r) © Ryo. Hence, dim Ker(1 + rro) is even. Therefore, det rro = 1. Not- 
ing that det rọ = —1, this implies det r = —1. 


14.1.2 Group O,(Y) 


There exist other useful extensions of the triple (O(’), SO(Y), o(V)) to infinite 
dimensions, which we consider in this subsection. 

Throughout this subsection, 1 < p < co. Recall that B? (VY) denotes the p-th 
trace ideal, B.(Y) the ideal of compact operators on Y. 


Definition 14.4 Set 
{re O(y) : r-1e B(y)}, 1<p<oo; 
O,(Y) := 
{re O(y) : r-1eE Bo(¥)}, p=; 
o(Y) N BY), 1<p< o; 
Op (Y) := 
o(Y) N Bo(V), p= oo. 
We equip all of them with the topology of B? (Y), resp. Boo(Y). 
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Clearly, O (V) C O,(V) and op (V) C o (V) for p < q. 

The determinant is not defined on the whole of O,(¥) for p > 1, which makes 
the definition of SO, ()) harder than that of SO; (V). Nevertheless, the following 
analog of Thm. 14.3 can be shown: 


Theorem 14.5 Letr € O,(¥). SetC(e) := {z EC : |z|=1, |z — 1| > e}. Then 
for any e > 0, dim lce (r) is finite. Besides, the following conditions are equiv- 
alent: 


(1) For e > 0, dim lca (r) is even. 
(2) dim Ker(1 + r) is even. 
(3) There exists a € 0,(Y) such that ê =r. 


Proof r— Tis compact, hence dim 1¢(,)(r) is finite for € > 0. 
(1) (2) is obvious. To prove (1)<=(2) we note that for any À € specr we have 
dim 1ga} (r) = dim 1,5, (r). 
To show (2)<(3) we repeat verbatim arguments of the proof of Thm. 14.3 
(2)e(3). 


Definition 14.6 The set of r € O (YV) satisfying the conditions of Thm. 14.5 
is denoted by SO,(V). We will write detr = 1 for r € SO,(Y) and detr = —1 
for r € O,(Y)\SO,(Y), even though, strictly speaking, the determinant is not 
defined on SO, (V). 


Proposition 14.7 (1) O,(V) is a group and SO,(Y) is its subgroup. 
(2) We have an exact sequence of groups 


1— SO, (V) > O (V) > Z2 > 1. (14.2) 
(3) op(V) is a Lie algebra, and if a € 0,(Y), then e° € SO,(Y). 


Proof Clearly, SOı(V) sits inside SO,(). Let us show that S0, (V)! = 
50,9). 

First note that the condition (1) of Thm. 14.5 implies that SO,(Y) is closed 
inside O,()). 

Let r € SO (V). Using Thm. 14.5 (3), we can write r =e" with a € 0,(Y). 
Using the spectral decomposition of a, we can approximate it with a, € 01(Y), 
so that an — a. Hence, e°” — r with e° € SO,(¥). Hence, the closure of SO; (V) 
contains SO, (JY). 

Similarly, we show that (O;\SO,(Y))" = Or(YV)\SO,(V). In fact, every r € 
Or(VY)\SO, (VY) can be written as r = Kro with « = 1 — 2ļe} (e| and ro € SO,(Y). 
We approximate ro with elements of SO (V) as above. 

(2) follows then from the corresponding statement in Prop. 14.2. 
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14.2 Quadratic fermionic Hamiltonians 
Recall that Op(b) denotes the anti-symmetric quantization of an anti-symmetric 
polynomial b € CPol,(Y*). In this section we study quadratic fermionic 
Hamiltonians, that is, quantizations of elements from CPol?()*). We will also 
describe some situations where a quadratic fermionic Hamiltonian can be well 
defined even though its symbol is not of finite rank. 


14.2.1 Fermionic harmonic oscillator 


Let e;,e2 E€ Y be an orthonormal pair of vectors in Y. Consider the following 
operator in CAR?” (V), which can be viewed as a fermionic analog of the har- 
monic oscillator: 


H := $(e1)$(e2). 


Clearly, H = Op(¢), where ¢ = e1 ®, e2. If we consider ¢ as an element of 
L,(Y* ,¥), then ¢ = $(|e1)(e2| — Jez) (e1|). Straightforward computations yield 
the following properties of the fermionic harmonic oscillator: 

Proposition 14.8 (1) H? = —1, H=-—H*, spec (if) = {-1,1}; 
(2) & = costl + (sint)H, in particular, et?" = +H; 

(3) tE d(yjet# = (et y), y EY, in particular, 


Ho(y)H* = ¢ (y — 2e1 (erly) — 2e2(e2|y)) - 


Let y1, Y2 E Y be a pair of normalized vectors with (y:|y2) = cos 6. Let e1, e2 
be any o.n. basis of Span(y1, y2) with the same orientation as that of yı, y2. Then 


(m1) O(y2) = cos O1 + sin 0g(e1)¢(e2) 
= ¢9(¢1)9(e2) — Op(cos 6 + sin Oe; -e2). 


NIA 


Ha 


14.2.2 Commutation properties of quadratic fermionic 
Hamiltonians 


The following theorem can be viewed as the fermionic analog of Thm. 10.13 (1). 


Theorem 14.9 Let x € CPol?(Y*) and b € CPol,(Y*). Then 


[Op(x), Op(@®)] = 20p((Vx) - vVb); (14.3) 
1 
5 (Op(x) Op(b) + Op(b)Op(x)) = Op(x b+ Vo(VOx)vVvb). (14.4) 
(In the above expression, V®) x is considered as an element of L.(V*,Y) and 


Vy u(Vx)vV, is a differential operator acting on the anti-symmetric polyno- 
mial b.) 
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Proof Let us use the “functional notation” for anti-symmetric polynomials. Thus 
v1, V2 are “generic variables” in Y. 
If deg bı or deg bz is equal to 2, then 


eVe UVo, bi (vi )bo (v2) — bi (vi )by (v2) + Maz VV o, bi (vi )bə (v2) 


1 
gE 3 Ve UV 4, )? (v1 )by (v2). 


We insert vı = vo = v, switch to the coordinate notation as in the proof of 
Prop. 12.42, and use the summation convention. We obtain that the symbol of 
Op(b1)Op(b2) equals 


by by Fe (-1)%*8 i Ty; (Vos bı) Voi by 


1 
m grit Vj j’ (Vav Vy bı) V vi Voi by r (14.5) 


The formula for Op(b2)Op(b,) coincides with (14.5), except that the second term 
changes sign. Then we replace b,b with b, y. 


In what follows it will be convenient to change slightly the parametrization of 
quadratic fermionic Hamiltonians. 


Definition 14.10 Bi (Y* ,V) will denote the space of finite rank anti-symmetric 
operators, that is, B,(V*,Y) N BY (V+, V). 


Every x € CPol?(¥*) (a complex homogeneous anti-symmetric quadratic 
polynomial on Y*) can be represented as 


y* x y” = (v, w) i x(v, w) = v:Çw, (14.6) 


for ¢ € CB'(y*,y). Therefore, we have an identification CPol(Ņ*) ~ 
CB! (y+ VY). Note that Vx(v) = 2¢v and VË) x = 2¢. 


Definition 14.11 We will write Op(¢) for the anti-symmetric quantization of 
(14.6). 


Clearly, if we choose orthonormal coordinates in Y*, then (14.6) equals 


udu = 5 QijViWj, 


ISi, j <m 


where [¢;;] is an anti-symmetric matrix and its quantization equals 


Op(¢) = 5 PiGij Q)- (14.7) 


{j=l 
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14.2.3 Quadratic Hamiltonians in C*-CAR algebras 


It is natural to extend the definition of quadratic fermionic Hamiltonians to 
symbols that are not finite rank. In this subsection, we will consider quadratic 
Hamiltonians inside the algebra CAR?” (V). 


Definition 14.12 B1 (Y*, YV) will denote the space of trace-class anti-symmetric 
operators, that is, Ba(V*, Y) A BY(Y*,y). 


Theorem 14.13 (1) The map CB(y#,Y) 3 6% Op(¢) € CAR” (Y) 
extends by continuity to Ç € CB} (Y*, YV). 
(2) Let ¢ € BL(Y*, Y). Then Op(C) is self-adjoint, 


|Op()|| = Triv], infOp(¢) = —Tr|¢v|, supOp(¢) = Tr|cv|. (14.8) 
(3) If i, C2 E€ CB (Y*,Y), then 
[Op(41), Op(2)] = 40p(&i ve — v&i). (14.9) 
Thus 


a(Y) dar T Opla?) € CART” (V) 


is a homomorphism of Lie algebras, where CAR?” (Y) is equipped with the 
commutator. 


Proof Assume first that Y is of finite dimension. Let ¢ € Ba(V* , V). By Corol- 
lary 2.85, we can find an orthonormal system {e; + };ez and positive real numbers 
{ri hier such that 


cv = X Ai(lei,-) (ei, = lei,+){e;,-1). (14.10) 
Then 
Op() = XC 2d: #(e:,-)d(Ei,+). (14.11) 


il 
Using the Jordan—Wigner representation adapted to the above o.n. basis, we see 
that 


spec Op(¢) = DRET & = Ek, we r} x 
Note that 


lv] = 52 As (lei,-)(e:,-| + lei, +) (62,41). 


iEI 


Therefore, Tr|¢v| = J;e ài- This implies (14.8) in the finite-dimensional case. 
In the case of ¢ € B!(Y* , YV) in arbitrary dimension, we can still use Corollary 


2.85 to find an orthonormal system {e;,4}ie7 and positive real numbers {A; þer 
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such that (14.10) is true. Note that the sum in (14.11) is convergent, which allows 
us to define Op(¢). An obvious approximation argument extends (14.8) to the 
infinite-dimensional case. 

Let us prove (14.9). By (14.3) applied to x; € Pola(Y*), i = 1,2, 


[(Op(x1), Op(x2)] = 20p((Vx1) -vV x2). (14.12) 
Let us compute the symbol on the r.h.s. of (14.12): 
((Vx1) -YV x2) (v, w) 
= (Vx (v) -vVx2(w) — Vx2(v) -vVxi(w)), vwe". 


Then we use Vy;(v) = 2¢;v, obtaining (14.9). 


14.2.4 Quadratic Hamiltonians in W*-CAR algebras 

Let us now consider quadratic fermionic Hamiltonians in the setting given by 
the algebra CAR" (V). 
Definition 14.14 Let B?(Y*, Y) denote the set of Hilbert-Schmidt anti- 
symmetric operators from Y* to Y, that is, B?(Y*,V) := Ba(V*, V) NA 
BP (yey). 

For simplicity, let us assume that Y is infinite-dimensional separable. Let ¢ € 
B?(Y* , Y). By diagonalizing Cv, we can bring it to a diagonal form: 


Çv = yy ri (ler, ena) = lene ie: |). (14.13) 
Set 


Hy 5 2A: (e:,—) b(E:,+). 
izi 


Proposition 14.15 For any t € R, there exists the strong limit 


s — lim į, (14.14) 


n— 00 


The limit (14.14) defines a one-parameter strongly continuous unitary group. 
It can be written as eè”, where H is a certain self-adjoint operator, possibly 
unbounded. We denote H by Op(¢). 

If ¢ € BL(Y, Y”), then the above defined Op(C) coincides with that defined in 
Thm. 14.13. Furthermore, the definition does not depend on the choice of an 


ordered o.n. basis diagonalizing ¢. Moreover, Op(C) is affiliated to CARY” (V). 


Proof It is enough to suppose that (e;,_,e;,4 : 7=1,2,...) isan o.n. basis. We 
use the inductive limit of the representation described in Subsect. 12.4.3. Thus 
CAR" (V) is represented on the infinite tensor product of grounded Hilbert 
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spaces 


The operator e’“» acts in this representation as the multiplication from the 
right by 
2 età 0 aS 1 0 
ii| 0 e^ i=n+1 |0 1] 
Set 
œ 1 |1 0 
0x2 ZE 
S 2 | i 
Clearly, 


(Q\e’#" Q) ic tr. (14.15) 


(14.15) converges as n > œ iff °°, A? < oo. But by Thm. 3.16, the convergence 
of (14.15) is equivalent to the «strong convergence of el!» , 


14.3 Pin and Pin groups 


We keep the same notation as in the rest of the chapter. In particular, (V, v) is 
a real Hilbert space. 

The groups Pin (Y) and Pin(Y) are well known in finite dimensions. It is 
convenient to consider them as subgroups of the *-algebra CAR(Y), resp. its 
real sub-algebra Cf (V). 

Recall that these algebras are equipped with the parity automorphism a. As 
usual, the set of even, resp. odd elements of CAR(Y) is denoted CAR g(Y), resp. 
CAR, (V). 

In this section we concentrate on generalizing the groups Pin? (Y) and Pin(y) 
to infinite dimensions. The first generalization will involve subgroups of the alge- 
bra CAR?” (V), and the second those of CARY” (Y). 


14.3.1 Pin® and Pin groups in finite dimensions 


In this subsection we assume in addition that the dimension of Y is finite. Let us 
describe the well-known results about Pin® and Pin groups in finite dimensions. 
We do not give their proofs, which are well known. Besides, they will follow from 
the more general results about the infinite-dimensional case to be described later 
on. 
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Definition 14.16 We define Pin (VY) as the set of all unitary elements U in 
CAR(Y) such that 


{Up(y)U* : ye V}={oly) : ye VY}. 
We set 


Spin (VY) := Pin’ (VY) N CARo(Y), 
Pin(Y) := Pin (VY) N Cliff (Y), 
Spin(YV) := Spin (VY) N Cliff(Y). 


SS a 


The following theorem is immediate: 


Theorem 14.17 Let U € Pin°(Y). Then there exists a unique r € O(Y) such 
that 


Udly)U* = det(r)o(ry), yey. (14.16) 
The map Pin (Y) — O(Y) obtained this way is a homomorphism of groups. 


Definition 14.18 If (14.16) is satisfied, we say that U det-implements r. 


Note that in the context of CAR and Clifford algebras, the concept of det- 
implementation turns out to be more natural than that of implementation. 


Theorem 14.19 Let r € O(Y). 


(1) The set of elements of Pin(Y) det-implementing r consists of a pair of oper- 
ators differing by sign, +U, = {U,,—U,}. 

(2) The set of elements of Pin (Y) det-implementing r consists of operators of 
the form U, with |u| = 1. 

(3) r € SO(Y) iff U, is even; r € O(Y)\SO(Y) iff U, is odd. 

(4) If ri,r2 € O(Y), then U,, Up, = £U 47, - 


The above statements can be summarized by the following commuting diagrams 
of Lie groups and their continuous homomorphisms, where all vertical and hor- 
izontal sequences are exact: 


1 1 

1> UQ) > Wal. > 4 

1 > Spin (Y) > Pir(Y) > 2 > 1 (14.17) 
1 > sO) > oY) > z se id 
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(14.18) 


(14.19) 


It is well known that SO(Y) is connected and its fundamental group 
m™(SO(Y)) equals Z if dim Y = 2 and Z» if dim Y > 2. Thus SO(Y) possesses a 
unique two-fold covering group, equal to its universal covering if dim Y > 2. This 


two-fold covering is isomorphic to Spin(Y). 


14.3.2 Pin and Pin, groups 


In this subsection we allow dim y to be arbitrary. 


Definition 14.20 Define Pin{(Y) as the set of unitary operators U in 


CART” (Y) such that 
{Ud(y)U* : ye V}={oly) : ye V}. 
Set 
Spin (V) := Ping (Y) N CARS (V), 
Pin (V) := Pins (V) AChE (V), 
Spiny (Y) := Pin (V) N CHEE (V). 
We equip all these groups with the metric given by the operator norm. 


The concept of implementability has an obvious definition: 


Definition 14.21 Let U € CAR@ (Y) and r € O(Y). 
(1) We say that U intertwines r if 


Ugly) = o(ry)U, yey. 


(14.20) 
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(2) If in addition U is unitary, then we also say that U implements r. 
(3) If there exists U € CAR© (Y) that implements r, then we say that r is imple- 
mentable in CAR© (V). 


A more useful concept is given in the definition below. 


Definition 14.22 Let r € O(Y). 
(1) We say that A € CAR? (V) a-intertwines r € O()) if 


al A) o(y) = e(ry)A, 
or, equivalently, Agly) = d(ry)a(A), yey. (14.21) 
(2) If in addition A is unitary, then we also say that A a-implements r. 


(3) If there exists U € CAR?” (Y) that a-implements r, then we say that r is 
a-implementable in CAR (V). 


We will see later that if there exists an invertible A a-intertwining r, then 
necessarily r € Ooo(Y) (actually, r € O1(Y)). Therefore, det r is well defined by 
Def. 14.6, and we can introduce the following definition, essentially equivalent to 
a-implementability. 


Definition 14.23 Let r € O.(Y). 
(1) We say that A € CAR?” (Y) det-intertwines r if 


Ad(y) =detrd(ry)A, yey. (14.22) 


(2) If in addition A is unitary then we also say that A det-implements r. 
(3) If there exists U € CAR?” (V) that det-implements r, then we say that r is 
det-implementable in CAR“ (V). 


The following two theorems are the main results of this subsection. 
Theorem 14.24 (1) Let r € O(Y). Then r is det-implementable in CAR?” (V) 
iff r is a-implementable in CAR?” (Y) iff r € OV). 
(2) Let U € Pin (VY). Then there exists a unique r € Oi (V) such that r is det- 
implemented and a-implemented by U in CAR?” (Y). The map Ping (VY) > 
O (V) obtained this way is a homomorphism of groups. 


Theorem 14.25 All the statements of Thm. 14.19 are true if we replace O(Y), 
SO(Y), Pin (V), Spin (V), Pin(Y), Spin(Y) with O1(Y), SOW(Y), Pins (V), 
Spin$ (VY), Pini(Y), Spin (V). 


Before we prove Thms. 14.24 and 14.25, let us show the following lemma. 
Lemma 14.26 Let r e O(Y). Then the following is true: 


(1) If A a-intertwines r, then A is either even or odd. 
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(2) If there exists an invertible A a-intertwining r, then r € On(Y). 
(3) If A € CAR? (Y) a-intertwines r, then A det-intertwines r. 


Proof Let U = Uo + U; € CAR?” (V) a-intertwine r with Up even and U; odd. 
Then 


(Uo + Ui )o(y) = d(ry)(Uo - U1), yey. (14.23) 
Comparing even and odd terms in (14.23), we obtain 
Woy) = o(ry)Uo, Uidly)=—o(ry)Ui, yey. (14.24) 


Hence, Uj Up and UU, commute with (y), y € V. Clearly, they are even. Hence, 
by Prop. 12.61, they are proportional to identity. Hence, the operators U; are 
proportional to a unitary operator. 

(14.24) implies also that U¥ Uo anti-commutes with (y), y E€ VY. By Prop. 12.61 
this implies that U'Up is even. But Us'Up is odd. Hence, UřUo = 0. Thus one of 
the U; is zero. This proves (1). 

Let us now prove (2). Let an invertible U € CAR© (Y) a-intertwine r. Assume 
that r Z O.(Y). Then there exists a sequence yn € Y with w — lim yn = 0 and 
Yn —1TYn Æ 0. It follows that Ud(yn) F b(yn)U — 0 in norm, if U is even, resp. 
odd. Hence, (ry, — Yn)U, and consequently (ryn — yn) tend to 0 in norm, 
which is a contradiction. 

Now set Veg = Ker(1 + r). Let Esg be the associated conditional expectation. 
Then for y € Ysg we have 


Usg oly) => Foly) Usg ; 


if U is even, resp. odd and Usg = Esg(U) € CAR(Ysg). By Prop. 12.36, this 
implies that dim Ker(1 + r) is even, resp. odd, i.e. detr = +1. Therefore, U also 


det-intertwines r. 


The following proposition gives another possible equivalent definition of the 
Spin group. It follows easily from the commutation properties of quadratic Hamil- 
tonians. 


Proposition 14.27 Spin,(V) consists of operators of the form e°?) where 
Ç € B!(Y*, Y). More precisely, let r € SO (VY). By Thm. 14.3, there exists a € 
o1(Y) such that r = e. Then 


U, = tet P(r") © Chiffo” (Y) (14.25) 


intertwines r. 


Proof of Thm. 14.24. Let r € SO,(¥V). Then r is det-implementable by Prop. 
14.27. Since U, in (14.25) is even, r is also a-implementable. Thus Spin; (VY) —> 
SO: (V) is onto. 

If r € O1(Y)\SO1(Y), choose any e€ Y of norm 1. Set ke := 1 — 2Ie) (el. 
Clearly, 6(e) implements —«,. Hence, ker € SO (V) and r is det-implemented by 
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+¢(e)U,,-. Since ¢(e)U,,.7 is odd, r is also a-implementable. Thus Pin (VY) > 
O1 (V) is onto. 

Now let r € O(Y) be a-implementable. By Prop. 14.26, r € Ox(Y) and r is 
also det-implementable. It remains to prove that r € O,(Y). Without loss of 
generality we may assume that YV is separable. 

Assume first that r € SO.(¥Y). By Thm. 14.5, there exists a € 0..(Y) such 
that r = e*. By Corollary 2.85, there exists an o.n. basis (e;+);en and real num- 
bers A; > 0 such that 


a = XCA (leiz) (ei+| — leis) (ex_l). 


iEeN 


We set VY, = Span{e;+, 1 < i < n}. Let En be the conditional expectation asso- 
ciated with V,. Set Un = En (U), where U € CARE (Y) implements r. Also set 


n Ny 
Vn = exp (>: aeae) ; 
i=1 
Applying Prop. 14.8 and Prop. 6.83, we obtain 


Vi bly) = (ry) Vn, Unlu) = O(ry)Un, y E€ Vn. 


Hence, by Prop. 12.61, Un = An Vn, An € C. Clearly, En—1 (Un) = Un—1, and com- 
puting in the real-wave representation we see that En—1(Va) = Vn—-1, hence An 
does not depend on n. 
Since by (12.34) U, — U in norm, it follows that V, converges in norm. 
Now set A; = ¢(e;+)d(e;_), so that, by Prop. 14.8, 
(= er TL ( cos(A:/2)1 + sin(;/2)Ai). 


Computing in the real-wave representation, we check that 
(QV, Q) = I cos(\;/2). (14.26) 
i=1 


Therefore, the infinite product [I cos(A;/2) converges, and hence 
ieN 

TI (1+ tan(\;/2)A;) converges in norm. Since the <A; commute, 

ieN 

this implies that the product [I |/1+tan(;/2)A,|| converges. Since 
IEN 


|| + tan(A;/2)A;|| = 1 + tan(A;/2) for i large enough, this implies that 
the series ` A; is convergent. Hence, a € 0;(Y) and r € SO, (V). 
ieN 
Assume now that r € Ooo(Y)\SO0(Y). Let U € CART” (Y) a-intertwine r. 
Then, as above, ¢(e)U € CARẸ” (VY) implements rre € SO%(V). Hence, rre € 
SO (V) and r € O71(Y). 


Proof of Thm. 14.25. We deduce the theorem from Thm. 14.19, reducing 
ourselves to the finite-dimensional case by the same argument as in Prop. 
12.61. 
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The implementability of Bogoliubov rotations can be easily deduced from the 
results about the det-implementability. 


Corollary 14.28 r € O(Y) is implementable in CAR?” (V) iff 


(1) re SO, (V) 


or 


(2) =r € O1(Y)\SO1(Y). 


14.3.3 Pins and Ping groups 
In this subsection we again allow dim y to be arbitrary. 


Definition 14.29 Define PinS(Y) as the set of unitary operators U in 
CARY (Y) such that 


{Ud(y)U* : ye V} = {oly) : ye}. 
Set 


We equip all these groups with the o-weak topology. 


We also have the obvious analogs of Defs. 14.21, 14.22 and 14.23, with 
CAR?” (Y) replaced with CAR™ (V). 


Theorem 14.30 (1) Letr € O(Y). Then r is det-implementable in CARY” (V) 
iff r is a-implementable in CARY” (V) iff r € O2(Y). 

(2) Let U € PinS(V). Then there exists a unique r E€ O2(Y) such that r is det- 
implemented by U. The map Pin§(Y) — O2(V) obtained this way is a homo- 
morphism of groups. 


Proof We can follow closely the proofs in Subsect. 14.3.2, with some modifica- 
tions. Instead of Prop. 12.61 we use Prop. 12.62. 

First we show that if r€ O (V), then r is a-implementable and det- 
implementable, following the proof of the C* case, using Prop. 14.15 instead 
of Thm. 14.13. 

It remains to prove that if r is a-implementable, then r € O2(Y). r € On (Y) 
is proved as in the proof of Lemma 14.26, replacing the norm convergence by the 
o-weak convergence. 

We then follow the proof of Thm. 14.24, and obtain that V, converges in the 
o-weak topology. We are left to prove that $` A? is convergent. But this follows 
from (14.26). 


14.3 Pin® and Pin groups 365 


Theorem 14.31 All the statements of Thm. 14.19 are true if we replace O(Y), 
SO(Y), Pin: (V), Spin (V), Pin(Y), Spin(Y) with O2(Y), SO2(Y), Pins (V), 
Spin§(Y), Pine(Y), Spina (V). 

Again, the implementability of Bogoliubov rotations can easily be deduced 
from the results about the det-implementability. 
Corollary 14.32 r € O(Y) is implementable in CARY (Y) iff 


(1) rE SO2(V) 


(2) =r € O2(Y)\SO2(¥). 


14.3.4 Symbol of elements of Spin(yY) 
We again assume that Y} is finite-dimensional, although the results of this sub- 
section are easily generalized to an arbitrary dimension. In this subsection we 
study the anti-symmetric symbol of elements of the Spin group. 
Proposition 14.33 Let a € o(VY). Then 


1 


erOP(@v) L Op ((det cosh(2a))Fe# anna) ) (14.27) 


Proof By Corollary 2.85, there exists an orthonormal system (e;,+)j=1,....n and 
positive numbers (A;)i=1,..... such that 


n A; 
a=) ai, Qi = 5 (lei, -) (eil — Ales +) (e-l). 
i=1 


Note that [a;,a;] = 0 and [Op(ajv~'), Op(ajv—')] = 0. 
Therefore, 


n n 
a L oa 1 ayes 
e = |[e%, et OP(av ) = [ [1e ) 
i=l {=l 


and we can assume without loss of generality that 


dimy =2, a= > (le1)(e»l —|e2)(e1|), Op(av") = A (er) d(e2). 
By Prop. 14.8, we know that 
Orla") = cos A + (sin )(e1) o(e2) 
= Op(cos A (1+ 7} (tan \yav"))). 


e 


Thus the anti-symmetric symbol of e70P(e ~") equals 
cos A (1 + A7*(tan A)av~") = (cos? A) Ze (tan Ajan” 
1 


L . 
= (det cosh(2a)) 2 ep tanh(2a)y ; 


1 


where we have used cos All = cosh(2a) and A~! (tan A)a = }tanh(2a). 
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Definition 14.34 We say that r € O(Y) is regular if Ker(r + 1) = {0}. 


Proposition 14.35 Let r € O(Y) be regular. Let y € o(V) be its Cayley trans- 
form, that is, y = I= (see Subsect. 1.4.6). 
Then 


U, = +Op(det(1 — y) 7e). (14.28) 


Proof We can assume that r = e° with a € o(V). Moreover, by Prop. 14.8 we 
have 


pler“) = (ey). 


Next we note that tanh(4a)="!= 7, cosh(da)=e7?7(1—7)~. Since 
dete?“ = 1, this proves (14.28). 


© 
l 
Q 
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Let r1, r2 € SO(Y), r = rır2. We know that 


U,, Up, = £U,. (14.29) 


It is instructive to prove this fact for regular r,,r2,r by a direct calculation 
involving the Berezin calculus. 

Let %1, 72,7 be the Cayley transforms of 71, r2,r. By Prop. 12.42, U,,U,, has 
the anti-symmetric symbol 


det (I — ,)~? det(1 — 72) 7? 
x J elr) vT (v—=v2) aV 1 VTV 7Y? “gu lus duydvy 
= det(l— y,)~? det(1— +2) 7? 


x [fetter tonendetonn donde, (14.30) 


where 


By Prop. 7.19, (14.30) equals 


1 1 1 
det (1 — y1) ? det(1 — y2)~? Pf(c) exp(5 0-0" '8). (14.31) 


Next Pf(o) = +det(c)?. Since the Pfaffian and the determinant above are 
computed w.r.t. a volume form compatible with the Euclidean structure v, we 
have 


a Y2 


det(o) = det | Le 7 | = det(1+ 7172), 
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using (1.4). By (1.49), we know that 


(1-7) = (1—%2)(1+ yy) A- y). (14.32) 


This implies that the first line of (14.31) equals det(1 — y)~?. 
By (1.3), 


goth. Y2 + D=  —v(yey + 1)7* 
vy +I) vylyyn +1) 


Therefore, 
0-070 
= v: (p(n + I) + nen +D + (en + 17 - (m2 +I) 
=v (1— (I= 42)(1+ 172) (I-11) vote 


= vy tv. 


14.4 Notes 


The so-called spinor representations of orthogonal groups were studied by Cartan 
(1938) and Brauer—Weyl (1935). 

The first famous non-trivial application of the orthogonal invariance to quan- 
tum physics seems to be the version of the BCS theory due to Bogoliubov, 
described e.g. in Fetter-Walecka (1971). 

A very comprehensive article devoted to CAR C*-algebras was written by 
Araki (1987). More literature references to the subject of this chapter can be 
found in the notes to Chap. 16. 


15 
Clifford relations 


Clifford algebras and Clifford relations were studied by mathematicians long 
before canonical anti-commutation relations were considered by physicists. Actu- 
ally, the “(neutral) CAR representations” that we introduced in Def. 12.1 could 
be called “representations of self-adjoint Clifford relations”. 

We will use the name “Clifford relations” for anti-commutation relations iden- 
tical to those of Def. 12.1, but without assuming that the underlying vector space 
is real, the corresponding operators are self-adjoint or that they even act on a 
Hilbert space. 

In our short presentation we will restrict ourselves mostly to Clifford rela- 
tions over finite-dimensional pseudo-Euclidean spaces. Our main motivation is 
to describe spinor representations of the Lorentz group (in any dimension). 
Nevertheless, we will consider the case of a general signature as well. 

Some real Clifford algebras are closely related to the quaternion algebra, 
denoted by H. Therefore, we devote Sect. 15.2 to a brief summary of its 
properties. 

We will use the shorthand K(n) := L(K”), where K = R, C,H. We will write 
[x] for the integer part of x € R. 


15.1 Clifford algebras 
15.1.1 Representations of Clifford relations 


Let K be an arbitrary field and Y a vector space over K. We assume that Y is 
equipped with a symmetric bilinear form v. 
Let V be another vector space (possibly over a bigger field). 


Definition 15.1 We will say that a linear map 


Yay 7 (y) € LY) (15.1) 


is a representation of Clifford relations or, for brevity, a Clifford representation 
over yY in V if 


(u) (u2), = 21 vyl, y, y2 €V. (15.2) 
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15.1.2 Clifford algebras 


Definition 15.2 The Clifford algebra Cliff(Y) is the unital algebra over K 
generated by elements y(y), y E€ V, with relations 


WAY) =A), AEK, — (Hi + ¥2) = VM) + Va); 
yuyu) + Vy2IV) = 2y vy21. 
We have the following analog of Prop. 12.31: 
Proposition 15.3 If 


Y >y 7(y) € LV) 
is a representation of Clifford relations, then there exists a unique homomorphism 
a: Cf(V) > L(V) 


such that n(1) = 1y and r(y(y)) = 7 (y), y E V. 


Many concepts and facts described in the context of the CAR apply almost 
verbatim to Clifford relations and algebras. For instance, a(¢(y)) = —¢(y), y € 
V, extends to a unique involutive automorphism a of Clif (VY). Clifford algebras 
split into their even and odd parts: Cliff(Y) = Clif (V) $ Cliff, (V). Cliff, (V) 
is a sub-algebra of Cliff(V), which differs from Cliff(Y) if the field K has a 
characteristic different from 2 (which is the case for K = R, ©). 

There also exists a unique anti-automorphism A — AT, called the transposi- 
tion, which on products of y(y) equals 


(y(n) <= (ye) = e) 1H). 


15.1.3 Complex Clifford algebras 
Let us consider an n-dimensional space Y over C equipped with a non-degenerate 


form v. All such forms are isomorphic to one another, so it is enough to assume 
that Y = C” and z-vz = J. (zj)? for z = (a,...,2n) € C”. It is easy to see that 
j=l 
in this case 
Cliff(C?”) = C(2), 
Cliff(C?"*+") = C(2™) 6 C(2”). 


Thus, as an algebra, Cliff(C”) coincides with CAR(R”) defined in Def. 12.30, 
where the transposition t coincides with *. However, we forget about the Her- 
mitian conjugation *, the complex conjugation c and the norm ||- ||. (CAR(R”) 
is a C*-algebra, whereas Cliff(C”) is not.) 
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Suppose now that the space J is oriented (see Subsect. 3.6.8 for the definition 
of an orientation of a complex space). Let (e1,...,€,) be an o.n. basis of Y 
compatible with its orientation, and write y; for y(e;). 


Definition 15.4 The volume element is defined as 
Wis yı stis Yn- 


Note that w depends on the o.n. basis (e1,...,€n) only through its orienta- 
tion. Set m := [n/2]. The following table summarizes the form of the algebras 
Cliff(C”): 


Table 15.1 Form of Cliff (C”) 


n (mod 4) w? Cliffo (C” ) Cliff (C" ) 
0 1 c(2”-") @ C(2" +) c(2”) 
1 1 c(2”) c(2”) ® C(2”) 
2 -1 c(2”-") @ C(2™ 7!) c(2™) 
3 = c(2”) c(2”) @C(2”) 


15.2 Quaternions 


In this section we briefly recall the properties of quaternions. 


15.2.1 Basic definitions 
Definition 15.5 The real algebra H with basis 1,i,j,k satisfying the relations 


°=} =k =-—1, ijj=k, jk=i, ki=j 
is called the algebra of quaternions. It is equipped with an involution * acting as 
1*=1, *®=-i, jf =-j, k* = =k. 
For x € H, we set 
Rex := ieta’), |a| := Varn. 


(Note that x*x is always real positive.) 


If x = x1 + xii + 2) +2,k with £1, £i, £j, £x E€ R, then 


Rez = t1, |z| = y/23 + 2? + a? + af. 


Note that |- | is a norm on the algebra H. If x,y € H, then |xy| = |z||y|. H is an 
example of a real C*-algebra. 
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H is a real Hilbert space with the scalar product 
(aly) := Rex*y=aiy + uyt TjYj + TkYk, x,y EH. 


Definition 15.6 An algebra all of whose non-zero elements are invertible is 
called a division algebra. 


Clearly, H is a division algebra. 


15.2.2 Quaternionic vector spaces 
Quaternionic vector spaces and finite-dimensional quaternionic vector spaces 
have obvious definitions. Every finite-dimensional quaternionic vector space is 
isomorphic to H” for some n. Note the identifications 


R"@C=C", R°@H=E. 


H-linear transformations on a quaternionic vector space have an obvious def- 
inition. Note the identifications 


R(n) @C=C(n), Rn) @H=H(n). 


Definition 15.7 Suppose that X is a quaternionic vector space, equipped (as 
a real space) with a scalar product (aly) E€ R, x,y E€ X. We say that this scalar 
product is compatible with the quaternionic structure if 


(Az|Ay) = [A]? (zly), AEH, 2,ye ¥. 


A quaternionic space with a compatible scalar product complete in the corres- 
ponding norm is called a quaternionic Hilbert space. 


Every finite-dimensional quaternionic Hilbert space is isomorphic to H” with 
the scalar product 


(z|y) Zz XC Realy, LYE H”. 


15.2.3 Embedding complex numbers in quaternions 


Clearly, there exists exactly one continuous injective homomorphism R —> H. 
However, there exist many continuous injective homomorphisms C — H. Such a 
homomorphism is determined uniquely if we fix the image of i € C inside H. It 
is natural to denote it also by i. 

Let us fix such a homomorphism C — H. Now H becomes a two-dimensional 
vector space over the field C. The map 


Hd (a ivi) EC (15.3) 
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is a projection. H is equipped with a sesquilinear scalar product 
(tly) := sy" — iyx*i). (15.4) 
In fact, by (15.3), the values of this scalar product are in C. The computation 
(vey) = Zeva" — izya"i) = 2(aly), 
(zalu) = 5(y2"2 ~iye"Zi) = (xly)z, 2 €C, 


shows that (15.4) is sesquilinear. 

Note that the real scalar product is compatible with the complex scalar prod- 
uct: (a|y) = Re(aly). 

(1,j) is an example of an o.n. basis of H w.r.t. (15.4). 

If we fix an embedding (15.3), then quaternionic vector spaces can be re- 
interpreted as complex vector spaces, and quaternionic Hilbert spaces as complex 
Hilbert spaces. 


Definition 15.8 If X is a quaternionic vector space, then Xc will denote the 
same X understood as a complex space. It will be called the complex form of X. 


15.2.4 Matriz representation of quaternions 


Quaternions can be represented by the Pauli matrices multiplied by i: 


[i o-i w= [8 Hh wE i 


Thus we obtain a representation of quaternions on the Hilbert space C?: 
r: H— B(C’). (15.5) 
In this representation, 
n(z*) = n(x)", |x| = ydet r(x). (15.6) 
We have 
n(H) = {AU : U € SU(2), AE [0, cof}. 


Another useful relation, which depends on the representation chosen above, is 


m(H) = {A€ B(Œ?) : A= RĀR™!}, (15.7) 


where A is the usual complex conjugation of the matrix A and R = q (j). Note 
that RR = —1. 

If we replace (15.5) by Wz(-)W* for some unitary W, then R is replaced by 
Ry := WRW.. Note that Rw Rw = —1 as well. 
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15.2.5 Real simple algebras 


It is well known that one can classify all simple finite-dimensional algebras over 
C and R. The complex case is particularly simple. 


Theorem 15.9 Let A be a complex finite-dimensional simple algebra. Then there 
exists a positive integer n such that A is isomorphic to C(n). 


The corresponding classification in the real case is more complicated. 


Theorem 15.10 Let 2 be a real finite-dimensional simple algebra. Then there 
exists a positive integer n such that A is isomorphic to C(n), R(n) or H(n). 

Moreover, suppose that 7: A — L(V) is a representation of A in a complex 
space V. (Such a representation always exists.) Define the complex conjugate 
representation T :2%— L(V) by T(A) := r(A), AEA. Then the following are 
true: 


(1) A ~ C(n) iff there exists no R: V — V linear invertible such that t(A)R = 
R7i(A). 

(2) A~ R(n) iff there exists R: V—V linear invertible such that r(A)R= 
RT(A) and RR= 1. 

(3) A ~ H(n) iff there exists R: V—V linear invertible such that 7(A)R= 
R7(A) and RR = —1. 


If x is irreducible, then R in (2) and (8) is defined uniquely up to a phase factor. 


Remark 15.11 Note that we have the following equivalent versions of (1), (2) 
and (3) of the above theorem: 


(1) There exists no anti-linear invertible x on V such that t(A)x = xT(A). 

(2) There exists an anti-linear invertible x on V such that n(A)x = x7(A) and 
x=. 

(3) There exists an anti-linear invertible x on V such that n(A)x = y7(A) and 
x? = -1. 


We can pass from x to R by xv = Rv. 


In particular, R(n) can be embedded in C(n), and then R= 1. H(n) can be 
embedded in C(2) ® C(n), so that R = t(j) @ 1. 


15.3 Clifford relations over R?? 


Let us consider an n-dimensional vector space over R equipped with a non- 
degenerate symmetric form v. All such forms are determined by their signa- 
ture, that is, a pair of non-negative integers q,p with n = q + p, so that by an 
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appropriate choice of a basis the form v can be written as 


yuy=— Dwi + D wi. (15.8) 


Definition 15.12 The vector space R" equipped with form (15.8) will be denoted 
Re, 


In this section we will study representations of Clifford relations over R9». 


Definition 15.13 A representation of Clifford relations will then be called a 
real, complex, resp. quaternionic representation, if it acts on a real, complez, 
resp. quaternionic space V. Elements of V will be called real, complex, resp. 
quaternionic spinors. 


Of course, the complex case is the most important. 


15.3.1 Basic facts 
Let 


RI? > y => 7" (y) € L(V) (15.9) 


be a Clifford representation. 
Definition 15.14 We set y7 := q" (ei), where e; is the canonical basis of RY, 


and the volume element of the representation 7” is defined as 


w= VG. (15.10) 


Proposition 15.15 Consider the Clifford representation (15.9). Then 


RI? > yr —7" (y) € L(Y) (15.11) 


is also a Clifford representation. If n is even, then 


sow" implements the equivalence between (15.9) and (15.11). 


The following proposition is proven by mimicking the arguments of Thms. 
12.27 and 12.28. Recall that g+p=n. 


Proposition 15.16 (1) Let n be even. Then all complex irreducible Clifford 
representations over RO? are equivalent and act on C”/?. 

(2) Let n be odd. Then there exist exactly two inequivalent complex irreducible 
Clifford representations over R??. Moreover, if (15.9) is irreducible, then so 
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is (15.11), and they are inequivalent. They act on C'"—))/? and satisfy 


w” = HY 2499, (15.12) 


(3) If 7 is an irreducible complex Clifford representation, then the complex alge- 
bra generated by y"(y), y € Y, is isomorphic to C(2'"1/?), 


The following proposition shows that it is easy to pass from the signature q, p 
to p,q. 
Proposition 15.17 Suppose that V is complex. Let the linear map e: R?4 > 
Ro? be defined by cej = eq+;j for 1<j <p, €€p4; =e; for 1 <j <4, where 
€1,---,€n is the canonical basis. Then 


R”! > yr iq" (ey) € L(V) (15.13) 


is a representation of Clifford relations. 


15.3.2 Charge reversal 


In this section we consider a representation (15.9) of Clifford relations in a com- 
plex space V. For simplicity, we drop the superscript 7. 


Definition 15.18 Suppose that x+ and x— are anti-linear operators on V. 
(1) x+ is called a real charge reversal if 


xg =7y), xi sL. 


(2) x+ ts called a quaternionic charge reversal if 


xx =y), XÈ = -1. 


(3) x- is called a pseudo-real charge reversal if 


In the case of an irreducible representation, the operators y+ are determined 


uniquely up to a phase factor. 


Theorem 15.19 A complex irreducible representation of Clifford relations over 
R1? possesses a charge reversal of the following types: 
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p—q (mod8) 
0 real pseudo-real 
1 real 
2 real pseudo-quaternionic 
3 pseudo-quaternionic 
4 quaternionic pseudo-quaternionic 
5 quaternionic 
6 quaternionic pseudo-real 
7 pseudo-real 


If both x— and x, exist (which is the case for all even n), then X4x- is 
proportional to w (see Def. 15.14). 


Proof Prop. 15.17 shows that it is enough to prove the real and quaternionic 
parts of Thm. 15.19. In fact, (15.9) is irreducible iff (15.13) is. Moreover, (15.9) 
possesses a real, resp. quaternionic charge reversal iff (15.13) possesses a pseudo- 
real, resp. pseudo-quaternionic charge reversal. 

For the proof of Thm. 15.19, it is convenient to use real Pauli matrices, that 
is, 


0 1 1 0 -1 1 0 
=o = li a ty = 202 = | ‘al =o =| 4 ak 


Note that 6? = —05 = 03 = 1, and 


0102 = —0201 = 03, 
0203 = —0302 = 01, 
0301 = —01 03 = Oo. 


Moreover, R(2) is generated by 01, 62. 
Let us now start the main part of the proof. Recall that n = q + p. For any 
(q, p) with m = [(q + p)/2], we will construct a family of matrices in R(2”), 


q,P q,P 
V1 es < Vqtp? 


such that 


(4P)? = —1 for q distinct j and (77)? = 1 for p distinct j. If possible, we will 
also construct a real matrix RẸ” such that RY? yf? (RYP)! = yf? and (RP)? = 
+1. 
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First assume that q+p is even. The case q =p is particularly easy. We 


set 
p &(j—1 
Wi = OPO") 8A, 
i j—1 x 
13} = 920 ) @ b>, j=1,...,q, 


RYS = g”. (15.14) 
For q < p, we set 
ERE E p-q 
PE Si a PH 
q,p ue ae Leese 
Ye = Yp? , for remaining k; 
RY? := (0, @ 02) T , for even a = then (RPJ = (1) 7; 
RY? = (80) 0090, for odd Z, then (RYP) = (0) 
For q > p, we define 
; _ P P q=- p 
Wa = 1Y97-1 2 > J= 1, SEE ag 
yE” =W? , for remaining k; 
RY? := (62 @6,) T", for even a then (R%?)? = (-1)'7"; 
R? := (05 901) F @ 6, @ 0, for odd ao then (R&P)? = (=)= 


This ends the proof of the real and quaternionic cases for q + p even. 
Next assume that q+ p is odd. This time, the case q + 1 = p is particularly 


easy. We set 
ft = BO) on, 
guari = 920-0) OUa j=1,...,¢, 
Vari = 93", 

REIT = 9%, (15.15) 


For q < p — 1, we set 


q+p—1 q+ptl p—q-l 
Poo A 2 2 — 
Vj := 195 ’ j=l,..., 9 y 
j gtp-t q+p+1 
y? =% > >? , for remaining k; 


p—4-—1 
4 


p-q- a=] 
RY? := (0; @ b2) 4 = for even = then (R4)? = (-1) : 


agea 
R??? does not exist for odd PA, 
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For q > p — 1, we define 


ap eee g+p—l gtp+l bad q—ptl. 
Yaj—1 = Mj- ee em ae 2°? 
qt+p—l g+p+1 
y” =% > > *, for remaining k; 


a—P -R jan, 1 
R? := (b 80) T, for even -= then (R2?) = (1) 7; 


-q-1 
R?? does not exist for odd == 


This ends the proof of the real and quaternionic cases for q + p odd. 


15.3.3 Real spinors 


In this subsection we consider real representations of Clifford relations. 

Note that if we have a Clifford representation on a real space, then by 
replacing this space with its complexification we obtain a complex Clifford 
representation. 

Conversely, if we have a Clifford representation on a complex space VY equipped 
with a charge reversal x, of real type, then we can decompose V into a direct 
sum of real subspaces, V = VX+ @ V~*+ , where 


Vs = {veEV: xy,u=v}, VX = {veEV: ypu =v}. 


Clearly, we can restrict the representation of Clifford relations to real spaces VX+ 
and Y~*+. 

Suppose that p—q equals 0, 1 or 2 modulo 8. Recall that in this case irre- 
ducible complex Clifford representations are equipped with a real type charge 
conjugation. Therefore, there exists a real representation of Clifford relations over 
RY? in R". Tf y" is such a representation, then the real algebra generated by 
7 (y), y € V, equals R(2!"/?1). 

Clifford representations possessing a real type charge reversal that appeared 
in the proof of Thm. 15.19 used complex matrices. It is possible to redefine those 
representations so that they involve purely real matrices. Such representations 
are often more complicated than those appearing in the proof of Thm. 15.19. In 
what follows we will construct such Clifford representations for all real cases of 
(q, p). They will be generalizations of the Majorana representation, well known 
in physics in the case (1,3). 

First recall that for q = p the representation described in (15.14) involved only 
real matrices. Then we describe real representations with one of q, p equal to zero 
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and the other < 8. First we consider the Euclidean case: 


4p = 1, yp? = 01, p’ = 0 Q18 181, 
1? := 63, W = 09189181, 

HË = 0) 800091, 

2? := 0) @ 0, @ 43 @ 1, 

P8 = 02 81862 @h1, 

yS i= 02 Q 1862 Q03, 

PË := 0 90 818b, 

a := bə ® 03 @ 1862, 

wt r= 1, wr? r= b2, wh = A Q b2 ® Ay Q Oo. 


Next we consider the anti-Euclidean case: 


$’ = h11, 7° := &@1el1, ~° :=%e@1e1e1, 
q$? = 6,86 @1, yg” = 08h 8&1, yao := 03 Q Q2 Q b2 ® Oo, 
3° = 6; Q 01 Q b2, yp? = 1 Q 01 8 Oo, ye = 03 © @ 801 @ 1, 
“f° = 01 Q 03 Q b2, ye = 0; Q 03 Q 02, eo := 03 Q @ Q 63 Q 1, 
EL = o1, 70° = 03218, O° := 03 819080, 
ye = 03 © 2 Q A, e = 03 © h2 Q 01, yer = 03 Q 18 62 ® 63, 
an” := 03 Q 0 Q 03, 72° := 93 Q01 @1@ hp, 
73" := 03 Q 03 @18 b2, 

wW! = 8 @1@1, v := 18181, uw :=0 9189181. 


Now let us consider a pair q < p. Let p = q + 8r +u, 0 < u < 8. Clearly, u = 
0,1 or 2. Then we set (where we drop the factors of I tensor multiplied on the 


right) 
W” =W k =1,...,2q; 
354 Bitj = wht Q (w BI gge i=0,...,r—1, j=1,...,8; 
; 5 0,u - . 
BEEJ = w @ (w? Ner aa, J=l,...,u; 
RY := 1949 Q (Ro*)e @ RO", (15.16) 
Similarly, for a pair q > p, we write q = p+ 8r+u,0<u< 8. We have u = 0, 6 
or 7. We set 
W ee k=1,...,2p; 
Mirsa = PPO (WPF Oi", 1=0,..,7-1, FHh...,8 
0 i 
Vq+8r+j T W? & (w? ee 8 a , j=l, sU; 
R = 18? ok) oR (15.17) 
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15.3.4 Quaternionic spinors 


In this subsection we consider quaternionic representations of Clifford relations. 

Recall that a quaternionic vector space, after embedding C in H, can be inter- 
preted as a complex vector space. Therefore, every Clifford representation on a 
quaternionic vector space V can be interpreted as a complex Clifford represen- 
tation on Ve. 

Conversely, if we have a complex Clifford representation with a quaternionic 
charge reversal y,, then setting j := x+ we can consider V as a vector space over 
H. The Clifford representation then becomes H-linear. 

Suppose that p—q equals 4, 5 or 6 modulo 8. Recall that in this case irre- 
ducible complex representations possess a charge conjugation of quaternionic 
type. Therefore, there exists a quaternionic representation of Clifford relations 
over RY? in H2”? If 7 is such a representation, then the real algebra gen- 
erated by 7" (y), y € V, equals H(2/2171), 

It is instructive to construct representations of Clifford relations for all quater- 
nionic cases of (q, p) by matrices in H (21/2). 

Note that the matrices 1, if), 02, 13 can be viewed as the generators of quater- 
nions. Moreover, a real matrix tensored with a quaternion is a quaternionic 
matrix. 

Let us first describe quaternionic representations with one of q, p equal to zero 
and the other < 8. First we consider the Euclidean case: 


Pt = A891, 7° = A91, 7° :=4 8181, 


RI = O81, 2° = 68l, gi = 8181, 

43" := 02 Q i01, 13° := h Q i01, 9s := 02 Q 01 Q Oo, 

t = 02 @i3, 7 = 0 @i03, E := 02 @O3 @ Oo, 
1° = h b2, “ye := 02 Q 18 i0,, 


ye? := 02 @1@ ids, 
R?* = 186, R := 186, RY :=1818 4. 
Next we consider the anti-Euclidean case: 


A (= rh eana y Eaa, 
43° = iĝ, 43° := iĝ, ya? := 03 Q b2, 
ga? := iĝ}, ya := b3 Q i161, 

y = b3 Q 16s, 


II 
II 


R? := M, RŠ? := 0, R? := 186. 


The case of arbitrary q, p is dealt with as in the case of real spinors; see (15.16) 
and (15.17). 
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15.3.5 Representations of Clifford relations 
on pseudo-unitary spaces 


Let V be a finite-dimensional complex vector space and 
R? > y => ¥(y) € L(V) (15.18) 


be a Clifford representation. Recall that V* denotes the space of anti-linear func- 
tionals on V. Clearly, 


RU > yrs 4y(y)* € L(V") (15.19) 


are also Clifford representations. It is natural to ask when (15.18) and (15.19) 
are equivalent. The following proposition answers this question for irreducible 
representations. 


Proposition 15.20 Let (15.18) be irreducible. 
(1) There exists an invertible X} E€ Ly(V,V*) such that 
Vy)" = AAF 


iff p is odd or q is even. 
(2) There exists an invertible A. € Ly(V,V*) such that 


—y(y)* = A-7(y)Az? 
iff q is odd or p is even. 


Proof Let y1,...,%m be an irreducible Clifford representation in the canonical 
basis of R’?. Then writing y; = iġ;j, j =1,...,q and 7; = ¢;, j7=q+1,...,n, 
we obtain an irreducible Clifford representation over R”, ¢,,...,@n. On the 


space V we can fix a scalar product such that ¢; = ¢7, so that we obtain a CAR 
representation. This scalar product allows us to identify the space V with V*. 
Obviously, yf = =, j = 1,...,q, and 97 = 4j, j =at1,...,n. 
Now set 


À+ := +i? see Ng evens 

A. := +i I+1)/2—, Vas odd q; 

A> 3S iPlay sy ""*Yn, Even p; 

M= i-1)/2y41 +++, odd p. 
We check that AX, = Az, AZ = 1 and Az; = +77 


Note that if n is odd, then we obtain two distinct formulas for A, or A_. Using 
(15.12), we easily see that they define the same operator. 


If the assumptions of Prop. 15.20 (1) are satisfied, so that A; exists, we endow 
the space V with a non-degenerate Hermitian form 


Vx V D (v1, 02) Uy Àp 02. 
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Definition 15.21 For every A € L(V), we define its ,-adjoint, denoted A', by 


vi: A+ Ave = Atv i ALV2. 


We have 
vy)! =y), yey. (15.20) 
If 7: Cliff(R’?) — L(V) is a representation, then 
n(A) = 2(At), A € Cliff(R’”). (15.21) 


If we replace A, with A_, then instead of (15.20) we have 


yy)" =—yy), yEy. 
Instead of (15.21), we have: 
r(A) = 1(At), A € Cliffy(R®”). (15.22) 


15.4 Clifford algebras over R?’ 


In this section we continue to study Clifford relations over R%?. We adopt the 
representation-independent point of view: we concentrate on the Clifford algebra 
Cliff(RY?). 

For n=0,1,2, Cliff(R"°) are division algebras. In fact, Cliff(R°°) = R, 
Cliff(R'°) = C and Clif (R>?) = H. 


15.4.1 Form of Clifford algebras for a general signature 


Let q,p be arbitrary non-negative integers, n = q + p and m := [(q + p)/2]. Let 
us consider the real algebra Cliff (R%?). 
We have the following counterpart of Def. 15.14: 


Definition 15.22 We will write yi := y(e:), where e; is the canonical basis of 
R*?. The volume element of Cliff(R?”) will be denoted by 


W= In: (15.23) 


Remark 15.23 In the case n = 4 with the Lorentz signature, particle physicists 
often denote the operator w by y5. This notation is so popular that it is sometimes 
used in the case of a dimension different from 4. 


It is possible to describe Cliff(R*”) for an arbitrary q,p. Table 15.2, a well- 
known table of real Clifford algebras, should be compared with the analogous 
table for the complex case (see Table 15.1, Subsect. 15.1.3). 

In the case of n odd all the algebras Cliff(R?”) have a non-trivial center 
spanned by 1,w. 

If w? = I, which corresponds to cases 1 and 5, Cliff(R%”) splits into a direct 
sum and w ~ 16 (—1). 
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Table 15.2 Form of Cliff(R*”) 


p—q (mod8) w? Cliffo (R®?) Cliff (R?) 
0 1 Cor} R(2”™ 
1 1 R(2” R(2™) @ R(2”) 
2 -1 R(2” 71) e R(2™ 7t) R(2” 
3 -1 R(2” car 
4 1 C(2™ =!) H(2”~*) 
5 1 H(2”~') H(2”~*) @ H(2”~*) 
6 -1 H(2”~?) @ H(2”~”) H(2™ 
7 -1 H(2”-!) c(2” 

If w? = —1, which corresponds to cases 3 and 7, the algebras are complex and 
w=il. 


In the case p— q= 0,1,2 (mod8), Clif(R%?) can be represented as real 
matrices, which will correspond to the real type in Thm. 15.19. In the case 
p— q= 4,5,6 (mod8), Cliff(R%?) can be represented as quaternionic matrices, 
which corresponds to the quaternionic type in Thm. 15.19. 

C ® Clf(R1?) coincides with the algebra Cliff(C” ). In addition, it is equipped 
with a unique complex conjugation such that Cliff (R?) consists of elements in 
C ® Cliff(R’”) fixed by this conjugation. 

There exists a unique isomorphism of complex algebras p : C ® Cliff(R%?) > 
C & Cliff(R?’) satisfying 


pll) = iy), yey. (15.24) 


(Note that on the left y(y) is an element of C @ Cliff(R?”), and on the right of 
C & CHF (R?:1).) Under this isomorphism we have 


p(Cliffo(R&”)) = Clifo (R4), 
p (Cliff, (R*”)) = iCliff, (R4). 


15.4.2 Pseudo-Euclidean group 


Recall that we can define the group O(R%?) of linear transformations that pre- 
serve the form (15.8). Obviously, we have a natural isomorphism O(R*?) ~ 
O(R?*?). The determinant defines a homomorphism of O(R%?) into {1, —1}. Ele- 
ments of O(R’) with the determinant 1 form a subgroup SO(R®”) ~ SO(R?). 
We have the exact sequence 


1— SO(R*?) — O(R*?) > Z > 1. (15.25) 
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Definition 15.24 For any r € O(R!?), 
F(y(y)) =y), yEy, 
defines a unique automorphism f€ of CHE (RY? ). 
We have a homomorphism 
O(R’”) > r> f € Aut(Cliff(R””)). 


15.4.3 Pin group for a general signature 


Definition 15.25 We define Pin(IR%?) as the set of all U € Cliff(R%) such 
that UUt = 1 or UUt = —1, and 


{UVU : ye VY} = {rly) : y EV} 
We set 
Spin(R??) := Pin(R"”) A Cliffo (R9). 

Proposition 15.26 Let U € Pin(R%”). Then there exists a unique r € O(R%?) 
such that 

Uy(y)U~' = det(r)y(ry), yey. (15.26) 
The map Pin(R??) > O(R®@”) obtained this way is a surjective homomorphism 
of groups. 
Definition 15.27 If (15.26) is satisfied, we say that U det-implements r. 


Theorem 15.28 Let r € O(R!?). 


(1) The set of elements of Clif (R9?) det-implementing r consists of a pair of 
operators differing by sign, +U, = {U,,—U,}. 

(2) r € SO(R®?) iff U, is even; r € O(RY?)\SO(R2?) iff U, is odd. 

(3) If ri,r2 E€ O(R®”), then U, Ur, = Upi ra. 


The above statements can be summarized by the following commuting diagram 
of Lie groups and their continuous homomorphisms, where all vertical and hor- 
izontal sequences are exact: 


1 1 
1 —> Zə = Zo — 1 
{ 
1— Spin(R??) > Pin(R®?) > Z —> 1 (15.27) 
l 
1— SO(R??) — O(R?) > Z —> 1 
{ 


1 1 1 
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Moreover, Spin(IR4?) coincides with Spin(R??) in the sense that if UY? € 
Clifo (R9?) and UP? € Cliffy(R?) both implement r € O(R2?) = O(R?4), then 
Us? = +UP4, where we use the isomorphism described at the end of Subsect. 
15.4.1. 


15.5 Notes 


The so-called spinor representations of orthogonal groups were studied by Cartan 
(1938) and Brauer—Weyl] (1935). 

In quantum physics, Clifford relations and spinor representations appear in 
the description of spin j particles. In the non-relativistic case, where the group 
Spin(3) ~ SU (2) replaces the group of rotations SO(3), this is due to Pauli 
(1927). In the relativistic case, where the group Spin! (1,3) ~ SL(2, C) replaces 
the Lorentz group, this is due to Dirac (1928). 

Introductions to Clifford algebras can be found in Lawson—Michelson (1989) 
and Trautman (2006). 
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Orthogonal invariance of the CAR on Fock spaces 


In this chapter we continue our study of the orthogonal invariance of the CAR. 
This invariance was already investigated in Chap. 14. However, whereas in 
Chap. 14 we used the representation-independent framework of CAR algebras, 
in this chapter we will consider Fock CAR representations in any dimensions. 
Therefore, to some extent, this chapter can be viewed as a continuation of 
Chap. 13 about Fock CAR representations. 

Note also that this chapter is parallel to Chap. 11 about the symplectic invari- 
ance of the CCR on a Fock space. 


16.1 Orthogonal group on a Kahler space 


The framework of this section, as well as of most other sections of this chapter, 
is the same as that of Chap. 13 about the Fock representation of the CAR. 

In particular, we assume that (Y,v) is a real Hilbert space with a Kahler 
anti-involution j. If r is a densely defined operator on L(Y), then r* denotes its 
adjoint for the scalar product v. We also use the holomorphic space Z := Fiicy 
and the identification CY = Z 6 Z. 

In this section we study the orthogonal group and Lie algebra on a real Hilbert 
space equipped with a Kahler structure. 

This section is parallel to Sect. 11.1 about the symplectic group on a Kahler 
space. 


16.1.1 Basic properties 


Recall that O(Y) denotes the group of orthogonal transformations on V. Ele- 
ments of O(Y) are automatically bounded with a bounded inverse. Clearly, 
r € O(Y) iff 


(a) r*r= 1, (b) rr* = 1. 


In the context of real Hilbert spaces we adopt the following definition for the 
corresponding Lie algebra: 
Definition 16.1 o(V) denotes the Lie algebra ofa € B(Y) satisfying a* + a = 0, 
that is, o(Y) = Ba (V). 
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Recall that every r € B()) extended to CY = Z @ Z can be written as 


TE k 4] l (16.1) 


Proposition 16.2 r € O(Y) iff p € B(Z), q€ B(Z,Z) and the following con- 
ditions hold: 


l 


Conditions implied by (a): ppt+q¢q= 1, p*qt+q*p=0; 
* = 0. 


II 


Conditions implied by (b): pp“ +q =1, pq* + ap 


Proposition 16.3 a € o()) iff its extension to CY equals 
h 
ag =i 5 , (16.2) 


with h € By,(Z), and g € Ba(Z, Z) (h is self-adjoint and g is anti-symmetric). 


16.1.2 j-non-degenerate orthogonal maps 

The theory of orthogonal operators on a Kähler space is more complicated than 
that of symplectic operators on a Kähler space. For a symplectic transforma- 
tion r, the operator p was automatically invertible, which greatly simplified the 
analysis. The analogous statement is not always true for a general orthogonal 
operator. Nevertheless, a large class of orthogonal transformations can be ana- 
lyzed in a way parallel to symplectic transformations. These transformations, 
which we will call j-non-degenerate, will be studied in this subsection. 


Proposition 16.4 Letr € O(Y). Then the following conditions are equivalent: 


(1) Ker(rj + jr) = {0}. 
(2) Ker(r*j + jr*) = {0}. 
(3) Ker p = {0}. 
(4) Ker p* = {0}. 
Proof (1)(2), because 
rejtjr? =r? Grtrj)r*. 
(1)(3), because 


. > _ |p qaļļi 0 i O||]p q| a ļ|p 0 
eeen He SE SIG J-E 3) 


Similarly we see that (2)(4). 


Definition 16.5 r € O(Y) is said to be j-non-degenerate if the equivalent con- 
ditions of Prop. 16.4 are satisfied. 
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Recall that if h is a possibly unbounded operator with Kerh = {0}, then we 
can define h~! with domain Dom h`! := Ranh. The operator h7! is closed iff h 
is. 

Recall also that Cl,(Z, Z) denotes the set of closed densely defined operators 
c from Z to Z satisfying ct = —c. 

Let us now describe a convenient factorization of a j-non-degenerate orthog- 
onal map. Note that if r is j-non-degenerate, then (Ran p)” = (Ker p*)+ = Z. 
Therefore, the following operators are densely defined: 

d:= qp}, Dom d := Ran P; (16.3) 
c:=—q' (p*)~', Domc:= Ranp*. (16.4) 
Proposition 16.6 (1) c and d are closable. Let us denote their closures by the 


same symbols. Then c,d € Cla (Z, Z). 
(2) We have the following equivalent characterizations of c,d: 


d=—p"'q*, Domd={ze Z : qřZz e€ Ranp*}; (16.5) 
c=p 'q, Domc= {Ze Z : qz € Ranp}. (16.6) 


(3) We have the following factorization, which holds as an operator identity: 


PJ MEY æ 


(4) The following operator identities are true: 


(rcjerě — je) (rcjerč + jc)" 


II 
A. 


(16.8) 


a oO alo 


(je — rčjerc)(rčjere + jc) 


II 
S—S1 
ono ok 
E 


(Note that if r is j-non-degenerate, then rjr* +j and r*jr +j are injective 
with a dense range. Hence, in the identities (16.8) the meaning of the L.h.s. 
is described in (2.2) and (2.3).) 

(5) The following quadratic form identities are true: 


lictt=pt lp, 1+dd=p Op. 
Proof Consider d = qp~'. We have the identity 
q’ pP = —pq. (16.9) 
Therefore, Ran p is contained in 
{zE Z : qřz € Domp*™! = Ran p*}. (16.10) 


But Ranz is dense. Thus (16.10) is dense. By Prop. 2.35 applied to the bounded 


operator q and the closed operator p+, 


(qp-*)* = ptg". (16.11) 
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But the identity (16.9) implies 


and hence, on Ranp, 
pq = -qp = (qp')* 
by (16.11). Therefore, d C —d*, and hence d are closable. This easily implies (1) 


q 


and (2). 
We have 
reje — Jere = 2i E a » rejce + Jere = 2i i A . 
Hence, 


0 d : ; ; f = seein k ee 
E | = (reje — jerc)(rejc + jerc)* = (reieré — ic) (reicré + je)". 


This proves the first identity of (4). 


Next we give a criterion for the j-non-degeneracy. 


Lemma 16.7 Assume that ||r — 1|| < 1. Then r is j-non-degenerate. 
Proof Let y € YV such that y 4 0 and (rj + jr)y = 0. Then, 

2jy = (1 — r)jy + jl —r)y. 
Hence, 


2\Iyll < 21 = r|illyl. 


Therefore, 1 < ||1— r|]. 


16.1.3 j-self-adjoint maps 

To some extent, this subsection can be viewed as parallel to Subsect. 11.1.4 about 
positive symplectic transformations. 
Definition 16.8 An operator r € Cl(Y) satisfying jr = r*j is called j-self- 
adjoint. We say that it is j-positive if, in addition, jrj™! + r* > 0. 

If the extension of r to CY is given by (16.1), then r € B(Y) is j-self-adjoint 
iff q* = —q, p = p*. It is j-positive iff in addition p > 0. 

Let r € B(Y) be j-self-adjoint. It belongs to O(Y) iff 


p —q@=1, pq—q=0. 


We now examine the form of the decomposition (16.7). Let r € O(Y) be 
j-non-degenerate. It is j-self-adjoint iff c = d, where c,d € Cla (Z, Z) were defined 
in (16.3) and (16.4). j-non-degenerate j-positive elements of O(V) can be fully 
characterized by c: 
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Proposition 16.9 Let r € O(Y) be j-non-degenerate and j-positive. Let c € 
Cl,(Z,Z) be defined as in (16.4). Then one has 


o| (+c) (L+ cc*)~2e 
re = ~ct(M+ect)-} (14e) | (16.12) 
= ke d (1+ cc)? 0 | | 1 | 
0 1 0 (+c) | [-c 1 
(rè — Ic)(r@ + 1c)™ = p | (16.13) 


Conversely let c € Cl,(Z,Z). Then r, defined by (16.12), belongs to O(Y), is 
j-non-degenerate and is j-positive. 


Proof Let r € O(Y) be j-non-degenerate and j-self-adjoint. We have d = c= 
qp + and 1+ c*t=p~°?. Using the positivity of p we obtain 


p=(1+ #0). 
Now 
q= P= e(1+ č)? = (1+ ce). 


We then apply the decomposition (16.7) and formula (16.1) to get the first 
statement of the proposition. 


Proposition 16.10 Leta € Cl(Y) be anti-self-adjoint and j-self-adjoint. Then 
there exists g € Cla(Z,Z) such that 


ac =i] o T 


Moreover, e° belongs to O(Y), is j-self-adjoint and 
P | cos \/gg* ro 
fig" sin vag" cos /g*g |’ 
c= er g. 
We have a complete description of j-non-degenerate j-self-adjoint elements of 
O(y): 


Theorem 16.11 Let r € O(Y) be j-non-degenerate and j-self-adjoint. Then r = 
mrom*, where 


(16.14) 


pao 1 i1- p?)-¥q 

O V2 |-ia-p)g 1 
‘ p+i(l- p’)? 0 

o 0 p-i(l- p’)? 
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The transformation mc is unitary, hence rc is unitarily equivalent to the diagonal 
operator roc. Consequently 


1 


spec r = spec (p + i(I — p”)?) U spec (p+ i(I — p?)?). 
In particular, r is j-positive iff 


specr C {e : € [-1/2,7/2]}. (16.15) 


Proposition 16.12 Let k € O(Y) be j-self-adjoint and such that Ker(k + 1) = 
{0}. Let kt € O(Y) be defined as in Subsect. 2.3.2 fort ER. Then kt is also 
j-self-adjoint and (k')* = k~'. Moreover, if |t| < $, then kt is j-non-degenerate 
and j-positive. 


Proof We work on CY equipped with its unitary structure and consider kc. 
Clearly, kcjc = jcké, so the identity 


F(ke)ic = icF (ke) (16.16) 


holds for polynomials and extends by the usual argument to bounded Borel 
functions on spec kc. Taking F(z) = 2t, we obtain by restriction to Y that k'j = 
j(k')*, so that k* is j-self-adjoint. 

Clearly, kt is j-non-degenerate, and also j-positive for |t| < Ł, by criterion 
(16.15). 


16.1.4 j-polar decomposition 


The following theorem gives a canonical decomposition of every j-non-degenerate 
orthogonal operator into a product of a unitary operator and a j-positive j-non- 
degenerate operator. This can be treated as a fermionic analog of the polar 
decomposition of symplectic transformations discussed in Subsect. 11.1.5. 


Theorem 16.13 Let r € O(Y) be j-non-degenerate. Set k := —jr*jr. Then 


(1) k € O(Y) is j-self-adjoint; 

(2) Ker(k +1) = {0}; 

(3) k? isj -positive and j-non-degenerate; 
(4) For w := rk? €U(Y") we have 


r=wk?; (16.17) 
(5) If in addition r is j-self-adjoint, then w = w*, w? = 1 and r = ko w = wk?. 
Proof (1) follows from 
jk=r*jr=k*j. 
(2) is a consequence of 
Ker(k + 1) = —jr* Ker(rj + jr) = {0}. 
(3) follows from Prop. 16.12. 
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Let us prove (4). Clearly, w E€ O(Y). Moreover, 


jw = jrk? = irk! ke? 


rjk? = rk™žj = wj. 


So w € U(YS). 


Definition 16.14 We call (16.17) the j-polar decomposition of r. 


16.1.5 Conjugations on Kähler spaces 


Conjugations on a unitary space were defined in Subsect. 1.2.10. We recall that 
they are anti-unitary involutions. 
Conjugations on a Kähler space were defined in Subsect. 1.3.10. We recall that 
k is a conjugation of the Kahler space yY if k € O(V), k? = 1 and Kj = —jr. Note 
that « is self-adjoint, as well as anti-symplectic and infinitesimally symplectic. 
Clearly, « is a conjugation on a Kahler space y iff it is a conjugation on the 
corresponding unitary space YC. It can be written as 


ee 0 t 
C a t 0 ii 
where t € L(Z, Z), tt = Iz and t* = t. If we set uz := tZ, then u is a conjugation 
of the Hilbert space Z, which means an anti-unitary operator satisfying u? = 1. 
Conversely, any conjugation on Z determines a conjugation on yY. 


Note also that if j is a Kahler anti-involution, then so is —j. If k € O(Y) isa 
conjugation, then we have Kjx* = —j. 


16.1.6 Partial conjugations on Kahler spaces 


Definition 16.15 If W is a unitary space, we will say that k E€ L(Wp) is a par- 
tial conjugation if there exists a decomposition of W into an orthogonal direct 
sum of (complex) subspaces W = Wreg P Weg such that k preserves this decom- 
position, is the identity on Wreg and is a conjugation on Weg. 


Definition 16.16 If (,v,j) is a Kahler space, we say that k E€ L(Y) is a partial 
conjugation if there exists an orthogonal decomposition Y = Vrog B Ysg such that 
Kk andj preserve this decomposition, k is the identity on Vreg and a conjugation 
on Ysg. 

Clearly, k is a partial conjugation on a Kahler space Y iff it is a partial con- 
jugation of the unitary space Y°. 

Let x be a partial conjugation of Y. If pee and Ie are the orthogonal projec- 
tions onto Vreg and Yee, then 


kjk” = jleg — jlsg- 
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Writing Z = Zreg ® Zsg, we have 


(16.18) 


Kc = 


oOo O° eB 
oO FO 
+ OO CO 
or OO 


for t € L(Zsg, Zsg), tt = Ig, t =t. 


16.1.7 Decomposition of orthogonal operators 
Definition 16.17 Letr € O(Y). We define the regular and singular initial and 
final subspaces for r by 
Yesg := Ker(rjt+jr), YV-reg = Vig: 
Vise = Ker(r*j +jr*), Vireg = Vee 


We also introduce the corresponding holomorphic subspaces 


Z4s¢ = Cisse NZ, Zreg = CVtreg NZ. 


We easily check that r maps ŅY-sg onto Vise and Y_yeg onto Vyreg. j preserves 
Yisg and V+reg, and hence we have the decompositions 


CY =Z reg 
CY = Zireg 


reg D Z_se OZ se; (16.19) 


Z 
Z, 


reg D Ztsg D Z+sg- (16.20) 


Note that Ker p = Z-sg and Ker p* = Z+sg. We can write rc as a matrix from 
(16.19) to (16.20) as follows: 


Preg reg 0 0 
= reg Prog 0 0 
"e 0 0 O0 qg 
O 0O 7g 0 
Clearly, 
Ker prog = Ker Preg = {0}, deasg = lz- (16.21) 


Proposition 16.18 Letr € O(Y). Then there exists a decomposition r = Kro 
such that ro E€ O(Y) is j-non-degenerate and k is a partial conjugation. 


Proof Let k be any partial conjugation such that Kjx* = jl-reg — jll_se, so that 
in the matrix notation using (16.20) 


Kc = 


oOo OF 
So Ou © 
+ OO CO 
Sith 7S 
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We can set ro = Kr, which as a matrix from (16.19) to (16.20) has the form 


) 
Preg reg 0 0 
0 


Greg Prog 
0 O tg 0 
0 0 0O qsg 


Clearly, ro € O(Y), since r,k € O(Y). (16.21) implies that rọ is j-non- 
degenerate. 


Toc (16.22) 


Proposition 16.19 Letr € O(Y) be j-self-adjoint. Then Vsreg = V-reg =: Vreg 
and Vise = Vise =: Ysg. We have the orthogonal decomposition Y = Vreg B Veg 
preserved by j and r. Let j = jrog Bjog and r = Treg ® Tsg- Then Treg 18 jreg-non- 
degenerate, and jreg-self-adjoint on Vreg and Tsgjsg is a conjugation on Veo. 


16.1.8 Restricted orthogonal group 
The following subsection is parallel to Subsect. 11.1.6 about the restricted sym- 
plectic group. Recall that B? (V) denotes the set of Hilbert-Schmidt operators 
on y. 
Proposition 16.20 Let r € O(Y). Let p,q, Z 
following conditions are equivalent: 


(1) j- r—!jr E€ B? (V), (2) rj—jr E€ B? (V). 

(3) Tr(q*q) < co, (4) Tr(p*p— 1) <œ, (5) Tr(pp* — 1) < oo. 
(6) dim Z4sg < œ and d © B? (Z irae, Z+reg). 

(7) dim Z-sg < œ and c € B? (Z reg, Z—reg). 


If the above conditions are true, then dim Y_., = dim V4.5 < oo. 


se» Z+treg be defined as above. The 


Proof The proof of the equivalence of the first five conditions is identical to 
the proof in Prop. 11.12. Assume now that condition (3) (and hence (4), (5)) 
holds. Since Z-sg = Ker p, Z+sg = Ker p*, these spaces are finite-dimensional, 
and p : Z_reg > Ztreg, P“ : Ztreg — Z—reg are invertible with bounded inverses. 
It follows then from (3) that d= qp7! € B?(Z4r0eg, Z+reg) and c= q* (p*)-1 € 
B?(Z_:eg,Z-reg), so (3) = (6), (7). To prove that (6), (7) = (3), we argue 
similarly, using the identities 1+ c*t = (pp*)~', 1+ d*d = (pp*)7!. 


Definition 16.21 Let O,(Y) be the set of r € O(Y) satisfying the conditions of 
Prop. 16.20. Oj(Y) is called the restricted orthogonal group and is equipped with 
the metric 


d;(71, r2) := ||p1 — poll + Ilg — @lle- 


Equivalent metrics are ||[j,r1 — rele l| +|l,71 —rəll2 and |lri — ral] + 
Ili, 71 — rolll2- 
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Noting that since Y-sg is j-invariant its dimension as a real vector space is 
even, we define 


SO\(Y) = {r € OY) : 5 dim) +g is even}. 


We set detr = 1 ifr € SO,(Y) and detr = —1 if r € O (V)\SO (WV). 
We say that a € 0;(Y) if a € o(Y) and [a,j] € B?(Y), or equivalently if g € 
B? (Z, Z), where we use the decomposition (16.2). 


Recall that the groups O2(Y) and SO2(V) and the Lie algebra 02() were 
defined in Subsect. 14.1.2. 


Proposition 16.22 (1) O;(Y) and SO\(Y) are topological groups containing 
O2(Y) and SO2(Y), and we have an exact sequence 
1 => SO\(Y) > O (V) > Z: 1. 
(2) oj (V) is a Lie algebra containing o2 (V). 
(3) Ifa € 0(Y), then e* € SO; (V). 


In the following lemma, which we will prove before we prove the above propo- 
sition, we use the concept of the regularized determinant, defined for b € B? (V) 
as deto (1 + b) := det((1+ b)e~°); see (2.4). 


Lemma 16.23 Let r € O;(/). Then r is j-non-degenerate iff deta (1+ b(r)) 4 0 
for b(r) := $jr* [j, 7]. 


Proof We have 


rji+jr= 2rj( + b(r)). 


This implies that Ker(rj + jr) = Ker(1 + b(r)) Then we use Prop. 2.49. 


Proof of Prop. 16.22. The fact that Oj()/) is a topological group, and 0;()/) 
is a Lie algebra, follows by the same arguments as in Prop. 11.14. To show the 
remaining facts, we will use Thm. 16.43, to be proven later on. 

Since SOj;() is also the set of r € Oj (V) implementable by even unitaries, we 
see that SO;()) is a subgroup of O;(Y), using Thm. 16.43 (2) (ii) and (2)(iv). 

Let us now prove that SOj()) is closed. Let rn E€ SO;(’) converge to r, and 
let U,,, be the corresponding Bogoliubov implementers. By Thm. 16.43 (2)(v), 
there exist fn, |n| = 1 such that nUr, — U,. U,„ are even, and so is U,. Hence 
re SO; (VX). 

Let us now prove (3). Set f(t) = dets (1+ b(e')), where b(e®) is given by 
Lemma 16.23. The map t+ f(t) is real analytic, and f(0) #0, hence f(t) is 
not identically zero. So we can find a sequence tn : a such that f(t,) 4 0. 


By Lemma 16.23, e'"“ are j-non-degenerate, hence they belong to SO;()). 
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But 0)(Y) 3 a+ e° € O;(Y) is continuous and SO;(V) is closed. Hence, e! = 
lim e'“ belongs to SO;(Y). 


n—-Cco 


16.1.9 Anomaly-free orthogonal group 

This subsection is parallel to Subsect. 11.1.7 about the anomaly-free symplectic 
group. Recall that the groups O; (V) and SO;(Y) and the Lie algebra 0; (V) were 
defined in Subsect. 14.1.2. Recall also that B!() denotes the set of trace-class 
operators on y. 

Definition 16.24 Let Oj at(V) be the set of r € O;(Y) such that 2j — (jr + rj) € 
B! (Y), or equivalently p— lz € B'(Z). Oj,at(V) will be called the anomaly-free 
orthogonal group and will be equipped with the metric 


dj at (r1, r2) := |\p1 — pala + lla — @lle- 


An equivalent metric is |\[j,r1 — ral+|li + IJ, rı — rallle- 

We set SO; at(V) := Oj at (V) N SO; (V). 

We say that a € 0j at(Y) ifa € 0,(Y) and aj + ja € B! (Y), or equivalently h € 
B! (Y), where we use the decomposition (16.2). 


Proposition 16.25 (1) Oj.ar() and SO; ae(Y) are topological groups contain- 
ing O1(Y) and SO: (V) respectively, and we have an exact sequence 
1 > SOj\ar(V) > Ojat (Y) > Z2 > 1. 


(2) ojat (V) is a Lie algebra containing o1 (V). 
(3) If a € oj at(Ņ), then e € SO; at (0). 


Proof The proof is completely analogous to that of Prop. 16.22. 


Proposition 16.26 (1) Let r € O(Y) be j-positive. Then r € O,(V) iff re 
Oj at(Ņ). 
(2) Let a € o(V) be j-self-adjoint. Then a € oj(V) iff a € ojat (V). 


Proof (1) We know that r € O;()/) iff c € B? (Zrii Zreg) and dim Ysg < oo. But 
then (16.12) implies r € Oj at(Ņ). 
(2) By the decomposition (16.2), a € 0;(Y) iff h = 0 and g € B? (Z, Z). 


We will also need the following lemma: 


Lemma 16.27 Letr € Oj at(VŅ), € > 0. There exists a decomposition r = ts such 
that 1 — s is finite rank and t € Oj ar(V), |1 — t|| < €. 


Proof 1 —r is compact. Hence, there exists an o.n. basis (e1, e2, ...) in CY such 
that 


re = $ Ajle;)(e;| 
j 
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with |A;| = 1 and A; — 1. Then we set 


te= D> Ayjles)esl+ So les les, (16.23) 


lA; -—1|<e Aj —1|>e 
w= So les eslt+ 2 Alee (16.24) 
[Aj 11<e [Aj —1l>¢ 


(We easily see that the r.h.s. of (16.23) and (16.24) restrict to operators 
on Y.) 


16.1.10 Pairs of Kahler structures on real Hilbert spaces 


This subsection is parallel to Subsect. 11.1.8 about pairs of Kahler structures in 
a symplectic space. 

Recall that, as usual in this chapter, (V, v) is a real Hilbert space. Let us first 
describe the action of the orthogonal group on Kahler anti-involutions. 


Proposition 16.28 Let r € O(Y) and letj be a Kahler anti-involution. Then 


(1) jı =r—'jr is a Kahler anti-involution; 
(2) re UY) ifn =j; 
(3) r is j-non-degenerate iff Ker(j + ji) = {0}. 


In the following theorem, for two Kahler anti-involutions j and jı we try to 
construct r € O(Y) such that 


r jr =j. (16.25) 


Note that this problem is more complicated for O(Y) than for Sp(V) (see Subsect. 
11.1.8). 


Theorem 16.29 (1) Let j,j; be Kahler anti-involutions on a real Hilbert space 
V. Then k := —jj, is a j-self-adjoint orthogonal transformation. 

(2) Let k € O(Y) be j-self-adjoint for a Kahler anti-involution j. Then jı := jk 
is a Kahler anti-involution. 

(3) In what follows we assume that j,jı,k are as above. Then Ker(j+j,) = 
Ker(k + 1) is invariant under j and jı, and so is its orthogonal complement. 

(4) There exists r € O(Y) satisfying (16.25) iff Ker(j + j,) is even- or infinite- 
dimensional. 

(5) If there exists a j-positive r € O(Y) satisfying (16.25), then Ker(j+ji) = 
{0}. 

(6) Assume that Ker(j +jı) = {0}. Then r := k? defined in Thm. 16.13 is the 
unique j-positive element of O(Y) satisfying (16.25). 

(7) There exists c € Ba(Z, Z) such that 


ea = E | l (16.26) 
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(8) We have 
(1+ cct)-# (+ cce) ze 
7 16.27 
TC —c* (1+ cc)? (1+ e)? ; ( ) 
_ _ [(@l—ec*)(+4 c~) 2(1+ cc*)-e 
i =. | —2c*(1+ cc*)“! (1 — ce)(1+cc)7! ; (16.28) 


ai | ba cea tect) 2(1+ cc*)~te 
jc =1 | 2c* (1+ cc*)“} (cte— D(1+ E } (16.29) 


Proof (1)-(3) are straightforward. 
Set b = HH. We check that jb = —bj. This implies (16.26). Then using (16.13), 
we see that rc equals (16.12), which is repeated as (16.27). 
By the properties of the Cayley transform we have k = in, which yields 
(16.28). Alternatively, we can use k = r°. (16.29) follows from jı = jk. 


Theorem 16.30 Let Z and Z, be the holomorphic subspaces of CY for the 
Kahler anti-involutions j and jı. Suppose that Ker(j + ji) = {0}. Then 


{(z,-tz) : z €Domc} is dense in Zi, 
{(—cz,z) : Z€ Domc} is dense in Z4. 


Proof Every vector of Z, is of the form (1—ij,)y, for yı E€ V. Since 
Ker(j +ji1) = {0}, Ran (k + 1) is dense in Yy, hence the vectors of the form 
(1 —ij,)(1+k)~'y, for y € Ran (k + 1) are dense in Z,. As in the proof of Prop. 
11.21, we get that 


(1—iji +k) “y=2-&, 


for z = Izy € Domé. 


Proposition 16.31 Let j, jı, k be as in Thm. 16.29. Set Veg := Ker(j + jı) and 
Vreg c= Yi Note that Yrog and Ysg are preserved by j and jı. Let Zreg and Zsg 
be the corresponding holomorphic spaces. Recall also that one can define 


c:= (kc — 1)(14 ke) "| Ole Zises Zee): (16.30) 


Zreg 


Then the following conditions are equivalent: 


Proof The identity —j(j — jı) = 1— k and j € O(Y) imply the equivalence of 
(1) and (2). 
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(2)=(3). Since Vsg = Ker(1+k) and 1—k is compact, Ysg and hence Zsg 
are finite-dimensional. Moreover k preserves Vreg and (1+ k)7! 5 _ is bounded. 
Using (16.26), we obtain that c € B? (Zee Zied): 

(3)=(2). By (16.26), we see that (1 — kilsa, € B? (Vreg). Ysg = Ker(1 + k) is 
finite-dimensional, hence we get that 1-— k € B? (V). 

(4)=(5)=(1) is obvious. (3)=(4) follows by setting r := freg ® Tsg, where 
Treg E O(Vreg) is defined as in Thm. 16.29 (5), and fsg is any conjugation on 
Vog: 


16.2 Fermionic quadratic Hamiltonians on Fock spaces 
As elsewhere in this chapter, Z is a Hilbert space and YV = Re(Z @ Z) is the 
corresponding Kahler space with the dual Y* = Re(Z Z). We consider the 
Fock representation over Y in ra (Z). 

We study quadratic Hamiltonians on a fermionic Fock space. This section is 
parallel to Sect. 11.2 about quadratic Hamiltonians on a bosonic Fock space. It 
is also a continuation of Sect. 14.2, where quadratic fermionic Hamiltonians were 
studied in an algebraic setting. 


16.2.1 Quadratic anti-commuting polynomials and 
their quantization 


Let h € B'(Z) (h is finite rank). It corresponds to the anti-symmetric polyno- 
mial 


1 
yt x yt =) ((Z1, 21); (Z2, Z2)) b> z (hes ER- zh* Za). (16.31) 


Its Wick, anti-symmetric and anti-Wick quantizations are 
Trh 
dr(h), dI'(h) — sh dP(h) — (Trh)1. 


Note that the anti-Wick and anti-symmetric quantizations can be extended to 
the case h € B!(Z) (h is trace-class). The Wick quantization of (16.31) is well 
defined for much more general h. 
al 2 = 
Suppose that g € re (Z) ~ B'(Z, Z) (g is anti-symmetric finite rank). Con- 
sider the polynomial 
yt x yt =) ((Z1, 21); (Z2, 22)) > (z Qa 20|g) = 21 °922. (16.32) 


The Wick, anti-symmetric and anti-Wick quantizations of (16.32) are the “two- 
particle creation operator” a*(g) defined in Subsect. 3.4.4. According to the 
notation of Def. 13.27, this can be written as Op’ “ (\g)). It can be defined as a 
bounded operator also if g € [?(Z) ~ B?(Z, Z). It will act on U,, € T? (Z) as 


a*(g)Un = V(n+2)(n+ 1)g Da Vn. (16.33) 


(On the right of (16.33) we interpret g as an element of '?(Z).) 
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The polynomial complex conjugate to (16.32) times —1 is 
yt x ytd (31,21), (Z2, z2)) > (g|z2 @a 21) = 21:9“ 22. (16.34) 


(—1 comes from the operator A; see (3.29).) The Wick, anti-symmetric and 
anti-Wick quantizations of (16.34) are the “two particle annihilation operator” 
a*(g)* = a(g) defined in Subsect. 3.4.4. According to the notation of Def. 13.27, 
this can be written as Op" * (19). 

A general element of CPol?()*) is 


((Z1, 21), (22, Z2)) + hz2 — zı hY Z2 + B+ 1%. — 21 + J222, (16.35) 


where h € B'(Z), 91,92 € BË (Z, Z). We can write (16.35) as 


(21, 21):C(Z2, 22), c= E 4 le 


(Recall that we use elements of L,(*,) for symbols of fermionic quadratic 
Hamiltonians, as in Subsect. 14.2.3.) 
The quantizations of ¢ are 


Opt“ (©) = 2dT'(h) + a* (g1) + alg2), (16.36) 
Op(¢) = 2dr (h) — (Tr h) l + a* (g1) + a(92), (16.37) 
Op*” (¢) = 2dI'(h) — (2Tr hh) + a* (g1) + alg2). 
Note that 
Op(c) = 5 (O°) + Op™""(Q) 


In particular, we can extend the definition of Op(¢) and Op*’(¢) to the 
case when gi, g2 € B?(Z,Z) and h € B'(Z). Op* “(¢) is defined under much 
more general conditions. All these quantizations are self-adjoint iff h = h* and 
gı = 92. 


16.2.2 Fermionic Schwinger term 


Recall from Thm. 14.13 that the anti-symmetric quantization restricted to 
quadratic symbols yields an isomorphism of Lie algebra o, (V) into quadratic 
Hamiltonians in CAR© (V). This is no longer true in the case of the Wick quan- 
tization, where the so-called Schwinger term appears. This is described in the 
following proposition: 


Proposition 16.32 Let ¢,¢; E€ B(Y*,Y), i= 1,2. Then, 


Op(c) = Opt (C) + È (Trcr) 1, (16.38) 
[Ope (G), Op" (&)] = 40p* "(Give — Gv) + i2(Tr[&v, Gv]j) 1. 
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1 aa 
Proof We have vc = 5 F 4 € B(Z 6 Z,Z @ Z). Therefore, 
o 1ifh g _ lfikh ~ig 
Gove = 5 le EA » &rcje= 5 ie nf (16.39) 


Hence, —Tr h = }Tr¢vj, which implies (16.38). 
Now, to compute the Schwinger term we note that by (14.9) 


[Op?"* (G1), Op" “(G)] = 40p(GvG — Qui). 
Then we apply (16.38). 


16.2.3 Infimum of quadratic fermionic Hamiltonians 


For simplicity, in this subsection we assume that Z is a finite-dimensional Hilbert 
space. 


Theorem 16.33 Leth € By(Z), g € B?(Z 


,Z). Let 
_|g9g h 
5 Ee -7 


| 


k? + gg* hg- gh* 
—2 
Gh—-htg h +g*g 


. (16.40) 


i 
: [h 0 
0 h*] ye 
Proof Clearly, Cv is self-adjoint and 


1[ h?+gg* hg —gh* 
4|o*h—htg* ht? + 9% |° 


(Cevc? = 


Thus, by Thm. 14.18, 
inf Op*“(¢) — Tr h = inf Op(¢) 


1 
1 2 * = # 2 

= —Tr|¢v| = — -Tr n+ 99 hg gh 
2 gh—-htg* h*ź + g*g 

16.2.4 Two-particle creation and annihilation operators 


In this subsection we allow the dimension of Z to be infinite. We study two- 
particle creation and annihilation operators. Recall that they are defined for 
ce T?(Z) ~ B?(Z, Z). 


Proposition 16.34 Let c €T?(Z). Then a(c), a* (c) are bounded operators with 
lalo) = lla* (oll = liell; (16.41) 
e770 O afzje7t l = a(z) — a* (c2), z€ Z; (16.42) 
era*(zje“2 = a*(z)—a(czZ), zEZ. (16.43) 
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Proof Since cis anti-symmetric Hilbert-Schmidt, by Corollary 2.88 there exists 
an o.n. family 


(w+, W1,—, We,4, W2,— ih) (16.44) 


and positive numbers (A1, A2,...) such that 


Then, 
ge ja" (wj,4 )a* (w;,—). 


Using the Jordan—Wigner representation compatible with the o.n. family (16.44), 
we easily obtain 


lla*(e)||? = Dy 


16.2.5 Fermionic Gaussian vectors 
Let c € T?(Z) ~ B?(Z,Z). Then c*c is trace-class, so det(1+c*c) is well 
defined. 


Definition 16.35 The fermionic Gaussian vector associated with c is defined 
as 


Q, = det(1 + c*c)7 te? OQ, 
Theorem 16.36 (1) Ifc € B?(Z,Z), then Q, is a normalized vector in Ta(Z) 
satisfying 
(alz) —a*(cz))W=0, zE€Z, (Q|Q.)>0 
(2) Letc € Cla(Z, Z). Assume that there exists a non-zero Y € T, (Z) satisfying 
(a(z) —a*(cz))W=0, Z€Dom c. 
Then c € B?(Z, Z). Moreover W is proportional to Qe. 


(3) Let c&,c2 € B?(Z, Z). Then 


(Qa, Re) = det (I + c¥c1) 7T det (1+ cc.) TPE E 4 


C2 


To make the above theorem complete we need to define the Pfaffian of certain 
infinite-dimensional operators, which is provided by the following proposition: 
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Proposition 16.37 Let c; € B?(Z,Z), i=1,2. Set Ç € B,(Z6Z,Z6 Z) 
equal to 


Let n, be an increasing family of finite rank projections on Z withs — lim m, = 
n—Cco 
L. Set Zn = nn Z, and Cn = (Fn ®In)C(T D Tn). Then 


lim Pf¢, =: Pf¢ 


exists, where, for each n P£¢,,, is computed w.r.t. the Liouville form on Zn ® Zn. 
Moreover 


(PEO? = det(1 — G1 c2). 
Proof of Thm. 16.86 and Prop. 16.37. Let Y be as in (2). Arguing as in the 
proof of Thm. 11.28, we obtain, for Z; € Domc and A := (Q|V), 
(a* (Zam41) °°: a" (2, )Q|W) = 0, 
(a* (Zam) +++ a*(z,)Q|Y) =r D sgn(o) M, Coen leor2i+1)- 
o€Pairam — 

Therefore, A = 0 implies Y = 0. Hence, A 4 0. In particular, for Z1, Z2 € Dom c 
this gives the following formula for the two-particle component of W: 

V2(z2 Qa 21|V2) = A(z1 |22). (16.45) 


As in Thm. 11.28, this implies that c € B?(Z, Z) and WV. = -2e 
We have 
m!2™ 


m—1 
(21 @a +++ Qa Zam|c@*™) = om > pus sen(o) (2 (2441) |CZo (2142); 


o€Pair, É 


which implies that 


m (2m)! am m 1 Ş m 
Vom = A(—1) omy! cP = A(—1) sami (c)) Q, 
Wom4i a 0, 


U = de? OQ, 


Let us now compute ||W||?. Without loss of generality we can assume \ = 1. 
Since c is compact, we can by Corollary 2.88 find an o.n. basis {2,4, 2,—}ier 
of (Ranc)+, such that ca = 21,4, Cap = —Aizi4. Thus c*cZi+ = 72; 
Using the corresponding basis in T,(Z), we obtain 


WIP = TL + Af) = det(1 + c*c)?. (16.46) 


This shows that the vector Qe is normalized. 
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It remains to show (3). Let us first assume that Z is finite-dimensional. In the 
fermionic complex-wave representation, e~ 7” ()Q equals e7777, 


—1aq* olq* Zz —tez. stiz. = 
(e 3a (“Ole sa a) = [ote Te C2 Q- 77 27% dzdz 


= f exp 504) ie | | dzdz 


=ġ ~=] 


=Pf 
| 1 —C2 


= det(1 — Zc2)?, 
using the formulas in Subsect. 1.1.2. 
Let us now consider the general case. We first claim that the map 
B?(Z,Z)acHQ, €T,(Z) (16.47) 
is continuous for the Hilbert—Schmidt norm. Recall from Prop. 16.34 that 
Ila*(c)|| = llelle- (16.48) 
Note now that if a,,a2 are two bounded operators then 


laill — elleell 
a a2 e e 
le" = e° || < lai = al Ta 


I| — lla2|| 


Using (16.48), for a; = a*(c;) with ||c;||2 < C this yields, 
len Fe) — e5] < Clq — elle. 


Since c det(+c*c)~t is continuous for the Hilbert-Schmidt norm, this 
proves (16.47). 

We can now complete the proof of (3) in the general case. Let us choose an 
increasing sequence of finite rank projections 7, and set Cin = nnCiTn, t= 1,2. 
We have cin — c in the Hilbert-Schmidt norm. Hence, by (16.47), Qen > Qe, 
and thus 


(Qe, Qe) _ Him (Qe, [Qes n Jy 


which proves (3) in the general case. 


16.3 Fermionic Bogoliubov transformations on Fock spaces 


We keep the same framework and notation as in the rest of the chapter. That 
is, Z is a Hilbert space, V := Re(Z © Z) is the corresponding complete Kahler 
space, equipped with v,j. We also consider the Fock CAR representation 


Y > y= oly) € Ba (Ta(2)). 


We are going to study the implementation of orthogonal transformations on a 
fermionic Fock space. The central result of the section is the Shale-Stinespring 
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theorem, which says that an orthogonal transformation is implementable iff it 
belongs to the restricted orthogonal group. The unitary operators implementing 
the corresponding Bogoliubov automorphisms form a group, denoted Pin; (Y), 
which is one of the generalizations of the Pin® group from the finite-dimensional 
case and contains the group Pin§(¥), which is a subgroup of the unitary part of 
CAR" (Y). 

We will also describe the group Pin; at(Y), which is one of the generalizations 
of the Pin group from the finite-dimensional case. It contains the group Ping (V) 
as a proper subgroup. 

Clearly, both Pins (V) and Pinj at(V) depend on the Kahler structure of YV. 

This section is parallel to Sect. 11.3, where Bogoliubov transformations on 
bosonic Fock spaces were studied. It can be viewed as a continuation of Sect. 
14.3, which described the implementability of Bogoliubov transformations in the 
C*- and W*-CAR algebras. 


16.3.1 Extending parity and complex conjugation 


Clearly, we can isometrically embed CAR?” (Y) in B(Ta(V)). The parity auto- 
morphism a defined on CAR?” (V) extends to a weakly continuous involution 
on the whole B([',(Z)) by setting 


a(A) := IAI. (16.49) 


Thus we can speak about even and odd operators on B(I,(Z)). 
Unfortunately, there seems to be no analog of (16.49) for the complex conju- 
gation A > c(A) on the Fock space, as seen from the following proposition: 


Proposition 16.38 Let Y be infinite-dimensional. Then Cliff© (Y) is weakly 
dense in B(Ta(Z)). Hence, the anti-linear automorphism A > c(A) cannot be 
extended from CAR (Y) to a strongly continuous automorphism of B(T.(Z)). 


Proof It is sufficient to assume that Z has an o.n. basis (e,,e2,...). Let 0 E€ R. 
Let un E€ U(Z) be defined by 


2g an : 
en’e;, g=l,...,n; 
Un€j = 
0, j=nt+l,.... 


One finds that if e € Z is a normalized vector, then 


2ia*(e)a(e) = P(ie, —i€) P(e, €) +i. 


2ia* (e; )a(e;) )) =e rexo(D Fa iej, ig) )6(¢),%)). 
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Therefore, Un :=T'(un)e~” € Cliff" (Y). Clearly, 


s — lim U, = e1. 
Consequently, e° 1 belongs to the strong closure of Clift” (V). Hence, the strong 
closure of Cliff" (Y) contains CAR” (VY). But CART” (V) is strongly dense in 
B (Ta (Z )) f 


16.3.2 Group Pin? (YX) 
Definition 16.39 We define Pin? (V) to be the set of U € U (Ta(Z)) such that 


{Up(y)U* : ye V}={dly) : ye V}. 
We set 

Spin (V) := {U € Pin§(V) : a(U) =U}. 
We equip Pin (Y) with the strong operator topology. 


It is obvious that Pin?(V) is a topological group and Spin‘ (Y) is its closed 
subgroup. 
The following definitions are parallel to definitions of Sect. 14.3. 


Definition 16.40 Let A € B(Ta(Z)) and r € O()). 
(1) We say that A intertwines r if 


Agly) = (ry) A, yE. (16.50) 


(2) If in addition A is unitary then we also say that A implements r. 
(3) If there exists U € U (Ta (Z)) that implements r, then we say that r is imple- 
mentable in the Fock representation. 


It is clear that the map Pin? (Y) > O() defined by (16.50) is a group homo- 
morphism. However, one prefers to use a different homomorphism, arising from 
the following definition: 


Definition 16.41 Let r € O(Y). 
(1) We say that A € B(Ta(Z)) a-intertwines r € O(Y) if 
a(A)ely) = o(ry)A, y EX. 


(2) If in addition A is unitary then we also say that A a-implements r. 
(3) If there exists U € U(Ta(Z)) that a-implements r, then we say that r is 
a-implementable in the Fock representation. 


We will see in Thm. 16.43 that if r is a-implementable in the Fock represen- 
tation, then necessarily r € Oj (V). Therefore, det r is well defined by Def. 16.21 
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and we can introduce the notion of det-implementation, essentially equivalent to 
a-implementability. 


Definition 16.42 Let r € O;(Y). 
(1) We say that A € B(T,(Z)) det-intertwines r if 


Ad(y) =detrd(ry)A, yey. (16.51) 


(2) If in addition A is unitary, then we also say that A det-implements r. 
(3) If there exists U € U (Ta(Z)) that det-implements r, then we say that r is 
det-implementable in the Fock representation. 


We will prove 


Theorem 16.43 (The Shale-Stinespring theorem about Bogoliubov transfor- 
mations) 


(1) Let r € O(Y). The following statements are equivalent: 
(i) r is a-implementable in the Fock representation. 
(ii) r is det-implementable. 
(iii) r is implementable in the Fock representation. 
(iv) r € O; (V). 
(2) Suppose now that r € O;(Y). Then the following is true: 
(i) There exists U, € Pin (Y) such that the set of elements of U(Ta(Z)) 
a-implementing r T of operators of the form uU, with |u| = 1. 
(ii) U, is even iffr € SO\(V). Otherwise, it is odd. Hence, U, a-implements 
r iff it det-implements r. 
(iii) The set of elements of U (Ta (Z)) implementing r consists of operators of 
the form uU, with |u| = 1 ifdetr = 1 and pU-—, with |u| = 1 if detr = 
-l1. 
(iv) If r1,r2 € O;(Y), then Up, Ur, = Urra for some u such that |u| = 1. 
(v) Ifra > r in O; (V), then there exist un, |un| = 1, such that nUr, —> U, 
strongly. 
(3) Most of the above statements can be summarized by the following commut- 
ing diagram of Lie groups and their continuous homomorphisms, where all 
vertical and horizontal sequences are exact: 


1 1 

1> UQ) > Ul) > 4 

1 > Spint(V) > Ping(y) > ~ > 1 (16.52) 
1 > SO(Y) > OY) > z > 1 
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As a preparation for the proof of the above theorem we will first show the 
following lemma: 


Lemma 16.44 Let re O(Y). Then the set of elements of A€ B(Ta(Z)) 
a-intertwining r is either empty or of the form {uU : weCh}, where U is 
unitary. Besides, U is even or odd. 


Proof Let A = Ap + A; with Ap even and A, odd. Then 


(Ao + A1)o(y) = o(ry)(Ao — A1), ye. (16.53) 


Comparing even and odd terms in (16.53), we obtain 


Aod(y) = ġ(ry)Ao, Aig(y)=—O(ry)A1, YE. (16.54) 


Hence, Ağ Ao and AA; commute with ¢(y), y € VY. Clearly, they are even. Hence, 
by the irreducibility of the Fock CAR representation, they are proportional to 
identity. Hence, the operators A; are proportional to a unitary operator. 
(16.54) implies also that Aj Ao anti-commutes with ¢(y), y € VY. By Prop. 13.3, 
this implies that Aj Ap is even. But Aj Ag is odd. Hence, Af Ap = 0. Thus one A; 
is zero. 


16.3.3 Implementation of partial conjugations 


Let x € O(Y) be an involution with Ker(« + 1) finite. Clearly, k € O1 (V). Hence, 
k is det-implementable in Cliff*'®(J). In fact, if (e1,...,€n) is an o.n. basis of 
Ker(« + 1), then 


Ux = (e1) + (En) E€ CHEE (Y) 


det-implements k. 

Recall that Clif®™8 (V) can be treated as a sub-algebra of B(T,(Z)). Hence, 
U, det-implements « in the Fock representation. 

In the case of the Fock CAR representation one can distinguish a class of 
orthogonal involutions with special properties — the so-called partial conjuga- 
tions; see Def. 16.16. Assume now that « is not only an orthogonal involution, 
but also a partial conjugation on the Kahler space Y. Let W := 1 iKer( + 1) 
be the holomorphic subspace associated with Ker(« + 1). It is easy to see that, 
setting 


1 y f 
wj := 5 (ei —ije;), j=1,...,n, 
we obtain an o.n. basis of W, and 


RCW; = Wj, KCWj = Wj. 
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Note that in this case U, transforms the vacuum into the Slater determinant 
associated with the subspace W: 


UQ = a* (wy) +++ a” (wn )Q. 
Moreover, we can easily put U, in the Wick-ordered form: 


Ux = (a* (w1) + a(wr)) +++ (a* (wn) + a(wn)) 
= So sgn(ir,...,i¢) a” (wi, )++-a* (wi, Jalwz ) +++ alwi) 
where we sum over all 1<t <- <a <n, 1<ji <- <jn-k <n with 


{i1,..-,%}U{j1,---,jn—-e} = {1,... n}, and sgn(i1,...,%,) is the sign of the 
permutation (41,...,%K,J1,+--;Jn—k)- 


16.3.4 Implementation of j-non-degenerate transformations 


For j-non-degenerate orthogonal transformations we can write down a formula 
for its Bogoliubov implementer that is parallel to that of the bosonic case 
(11.42). 


Theorem 16.45 Let r € O;(V) be j-non-degenerate. Let p,c,d be defined as in 
Subsect. 16.1.1. Set 


1 


= | det pp* |5 e7 OT ((p*) “ere. (16.55) 
Then U} is the unique unitary operator implementing r such that 
(Q|ULQ) > 0. (16.56) 
We have a(U}) = U}. Thus U) € Spin (Y). 
Proof Let z € Z. Recall that 
I (p)a* (z) (p7™*) = a* (pz), T(pja(z)T (p7) = a (p**2) . (16.57) 
Using (16.57), (16.42) and (16.43), we obtain 


* 


Uia*( (p*~!z — dpcZ) — a(pcz))U} 
a* (pz) + a(qz))U), 

a(pz) — a* (dpz)) U} 

a(pz) + a*(qz))U}. 


= (a 
z 
= (a( 
= (a( 


Thus UJ implements r. 
By Lemma 16.44, U) is proportional to a unitary operator. By Thm. 16.36 (1), 


UIN=0_4 


is of norm 1. Hence, Ui is unitary. Finally, (Q|U/Q) = | det pp*|* > 0. 
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16.3.5 End of proof of the Shale—Stinespring theorem 


In this subsection we finish the proof of the implementability of the restricted 
orthogonal group. 


Lemma 16.46 Let W be an infinite-dimensional subspace of Z, and Y €T,(Z) 
such that 


Then Y =0. 
Proof We have 
a(w)a*(w) = —a*(w)a(w) + ||w|/?7l, weZ. 


Hence, for any projection mn of dimension n with range contained in W, we have 


etl (my — etry, (16.58) 


Now suppose that dim W = oo. Then we can find a sequence of projections 7, < 
ly going strongly to an infinite-dimensional projection m. Then the l.h.s. of 
(16.58) converges to e/¢!(™) and the r-h.s. has no limit if Y 40, which is a 
contradiction. 


Proof of Thm. 16.48. Let r € Oj(Y). By Prop. 16.20, r has a finite-dimensional 
singular space. By Prop. 16.18, it can be represented as a product of a j-non- 


degenerate transformation and a partial conjugation with a finite dimensional 
singular space. The former is implementable in B(Ta (Z)) by Thm. 16.45, and 
the latter by Subsect. 16.3.3. This proves that r is implementable in B(T,(Z)). 

Suppose that r € O()’) is implemented by U € U(T,(Z)). Let Y := UQ. Note 
that, for any z € Z, a(z)Q = 0 and 


Ua(z)U* = a(pz) + a“ (qZ). 
Therefore, 
(a(pz) + a*(qz))V = 0, z€Z. (16.59) 
Assume first that r is j-non-degenerate. Then (16.59) implies 
(a(z) + a*(dz))W =0, z€ Ranp. 


Using the fact that Ranp is dense and Thm. 16.36 (2), we obtain that d € 
B? (Z, Z), and hence r € O;(Ņ). 
Suppose now that r € O(Y) is arbitrary. (16.59) yields 
a*(z)W = 0, z €qKerp. (16.60) 


By Lemma 16.46, this implies that qKerp is finite-dimensional. But, for z € 
Kerp, ||qz|| = ||z||. Hence, dim q Ker p = dim Ker p. So Ker p is finite-dimensional. 
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By Prop. 16.18, we can find a partial conjugation « such that rk is j-non- 
degenerate. The dimension of the singular space of «x is dim Ker p. By Subsect. 
16.3.3, k is implementable. Hence, rk is implementable. By what we have just 
proven, rk € O;(V). Clearly, x € O; (V). Hence, r € O; (V). 

We write r as Kro, Ur = U,,U,,, where « is a partial conjugation and rọ is 
j-non-degenerate. Then the Gaussian vector U;,, 9 is an even vector, as seen in 
the proof of Thm. 16.36. From the form of U, given in Subsect. 16.3.3, we see 
that U,Q is even (resp. odd) if r is such. Hence, a(U,) = U, if detr = 1, and 
a(U,) = —U, if detr = —1. 

Finally, let us prove (2)(v). Let r, € O;(Y) such that r, — r. From Thm. 
16.43, we know that U,,„-ı = +U,, U; '. For n large enough, r,r~' is close to 
l in the topology of O;(Y), hence is j-non-degenerate and belongs to SO;(Y). 
From the explicit form of U, for j-non-degenerate r given in Thm. 16.45, we see 
that U,.,,-1 — I strongly, hence U,, — +U, strongly. 


16.3.6 One-parameter groups of Bogoliubov transformations 


Let h € By(Z), g € B2(Z, Z). Let C= Ee = Recall that 


Op" (C) := 2dL'(h) + a* (g) + a(g) 


is a self-adjoint operator. If in addition h € B!(Z), then we can use the anti- 
symmetric quantization to quantize ¢ obtaining 


Op(¢) := 2dP'(h) + a*(g) + a(g) — (Trh)1. 


Let a € o(V) be given by 


3 i| k 
ac = itcve = 5 ie y ; 


see (16.39). Let r; =e’ and 


For t € R such that r; is non-degenerate, we set 


di := uP, a= —af (pt). 


The following formula gives the unitary group generated by Op* “(C): 


Theorem 16.47 (1) Let t ER be such that rı is non-degenerate. Then 
pet? — 1 € BY(Z), dq € B?(Z, Z), and 


eitOp" O — det (pe ™"®) ? e20 COT (pi tezte», (16.61) 


Besides, (16.61) implements ry. 
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(2) If in addition h € B! (Z), then 
ef OPS) = det p? et OT (pietele), (16.62) 


(In both (16.61) and (16.62) the branch of the square root is determined by 
continuity. ) 


16.3.7 Implementation of j-non-degenerate 
j-positive transformations 


In this subsection we consider a j-non-degenerate j-positive orthogonal transfor- 
mation r, considered in Subsect. 16.1.3. From formula (16.12) we see that there 
exists c € B?(Z, Z) and 


reali ¢ 
Clo a 


By Thm. 16.45, r is then implemented by 


0 (1+ ctc)-? | |-ct 1 


(+ ce*)? 0 Iu AR 


Ui = det(1 + ect)“ tez L(A + ect) 7 e2), (16.63) 
We recall also that a € o(Y) is j-self-adjoint iff 
ac =i j j , (16.64) 


for g € Cla (Z, Z). Clearly, r = e° € O;(Y) if a € B?(Y), ie. g € B?(Z, Z). For 
such a, we obtain an implementable one-parameter group of j-non-degenerate 
j-positive orthogonal transformations R >t e! = r;. On the quantum level 
this corresponds to 


Ui, = ok (4° ()+a(9)) (16.65) 
= (det cos(t/gg*))7e° ( aa” 9) 7 (cos(ty/ a9") tae ( a a) 


Clearly, (16.65) is essentially a special case of (16.61). 


16.3.8 Pin group in the Fock representation 


Recall that in Subsect. 14.3.2 for an arbitrary Euclidean space VY we defined the 
group Pin, (V) satisfying the exact sequence 


1 > Pini (VY) > O1(Y) — Z > 1. (16.66) 
We also defined the group Pin{(¥), which satisfied 
1— Pini (V) > O (V) — U(1) 5 1. (16.67) 
We had the property 
1— Pin (VY) —> Pini (V) = U1) - 1. (16.68) 
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Recall that both CAR?” (Y) and Clif" (Y) can be embedded in B(I,(Z)) 
(where Y=Re(Z@ Z)). Hence, we can embed Pin{(Y) and Pin,(Y) in 
U (Ta(Z)). It is natural to ask whether both these groups have natural extensions 
in the Fock representation. 

The group Pin‘ (V) defined in Def. 16.39 is, in some sense, the maximal exten- 
sion of Pin} (V). In this subsection we will construct the group Pin; at (V), which 
can be viewed as the maximal extension of Pin, (V), 

The analog of (16.68) will not however be true for Pin? (V) and Pinj at (V) if Y 
is infinite-dimensional. In fact, in this case the factor group Pin; (Y)/Pinj,ar(Y) 
is much larger than U(1). In quantum field theory this is responsible for the 
so-called anomalies — symmetries of the classical system that cannot be lifted to 
the quantum level. 

The definition of the group Pinj at (V) is somewhat complicated. We first define 
its j-non-degenerate elements. Then we use the representation-independent con- 
struction, which we discussed in the definition of Pin (V) in Subsect. 14.3.2, to 
handle j-degenerate elements. 


Definition 16.48 Let r € Oj,at(Y) be j-non-degenerate and p,c,d be given by 
Sect. 16.1. We define the pair of operators 


U, = +(det p*)?e?7 OT (pt er), (16.69) 


Pinjat(Y) is defined as the set of operators +U,U, in U(Ta(Z)), where t € 
Oj at(V) is j-non-degenerate, s € O\(Y), +U; is defined as in (16.69) and U, is 
defined as in Subsect. 14.3.2. We set Spiny at(V) := Pinj at (V) N Spin, (V). 


Theorem 16.49 Pinjat(Ņ) is a subgroup of Pins (). Spinjat(V) is a sub- 
group of Spinf (Y). Pins (V) > O;(Y) restricts to a surjective homomorphism 
Pinyat(Y) Oj ar(Y). The pre-image of each r € Oj at(V) consists of precisely 
two elements of Pinjat(Y) differing by the sign, which will be denoted by +U, . 

The above statements can be summarized by the following commuting diagram 


of groups and their continuous homomorphisms, where all vertical and horizontal 
sequences are exact: 


1 1 
dy = Zə T$ Zo — 1 
l 
1 > Spinal) > Pija) > Z > 1 (16.70) 
l 
pa SO) at (X) Ee = Og W) > Z = 1 
l 
1 1 1 


Furthermore, if r € O1(Y), then +U, defined in Subsect. 14.3.2 coincides with 
+U, defined in Thm. 16.49. 
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The proof of the above theorem is divided into a sequence of steps. 


Lemma 16.50 Suppose that r € Ojat is j-non-degenerate. Then U, defined in 
Subsect. 14.3.2 coincides with +U, defined in (16.69). In particular, we have the 
following cases: 


(1) If w €U,(Y°), so that we can write we = i 


0 ‘| for u € U,(Z), then 


U,„ = +(det u)? T (u). (16.71) 
(2) If r is j-non-degenerate and j-positive, so that we can write 


ofa eļfp™ o 1 0 pE 7 tot 
ae l d | 0 | i i for c € Bi(Z, Z), p= (1+ cc*) 2, then 


U, = £(det p)?e?® (O T(pt jez = +U. 


Proof Consider first (1). We can find h € B} (Z) such that u = et”. Then w = e° 


with ac =i l e" |. By Prop. 14.27, Up» = +e10P(0 ~), But 
1, a ifO kR Lo an, i 
g” )\c = 5 Ee il , Op(-av~~) = idl (h) Trh. 
Thus 


Uy = iT- = 4 (dete) 2 Tel") = (det u*)?T(u). 


Let us prove (2). Let r € O,(Y) be j-non-degenerate and j-positive. We can 


find g € Bi (Z, Z) such that ac =i | o 4 and r = e*. We have 
g 


oesie O], oper) =p + alo) 


By Prop. 14.27, +U} = +e°P(1¢”"') | and by (16.65), 


r 


1 


Op(zav™') = +(det p)?e?* OT (p7! Jez (0) = +U}. 


=re 


If r is an arbitrary j-non-degenerate element of O;(Y), by Thm. 16.13, we can 
write r= wro with w unitary and rp j-non-degenerate and j-positive. By the 
proof of Thm. 16.13, ro, w E€ O1(Y). Then with 


we have 


_ h a] 
Udo UPo 
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Using (1) and (2), we obtain 


U, = +U,U,, = £(det u*)7 T (u)(det po)? e7* LE (p7 tera) 
L x 
+(det(upo)*)? ez" (uco) T ((upy)*1)e20o), (16.72) 


But upo = p, uco = d and co = c, hence (16.72) coincides with (16.69). 


Lemma 16.51 Let r € Oj,at(Y) be j-non-degenerate. Then (16.69) defines a 
pair of even unitary operators differing by a sign implementing r. +U, depends 
continuously on r € Oj at(Y), where Oj at(V) is equipped with its usual topology. 


Proof To see that +U, implements r, it is enough to note that it is proportional 
to U} defined in (16.55). 


Lemma 16.52 Let t,ts € Oj af(V) be j-non-degenerate and s € O\(Y). Then 


+U,U; = 4Uis, (16.73) 


where £U;, +U;, are defined by (16.69) and +U, was defined in Subsect. 14.8.2. 


Proof Let tn € Oj at(V) be a sequence convergent in the metric of Oj a(V) to 
t. Then, for any s € Oj at (V), tns — ts in the same metric. 

The set of j-non-degenerate elements is open in Oj at(ŅY). Therefore, for suffi- 
ciently large indices, tn and tn Sn are j-non-degenerate. Hence, 


U: PE U, U, am +U,,. 


bn n 


Therefore, +U, Us = +U; Us. 
Suppose in addition that s € O1 (YV). Since O: (V) is dense in O;,a(Y), we can 
demand that tn € O,(Y) Therefore, +U;, Us = +U;, s- 


Lemma 16.53 Let tıs2 = t282, where ti € Oj,at(Y) are j-non-degenerate and 
si E€ Oj (VX). Then 


+U, Ua = ŁU, Uss, (16.74) 


where +U;, are defined by (16.69) and +U;,, were defined in Subsect. 14.3.2. 
Proof We have t,(s183 ) = t2, and hence, by Lemma 16.52, 
+U; U,,, ot = +U, . 


But +U, 4 = +U, Už 


S153 $2? 
Proof of Thm. 16.49. We know by Lemmas 16.27 and 16.7 that every r € 
Oj,at(Y) can be written as r = ts, where t € Oj at(VY) is j-non-degenerate and 
s € O:(Y). By Lemma 16.53, 


because 51, 82 E€ Oi(Y). 


U, := £U,Us, 


where U; is defined as in (16.69) and +U, were defined in Subsect. 14.3.3, does 
not depend on the decomposition. 
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For s € Oj at (V), set 
U, := {r € Ojat(Y) : rs is j-non-degenerate}. 
Clearly, U, are open in Oj a¢(Y). Besides, by Lemma 16.51, 


Uy > r> +U, € Pin; at(Y)/{1, -} (16.75) 


is continuous. Using Def. 16.48 and the continuity of multiplication in Oj at (V), 
we see that, for s € O1(Y), 


Us > r> U, € Pin; at(¥)/{1, —1} (16.76) 


is also continuous. But U, with s € O1 (V) cover Oj at (V). Hence, 


Ojat 37H +U, € Pin; at(V)/{1, —1} (16.77) 


is continuous. 
We know that 


+U, Un, = EUn r (16.78) 


is true for r1, r2 € O1 (V). But O1 (V) is dense in Oj at (V). Hence, (16.78) holds 
for r1,r2 € Oj af(Ņ). This proves that Pin; ar(V) —> Oj at(ŅV) is a homomor- 
phism. 


As an exercise, we give an alternative proof of the group property of O; at (V) 
restricted to j-non-degenerate elements. 


Lemma 16.54 Let r = riırz with r1,r2 E€ Oj,at(Y). Assume that r,r1,r2 are j- 
non-degenerate. Then 


Ur, U ry = LU py r3. (16.79) 


Proof We know that 


Ne 


(Q|Un r 9) = +(det p*)? = +(det(pips + mq)*)?. (16.80) 
Moreover, 
(OUr, Ur, 2) = £(e7 22) Ne N) (det pf)? (det p3)? 
= + det(1 + dyc*)? (det p*)? (det px)? 


È 
= +(det(pip2 + 1%)*)’- 


Hence, 


(QIU, Up, 2) = £(Q|Uy,..2). 


We know that U,, Ur, and U;,,,, implement rır2 and the representation is irre- 
ducible. Hence, (16.79) is true. 
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16.4 Fock sector of a CAR representation 


The main result of this section is a necessary and sufficient criterion for two 
Fock CAR representations to be unitarily equivalent. This result goes under the 
name Shale-Stinespring theorem, and is closely related to Thm. 16.43 about the 
implementability of fermionic Bogoliubov transformations, which can be viewed 
as another version of the Shale-Stinespring theorem. 

Another, closely related, subject of this chapter can be described as follows. 
We consider a Euclidean space VY and a CAR representation in a Hilbert space 
H. We suppose that we are given a Kahler anti-involution j. We will describe 
how to find a subspace of H on which this representation is unitarily equivalent 
to the Fock CAR representation associated with j. 

Throughout the section, (V, v) is a real Hilbert space and j is a Kahler anti- 
involution on yY. 

We use the notation and results of Subsects. 1.3.6, 1.3.8 and 1.3.9. As usual, 
Z, Z are the holomorphic and anti-holomorphic subspaces of CY. Recall that Y 
is identified with Re(Z $ Z) by 


Yay (Su itv). W iiv)) Re(Z @ Z). 


We equip Z with the unitary structure associated with 2v and j. 


16.4.1 Vacua of CAR representations 
Let 


Yay ¢" (y) E€ BH) 


be a representation of CAR over (V, v). Recall that by complex linearity we 
extend the definition of ¢” (y) to arguments in CY = Z@ Z. As in Subsect. 
12.1.6, we introduce the creation, resp. annihilation operators a7*(z), resp. a” (z) 
by 


a*(z):=¢@"(z), a(z):=@@, zEZ. (16.81) 


As in the bosonic case, sometimes we will call them j-creation, resp. j-annthilation 
operators. 


Definition 16.55 We define the space of j-vacua as 
K” := {VEH : a™(z)W=0, ze Z}. 


Theorem 16.56 (1) K7 is a closed subspace of H. 
(2) If ®,U EK", then 


(®|6" (91) 0" (yo) ¥) = (|V) (yr vyz —iy-viy2), yisy2 E€ V. 
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Proof We will suppress the superscript m to simplify notation. 
K is closed as the intersection of kernels of bounded operators. To prove (2), 
we set (zi, Zi) = yi, so that (yi) = a*(z;) + a(z;). Using the CAR, we obtain 


(®|d(y1)O(yo)¥) = (21/22) (®|W). 


Since (21 |22) = y1 vyz — iyı -vjy2, we obtain (2). 


16.4.2 Fock CAR representations 


Recall that in Sect. 3.4, for z € Z, we introduced creation, resp. annihilation 
operators a*(z), resp. a(z) acting on the fermionic Fock space [,(Z). We have 
a CAR representation 


Y > y> oy) = a* (z) + a(z) € Ba (Ta(Z)), y= (2,2). (16.82) 


As in Def. 13.4, we call (16.82) the Fock CAR representation. 

Note that j-creation, resp. j-annihilation operators defined for the CAR repre- 
sentation (16.82) coincide with the usual creation, resp. annihilation operators 
a*(z), resp. a(z). Likewise, a vector Y € T',(Z) is a j-vacuum for (16.82) iff it is 
proportional to Q. 

We can also consider another Kahler anti-involution jı, not necessarily equal 
to j. The following theorem describes the vacua in ra(Z) corresponding to jı . 
It is essentially a restatement of parts of Thm. 16.36. 


Theorem 16.57 (1) Let c€ B?(Z,Z). Let jı be the Kahler anti-involution 
determined by c, as in Subsect. 16.1.10. Then Qe is the unique vector satis- 
fying the following conditions: 

(i) l= 1, 
(ii) (Q.|Q) > 0, 
(iii) Q. is a vacuum for jı. 
(2) The statement (1)(iii) is equivalent to 


(alz) — a*(cz))Q, =0, zEZ. (16.83) 


16.4.8 Unitary equivalence of Fock CAR representations 


Suppose that we are given a real Hilbert space (V, v) endowed with two Kahler 
structures, defined e.g. by two Kähler anti-involutions. Each Kähler structure 
determines the corresponding Fock CAR, representation. In this subsection we 
will prove a necessary and sufficient condition for the equivalence of these two 
representations. 


Theorem 16.58 (The Shale-Stinespring theorem about Fock representations) 
Let Z, Z, be the holomorphic subspaces of CY corresponding to the Kahler 
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anti-involutions j and jı. Let 


Yay oly) € Bi(Ta(Z)), (16.84) 
Yay oily) E€ Br (Ta (21)) (16.85) 


be the corresponding Fock representations of CAR. Then the following statements 
are equivalent: 


(1) There exists a unitary operator W : Ta(Z) > Ta(Z1) such that 
Woy) =oi(y)W, yE. (16.86) 


(2) j— jı is Hilbert—Schmidt (or any of the equivalent conditions of Prop. 16.31 
hold). 


Proof Let af,a1,Q1 denote the creation and annihilation operators and the 
vacuum for the representation (16.85). 

(2)=(1). Assume that j — jı € B? (V). We know, by Prop. 16.31 (4), that there 
exists r € Oj(Y) such that jı =rjr*. Thus, by Thm. 16.43, there exists U, € 
U (Ta(Z)) such that U,d(y)UZ = ¢(ry). 

Note that re € U(CY) and reZ = Z1. Set u := rc| z. Then u € U(Z, Z1). Note 
that T(u) € U (Ta(Z),Ta(Z1)), and 


T(u)a* (z2) (u)* = af (uz), T(u)a(z)T(u)* = a(uz), z€ Z. 
Hence, ['(u)d(y)l(u)* = di (ry). Therefore, W := T (u)Už satisfies (16.86). 
(1)=(2). Suppose that the representations (16.84) and (16.85) are equivalent 
with the help of the operator W € U (Ta(Z1), Ta(Z)). Let Ysg := Ker(j + ji) and 
Vreg = YVE. Let A = Antic yn, Zreg = Iie Veg. 


Clearly, 
alw) =0, we Z, 
and 
Wa (w)W* = Wọ (W)W* = ġo), w €Z. 
Hence, 


o(w)WO, =0, we Z. 
Hence, in particular, 
a*(z)WQ, =0, z € Zee. 
Lemma 16.46 implies that Z,, is finite-dimensional. Let (w),...,w,) be an o.n. 
basis of Zyg. Set Y := a*(w ) +++ a* (wn )W Q1. Let c € Cl,(Z, Z) be defined as in 
(16.30). Then 
(a(z) — a*(cz))W =0, zE Zeg, 
a(z)UW =0, z E€ Beg. 


By Thm. 16.36 (2), this implies that c € B?(Z, Z). Hence, j — jı € B?(y). 
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16.4.4 Fock sector of a CAR representation 
Theorem 16.59 Set 


H" := Span“! { Tl a™(z)W VEK, a,.n EZ, ne N}. (16.87) 
i=l 


(1) H7 is invariant under ¢" (y), y € V. 
(2) There exists a unique unitary operator 
U" : K” @T,(Z) > H" 

satisfying 

UY Qa” (z1) a% (2n )Q = a™* (21) ++ a*(2n)Y, VEK, 2,...,2n EZ. 
(3) 

U"1@ gly) =¢"(y)U", yE. 

(4) If there exists an isometry U :T,(Z) > H such that Ud(y) = ¢" (y)U, y E€ V, 


then Ran U C H". 
(5) H7 depends on j only through its equivalence class w.r.t. the relation 


juris & jı —jo € B’(Y). (16.88) 


Definition 16.60 Introduce the equivalence relation (16.88) in the set of Kahler 
anti-involutions on Y. Let |j] denote the equivalence class w.r.t. this relation. 
Then the space H” defined in (16.87) is called the [j|-Fock sector of the repre- 
sentation ¢”. 


Proof of Thm. 16.59. Clearly, H” is invariant under $7 (y), y € Y. We define 
UT: KT @l, (Z) — H such that the identity in (2) holds. Clearly, U” is isometric 
and extends to a unitary map from K” @T,(Z) to H” satisfying (3). If U is as in 
(4), then UCO C K7, which shows that Ran U C H”. The proof of (5) is identical 
to the bosonic case. 


As in Subsect. 11.4.4, we have the following proposition: 


Proposition 16.61 Let j be a Kähler anti-involution on Y. If the CAR repre- 
sentation $” is irreducible and K7 4 {0}, then $7 is unitarily equivalent to the 
[j]-Fock CAR representation. 


16.4.5 Number operator of a CAR representation 


As in Subsect. 11.4.5, we discuss the notion of the number operator associated 
with a CAR representation and a Kahler anti-involution. 


Definition 16.62 We define the number operator N” associated with the CAR 
representation @” and the Kahler anti-involution j by 


N" :=U"(1@N)U™, Dom N := U" K" ®DomN. 
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As in Subsect. 11.4.5, it is convenient to give an alternative definition of N” 
using the number quadratic form. 


Definition 16.63 We define the number quadratic form n* by 
n” (®) :=supn{(®), EH, 
v 


where V runs over finite-dimensional subspaces of Z, 
dim V 


ny8) := $ la" (w), 
i=1 
(U1,---, Vadim vy) being an o.n. basis of V. 
Theorem 16.64 Let n” be the number quadratic form associated with W", j. 
Then Domn” = Dom (N")? and 
n™(6) = (INT), © € Dom N”. 
In particular, H” = (Dom n”). 


The proof of Thm. 16.64 is completely analogous to Thm. 11.52. Lemmas 11.54 
and 11.55 extend to the fermionic case if we replace Lemma 11.53 by the simpler 
Lemma 16.65 below. 

We denote by Ñ" the self-adjoint operator (with a possibly non-dense domain) 
associated with the quadratic form n”. 


Lemma 16.65 The operators a" (z) preserve (Dom ÑT), and if F is a bounded 
Borel function, one has 


a™ (z)F(N™ — 1) = F(N)a™(z), z€ Z. 
Proof Let us suppress the superscript m to simplify notation. Considering first 
the quadratic forms ny for V finite-dimensional, we easily obtain 
n(a(z)®) + n(a* (2)8) = lz n(®) — 2Ila(z)O|P? + [lA2I2, © € Domn, 

which implies that a(z), a* (z) preserve Dom(N*). Similarly, we obtain 

(® | Na(z)¥) = (® | a(2) ÑY) — (8 | a(2)Y), D,Y € Dom N?. 
This implies that a(z) : Dom Ñ > Dom Ñ and 

a(z)(N — 1) = Na(z). (16.89) 


From (16.89), we get that a(z)(N — \)~! = (Ñ + 1— \l)~!a(z), which com- 
pletes the proof of the lemma. 


16.5 Notes 


The Shale-Stinespring theorem comes from Shale-Stinespring (1964). 
Infinite-dimensional analogs of the Pin representation seem to have been first 
noted by Lundberg (1976). 
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Among early works describing implementations of orthogonal transformations 
on Fock spaces let us mention the books by Berezin (1966) and by Friedrichs 
(1953). They give concrete formulas for the implementation of Bogoliubov trans- 
formations in fermionic Fock spaces. Related problems were discussed, often 
independently, by other researchers, such as Ruijsenaars (1976, 1978). 

A comprehensive monograph about the CAR is the book by Plymen-Robinson 
(1994). 

The book by Neretin (1996) and a review article by Varilly-Gracia-Bondia 
(1994) describe the infinite-dimensional Pin group. 
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(uasi-free states 


Suppose that we have a state ~ on the polynomial algebra generated by the 
fields ¢(y) satisfying the CCR or CAR relations. For simplicity, assume that % 
is even, that is, vanishes on odd polynomials. Clearly, this state determines a 
bilinear form on y} given by the “2-point function” 


V xY (Mm, 42) > v(O(y1)d(y2))- (17.1) 


We say that a state w is quasi-free if all expectation values 


¥(O(y1) +++ (Ym); Yis- -Ym EY, (17.2) 


can be expressed in terms of (17.1) by the sum over all pairings. 

This chapter is devoted to a study of (even) quasi-free states, both bosonic and 
fermionic. This is an important class of states, often used in physical applications. 
Fock vacuum states belong to this class. It also includes Gibbs states of quadratic 
Hamiltonians. 

Representations obtained by the GNS construction from quasi-free states will 
be called quasi-free representations. They are usually reducible. Many interesting 
concepts from the theory of von Neumann algebras can be nicely illustrated in 
terms of quasi-free representations. 

Quasi-free states can be easily realized on Fock spaces, using the so-called 
Araki-Woods, resp. Araki-Wyss representations in the bosonic, resp. fermionic 
case. Under some additional assumptions, in particular in the case of a finite 
number of degrees of freedom, these representations can be obtained as follows. 
First we consider a Fock space equipped with a quadratic Hamiltonian. Then we 
perform the GNS construction with respect to the corresponding Gibbs state. 
Finally, we apply an appropriate Bogoliubov rotation. 

The last section of this chapter is devoted to a lattice of von Neumann alge- 
bras generated by fields based on real subspaces of the one-particle space. The 
most interesting result of this section gives a description of the commutant of 
such an algebra. The proof of this result uses Araki-Woods, resp. Araki-Wyss 
representations together with the modular theory of von Neumann algebras. 

We will extensively use the terminology of the theory of operator algebras, in 
particular the modular theory of W*-algebras; see Chap. 6. 
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17.1 Bosonic quasi-free states 


In this section we discuss bosonic quasi-free states. They can be introduced in 
two different ways: by demanding that n-point functions can be expressed by the 
2-point function, or by demanding that their value on Weyl operators is given 
by a Gaussian function. We choose the latter approach as the basic definition, 
since it does not involve unbounded operators. 

In the literature, in the bosonic case, the name “quasi-free states” is often 
used to designate a wider class of states, which do not need to be even. For such 
states the “1-point function” 


Yay v(oy)), yey, (17.3) 


may be non-zero and fixes a linear functional on Y. Quasi-free states are then 
determined by both (17.1) and (17.3). Gaussian coherent states considered in 
Subsects. 9.1.4 and 11.5.1 are examples of non-even quasi-free states. It is easy 
to see that an appropriate translation of the fields (see Subsect. 8.1.9) reduces 
a non-even quasi-free state to an even quasi-free state. Therefore, we will not 
consider non-even quasi-free states. 


17.1.1 Definitions of bosonic quasi-free states 
Let (Y,w) be a pre-symplectic space, that is, a real vector space V equipped with 
an anti-symmetric form w. Recall that CCR'°’'() denotes the Weyl CCR alge- 
bra, that is, the C*-algebra generated by operators W(y) satisfying the (Weyl) 
CCR commutation relations; see Subsect. 8.3.5. 
Definition 17.1 (1) A state ~ on CCRW® (Y) is a quasi-free state if there 
exists n © L(V, Y*) (a symmetric form on Y) such that 


v(Wiy) =, yey. (17.4) 


(2) If Vay W" (y) E€ U(H) is a CCR representation, a normalized vector 
W € H is called a quasi-free vector if 


v(W(y)) := (YW )t), yEy, 


defines a quasi-free state on CCRW'(y), 

(3) A representation Y 5 y > W" (y) € U(H) is quasi-free if there exists a cyclic 
quasi-free vector in H. 

(4) The form ņ is called the covariance of the quasi-free state Y, and of the 
quasi-free vector W. 


For a quasi-free state Y on CCR™°!(¥), let (Hy, Ty, Qy ) be the corresponding 
GNS representation. Then, clearly, Qy € Hy is a quasi-free vector for the CCR 
representation Y > y > Ty (W (y)) € U(Hy). 

The covariance defines the representation uniquely: 
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Proposition 17.2 Let Y > y œ W'(y) € U(H;), i = 1,2, be quasi-free CCR rep- 
resentations with cyclic quasi-free vectors Y; € Hi, both of covariance n. Then 
there exists a unique U € U(H1ı, H2) intertwining W! with W? and satisfying 
UW, = Wp. 

Let us note the following important special subclasses of quasi-free represen- 
tations: 


(1) If the pair (2n,w) is Kahler, the corresponding quasi-free representation is 
Fock; see Thm. 17.13. 

(2) Let w = 0. Then 7 can be an arbitrary positive definite form (see Prop. 17.5 
below). Without loss of generality we can assume that Y is complete w.r.t. 
the scalar product given by 7. Let V := Y* , so that V is a real Hilbert space 
with the scalar product 7~' and the generic variable v. Then the Hilbert 
space H can be identified with the Gaussian L? space L?(V,e77"" vdv), 
W (y) are the operators of multiplication by e, and the function 1 is the 
corresponding quasi-free vector. 


The following proposition follows from Prop. 8.11: 
Proposition 17.3 Every quasi-free representation is regular. 


We recall that the space H°” associated with a CCR representation W” is 
defined in Subsect. 8.2.2. (It is the intersection of domains of products of field 
operators. ) 


Proposition 17.4 A quasi-free vector Y for a CCR representation W" belongs 
to the subspace H". Moreover, 


i 
(LIG (11) 6" (y2)Y) = yiye + zywy, Mew €D. (17.5) 
Proof We remove the superscript m to simplify notation. For any y € V, 
Len 22 
(Tety) = e77, (17.6) 


Hence, Y is an analytic vector for ¢(y). It follows that, for any n, V € Dom ¢(y)”, 
hence Y € H”. 
To prove the second statement, we differentiate (17.6) w.r.t. t to get 


(Sloly)? t) = yny, 


which, using linearity and the CCR, implies (17.5). 


Proposition 17.5 Letn € L(V, VY*). Then the following are equivalent: 


(1) VS yHe 2’ is a characteristic function in the sense of Def. 8.10, and 
hence there exists a quasi-free state satisfying (17.4). 

(2) nc + SWC >0o0nCy, where ne,we € L(CY, (Cy)*) are the canonical 
sesquilinear extensions of n,w. 
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1 1 


(3) [wyl < (yny)? (Ya-ny2)?, Yis¥2 EV. 

For the proof we will need the following fact: 
Proposition 17.6 Let A= [ajk], B = [bjk] € B(C"), with A, B >0. Then 
[ajkbjr] =: C > 0. 


Proof Writing A and B as sums of positive rank one matrices, it suffices to 
prove the lemma if A and B are positive of rank one. In this case C is also 
positive of rank one. 


Corollary 17.7 Let B = [bj] € B(C”) with B > 0. Then [e+] > 0. 


Proof of Prop. 17.5. We work in the GNS representation and denote by W the 
corresponding quasi-free vector. 
(1) => (2). Using linearity, we deduce from (17.5) that 


(U|d(w)*o(w)W) = w-ncw + Louw, w € CY. (17.7) 


It follows that the Hermitian form nc + iwe is positive semi-definite on CY, 
which proves (2). 
Conversely, let y1,...,Yn E VY. Set 


i 
bik = YF NYR + FYI WUE: jik=1,... n. 
Then, for à1,..., An E€ C, 


Ajbjk Ak = wnew + zWwcuw, w= 5 AjYj € CY. 
1<j,k <n j=1 
By (2), the matrix [b;;] is positive. By Corollary 17.7, the matrix [e’/* ] is positive, 
and hence the matrix [e7 79v bjpe™ BY nyk | is positive. Thus 


n 


eT z (Yr =y) N(Yk Yj) o7 Yi YE X E 
jik=1 


n 
= ` eT 29i Yi obi eT 24 MY X; rp >00. 
j,k=1 


Hence, by Def. 8.10, VS yr e7279 is a characteristic function. 
(2) (3). We note that taking complex conjugates (2) implies that 


+5wc < nc, on CY, 


or equivalently 


1 
[wi -wews| < (w1 cwi)? (We-ncw2)?, w, w2 E CY. 


For w; = y; € Y, this implies (3). 
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Conversely, if (3) holds, then 


2y wy2 < YNY + yo-T7Y2, 


which, setting w = yı + iyo, implies that Ww-ncw + iWwwcw >0. 


Let w be a quasi-free state on CCR™°!(¥), 7 its covariance and YP! be the 
completion of Y w.r.t. n. Clearly, we can uniquely extend the pre-symplectic form 
w to Y°?! so that it still satisfies the condition of Prop. 17.5 (3). We can also 
extend the state 7 uniquely to a quasi-free state on CORN! (yerl). Similarly, if 
W" is a quasi-free CCR representation over Y satisfying (17.4), we can extend 
it uniquely to a quasi-free CCR representation over Y°?!. Therefore, it will not 
restrict the generality to consider only quasi-free states and representations over 
YV complete w.r.t. 7. Note, however, that w may be degenerate on Y°?!, even if 
it is non-degenerate on yY. 


Proposition 17.8 Let Y > y~W7(y) € U(H) be a CCR representation. Let 
W EH be a unit vector. Then the following are equivalent: 


(1) Y is a cyclic quasi-free vector. 
(2) W7 is regular, Y E€ H®” and, for y1,y2,...€ V, 


(TIE (y1) 67 (Y2m-1)¥) = 0, 
(TIE (y1) o" (Yom) Y) = 5 T (VIG (Yo 2j-1))0" (Woe) )Y). 


o EPairom 


Proof (2) = (1). Let y € V. Since the number of elements of Pairəm equals 
1 2m! 


gm r, we have 
1 2m! 
(Vout) =0, (Tu) = sy)”, 
for 
yny = (Y| (y)¥). (17.8) 


Using the CCR, we see that the symmetric form ņ satisfies condition (2) of Prop. 
17.5. Moreover, Y is an entire vector for ¢(y), and 


Co 


(Wei?) -5E 


m=0 


ym 


mem)" = Z 


Hence, Y is a quasi-free vector. 
(1) = (2). Let Y be a quasi-free vector. For y1,...,Yn E V, ti,.--,tn E€ R, we 
have, using the CCR, 


n 


n itely; i : 
I eiti ous) = exp (- > Ly tite yj wk) exp (Ð 44). 


j=l 3 
l<j<k<n j=i 
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Hence, 
nig. | i 1 
(¥| Temur) = exp (-3 x titky; wr) exp (-5 2 tjtkyjnye ) 
1<j<k<n 1<j,k<n 
=exp(— Ð tto + oy wyr)) exp (-5 2 ww) (17.9) 


l<j<k<n 


From (17.7), we have 


(U\d(y;)O(ye)Y) = yy NYk + i 


9 II WYK =: 5k 


Expanding the r.h.s. of (17.9), it follows that i” (wt Il o(y))¥) is the coefficient 


of tı ---t, in the product of the two formal power series 
1 (-1)? (yo 2 i 
2 a s “(Xe turin) x oat ae (2 Gun) 
peEN gat 


or equivalently in the formal power series 
1 (-—1)? p 
Di). 
EN P j<k 


p 
If n is odd, this coefficient vanishes. If n = 2m, the only contributing term is 


yn 


-E 1 (Etra) 2 
which yields the coefficient 


Ys fH e@i-veots) 


o€Pairrm 7 


as claimed. 


One could alternatively use the polynomial CCR algebra to describe bosonic 
quasi-free states. If we want to do this, there is a minor conceptual problem: these 
algebras are not C*-algebras, hence strictly speaking the standard definition of 
a state is no longer valid. Fortunately, it is easy to extend the notion of a state 
to an arbitrary *-algebra by introducing the definition given below. 


Definition 17.9 Let Xl be a unital x-algebra. A linear map w : A — C is called 
a state if for any A E€ A we have w(A*A) > 0 and Y(1) = 
Note that, given a state on an arbitrary *-algebra, the GNS construction can 


be repeated verbatim from the C*-algebraic theory. 
The following definition is parallel to Def. 17.1 (1): 
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Definition 17.10 A state y on CCR?°'(Y) is quasi-free if 
p(y) O(Y2m—1)) = 0, 


lolun) Aum) = X [etue 
o€Pairam j=l 
Clearly, there is an obvious one-to-one correspondence between quasi-free 
states on CCRP®! (V) and quasi-free states on CCR” °’!(y). 


17.1.2 Gauge-invariant bosonic quasi-free states 


Let (Y,w) be a symplectic space equipped with a pseudo-Kahler anti-involution 
j. The algebra CCRW°'(Y) is then equipped with the one-parameter group of 
charge automorphisms, denoted U(1) > 6 +> wg, defined by 


T (W (y)) = W (ey). 


Definition 17.11 A state y on CCRW!(Y) is called gauge-invariant if it is 
invariant w.r.t. Ug, that is, 


v(W(y)) = ¥(Wee'’y)), yey, OE U(I). (17.10) 


In what follows we consider a gauge-invariant quasi-free state ~ with covari- 
ance 7. Clearly, its gauge-invariance is equivalent to (7,j) being Kahler. (See 
Prop. 1.95 for a similar statement). 

Let us stress that the fact that the two pairs (w,j) and (7,j) are pseudo-Kahler 
does not imply that the triple (w,7,j) is pseudo-Kahler. 

Let us introduce the holomorphic space Z associated with the anti-involution 
j. Recall that CY = Z © Z. The sesquilinear forms we and ne can be reduced 
w.r.t. the direct sum Z © Z. Thus we can write 


Wz 0 nz 0 
= = 17.11 
Pea ie (17.11) 
where nz is Hermitian and wz anti-Hermitian. Note that the condition nc + 


iwc > 0, which by Prop. 17.5 is necessary and sufficient for 7 to be the covariance 
of a quasi-free state, is equivalent to 


nz + zoz >0. (17.12) 


If the pair (w,j) is Kahler or, equivalently, iwz > 0, then (17.12) is equivalent to 
Nz 2 iwz. 

Until the end of the subsection we assume that (V, w) is a pre-symplectic space 
and w is a quasi-free state on CCR°!(Y) with covariance n. As explained in 
Subsect. 17.1.1, without loss of generality we can suppose that Y is complete for 
the metric given by 7. We will see that under very general conditions there exists 
a Kahler anti-involution on Y that makes Y% gauge-invariant. 
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Theorem 17.12 (1) Assume that dimKerw is even or infinite. Then there 
exists an anti-involution j such that w is gauge-invariant for the charge sym- 
metry given by j. 

(2) Ifw is symplectic, then the anti-involution j described in (1) is unique if we 
demand in addition that it is Kahler on the symplectic space (V, w). 


Proof By Prop. 17.5, we see that w is a bilinear form on the real Hilbert space 
(V, n) with norm less than 2. Hence, there exists b € B,(Y) (a bounded anti- 
symmetric operator on YV) with ||b|| < 1 such that 


ywy = 2yi-nbyr. (17.13) 
Set Veg := Ker b and Vreg := as Since b = —b*, b preserves VY,eg and we can set 
breg = bly. . From (17.13) we see that Veg and Ysg are orthogonal for w, and 
that (Vreg, w) is symplectic. Consider the polar decomposition breg =: —jreg|breg 
of breg- Then both (nly, jreg) and (wlay jreg) are Kahler. Since dim ),, is 


even or infinite, there exists an orthogonal anti-involution jsg on Ysg. We now 
set j := jreg ® jsg, which has the required properties. 


In the proof of the following theorem we will use the material developed in a 
later part of this section. 


Theorem 17.13 The GNS representation associated with w is 


(1) factorial iff w is non-degenerate on Y, 
(2) irreducible iff (2n,w) is Kahler. 


Proof Set M = ry (CCR (V). We easily see that Ty (W(y)) is not propor- 
tional to the identity for y € Y\{O}. If y € Kerw, then 7, (W(y)) E MAW. 
Therefore, if M is a factor, then w is non-degenerate. This proves (1) >. 

Let us now discuss the GNS representation 7, when w is non-degenerate. Let 
b and j be the operators constructed in the proof of Thm. 17.12. Recall that 
b := (2n)~'w € B,(Y) and b = —j\b|. Let Z be the corresponding holomorphic 
subspace. We have 

i 


ieee 
nz = gz = Zz — z” ZJZ = nz(1 = |bz]). (17.14) 


If we treat our CCR representation as a charged representation in the terminol- 
ogy of the next subsection, then (17.14) can be interpreted as the density p; see 
Def. 17.15. 

We split Y as Yı 6 V2, where 


Vi = 13 (bV, Ye := Try} (lA), 


and note that Vı and Və are orthogonal for 7 and w. For i = 1,2 we set w; = oly 5 


ni = nly, Ji = ily . We denote by 7; the quasi-free state on CCR“ !(),) with 
covariance 7;, and by Z; C Z the holomorphic subspace associated with j;. We 
set pj i= ee 
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Note that w; are non-degenerate, and that the state y on CCR™°’'(Y) can 
be identified to Yı @ y2 on CCRY°(,) @ CCRW! (V2). Therefore, the GNS 
representation associated with w is unitarily equivalent to the tensor product of 
the GNS representations associated with yı and %2. 

We have pı = 0. Hence, (27,41) is Kahler and the GNS representation asso- 
ciated with wv, is the Fock representation associated with jı. 

Consider the Araki-Woods representation associated with p (see Subsect. 
17.1.5). By Thm. 17.24 (4), the vacuum 2 is a vector representative for Y2. By 
(17.14), Ker p2 = {0}, hence Q is cyclic by Thm. 17.24 (6). Thus the Araki- 
Woods representation is the GNS representation for Y2. 

We have M = B(Ts(Z1)) & CCR}, (see Def. 17.23). Since by Thm. 17.24 (7), 
1®CCR,, + C W , we obtain that 


B(T;(21)) ® B(T.(Z2 8 Z2)) C B(Ts(Z1)) 8 (CCR,, 1 UCCR,, +)” 
c(muM’)”, 


hence M is a factor. This proves (1) <+. 

Now note that the Kahler property implies that w is non-degenerate. On the 
other hand, the irreducibility implies the factoriality, which by (1) implies that 
w is non-degenerate. Therefore, to prove (2) we can assume the non-degeneracy 
of w. 

By the discussion above, the GNS representation associated with w is equal 
to the tensor product of the Fock representation associated with (),w1,j1) 
and of the Araki-Woods representation associated with (Z2, p2), where p2 > 0. 
Every Fock representation is irreducible, while an Araki-Woods representation 
for a non-zero particle density is not (see Thm. 17.24 (7)). Therefore, the GNS 
representation associated with ~ is irreducible iff Yə = {0} ie. (27, w) is Kahler. 
This proves (2). 


17.1.3 Quasi-free charged representations 


The following subsection is essentially a translation of the previous subsection 
from the terminology of neutral CCR representation to that of charged CCR 
representations, which seems more convenient in the context of gauge invariance. 

Let (Y,w) be a charged symplectic space. That means the symbols Y and w 
slightly change their meanings compared with the previous subsection: VY is now 
a complex space and w is a charged symplectic form. To go back to the framework 
of the previous subsection we need to take the space Vg, the realification of J, 
and equip it with the symplectic form y1-wpry2 := Re yi -wye, the real part of the 
charged symplectic form. 

Clearly, VY is equipped with a pseudo-Kahler anti-involution — the imaginary 
unit. Therefore, all the definitions of the previous subsections make sense. We will 
write CCRW°!(y), resp. CCR?°!(/) to denote the algebra CCRW®! (Yr), resp. 
CCR?! (Yr) equipped with the charge symmetry induced by U(1) 3 0 e”. 
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Note that we have a minor notational problem. Throughout our work, we 
consistently used the letter ~ to denote charged fields. In this chapter this letter 
is taken (and denotes a state). Therefore, we will use a different letter to denote 
charged fields — they will be denoted by the letter a, as annihilation operators. 
In particular, the algebra CCR?°'(Y) is generated by the operators a(y), a* (y), 
y € Y. Clearly, we can define the concepts of a gauge-invariant state and of a 
quasi-free state on CCR?” (V). 

We also have the corresponding notions on the algebra CCRW®! (V), generated 
as usual by W (y), y € VY. There is a one-to-one correspondence between gauge- 
invariant quasi-free states on CCRW°!(Y) and CCR?() that can be derived 
from the formal relation 


W(y) = exp ((i/V2)(a"(y) + aly))). 
However, when discussing charged CCR relations we prefer to use the polynomial 


algebra. 
Proposition 17.14 (1) A state ù on CCR?” (Y) is gauge-invariant if 


W(a* (yr) ++ a” (Ym )a(Wm) +++ a(w1)) = 0, NEM, Yi- Yn; Wm,- -W1 E X. 


(2) It is quasi-free if in addition, for any yı ..., Yn, Wn,..., Wi E Z, 


n 


y(a* (yr) +++ "(Yn )a(Wn) ++ -a(w1)) = bD H p(a* (yjJalwa())). 


Definition 17.15 If y is a gauge-invariant quasi-free state on CCR?*'(Y), the 
positive semi-definite Hermitian form p on Y defined by 


(valovi) = Y (a (yı)a(y2)), yrsye € Y, 
is called the density associated with w. If iw is positive definite, we will also use 
the alternative name one-particle density. 


Recall that in the framework of neutral CCR relations one introduces the holo- 
morphic space Z. Charged CCR relations amount to identifying the space Y with 
Z, as explained e.g. in Subsect. 8.2.5. Under this identification, the Hermitian 
form iw is transformed into iwz, and the density p into nz — wz (see (17.11). 
Therefore, (17.12) implies the following proposition. 


Proposition 17.16 A Hermitian form p E€ Lp (VY, VY*) is the density of a gauge- 
invariant quasi-free state iff 


p20, ptw20. 
Assume that 


Y Ə y= a™* (y) E€ Cl(H) (17.15) 
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is a charged CCR representation. We have the obvious analogs of Def. 17.1 (2) 
and (3): 
Definition 17.17 (1) Y € H is called a gauge-invariant quasi-free vector if UV € 
He" and 
ae (yr) ++: a* (Yn )a(wr) - --a(Wm)) 
= (Wla™*(y1)-- -a™* (Yn )a T (wm): a" (wi)¥), Yis- Yn; Wm, -W1 EY, 
defines a gauge-invariant quasi-free state on CCR?” (VX). 


(2) A charged CCR representation (17.15) is called gauge-invariant quasi-free if 
there exists a cyclic gauge-invariant quasi-free vector in H. 


Recall that with every charged CCR representation (17.15) we can associate 
a unique regular neutral CCR representation 
Vr dy W” (y) € U(H) (17.16) 
such that 


W7 (y) = exp ((i/V2)(a™*(y) + a"(y))). 


It is clear that a vector V is gauge-invariant quasi-free w.r.t. W” iff it is such 
w.r.t. a™*. Likewise, the representation W” is gauge-invariant quasi-free iff a™* 
is. 


17.1.4 Gibbs states of bosonic quadratic Hamiltonians 
Density matrix 


Let O<y<1 be a self-adjoint operator on a Hilbert space Z with 
Ker(1 — y) = {0}. We associate with y the self-adjoint operator p, called the 
one-particle density, defined by 


p=- y=plp+ 1I). (17.17) 


We assume in addition that y is trace-class. This is equivalent to assuming that 
p is trace-class. Note the following identity: 


Trr(y) = det(1 — y)~* = det(1 + p). 
Thus ['(y) det(1 — y) is a density matrix (see Def. 2.41). 
Definition 17.18 The state y, on B(I's(Z)) is defined by 
(A) = TAL (y)det(1-7), A € B(T,(Z)). 
We identify Z with Re(Z ® Z) using the usual map z > (z + Z). We can 


; v2 
faithfully represent the Weyl CCR algebra CCRW®! (Z) in B ([.(Z)). Note that 


we have a natural charge symmetry on B(T,(Z)) leaving invariant CORY (2), 
implemented by U(1) 3 0 = e®N, 
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Proposition 17.19 The state Y, restricted to CCR! (Z) is gauge-invariant 
quasi-free. We have 


vy (W(2)) = exp (— iel- ied) = exp (- 7 (217 *22)), zez. 


The “2-point functions” are 


yp, (a*(z1)a(z2)) = ee 
p (a( 2% )a* (22 )) = aia (21|p22), 
Wy (a(z)a(z2)) = p (a*( (z1)a* (z2) )) = 21,22 E€ Z. 
Proof We can find an o.n. basis (e1, €2,...) d 
ator y. Using the identification 


iagonalizing the trace-class oper- 


T,(Z) = ® (['s(Ce;), Q), (17.18) 


{i=l 


we can confine ourselves to the case of one degree of freedom, which is a well- 
known computation involving summing up a geometric series. 


Suppose now that y is non-degenerate. In this case, the state q, is faithful. If 
in addition we fix 8 > 0 and y = e~®” for some operator h bounded from below, 
then 


T(y) det (1 = y) pen e RAEC) Tremp dE), 
Thus, in this case, w, is the Gibbs state at the inverse temperature 8 for the 
dynamics generated by the Hamiltonian dI (A). 


Standard representations on Hilbert-Schmidt operators 


Consider the Hilbert space B? (T.(Z)). It will be convenient to introduce an 
alternative notation for the Hermitian conjugation: JB := B*. 

Recall the representations of B(I's(Z)) and B(I's(Z)) on B?(T,(Z)) intro- 
duced in Subsect. 6.4.5: 


m(A)B= AB, 7,(A)B:=BA*, Be B(I.(Z)), Ae B(Ts(Z)). 


Clearly, Jm(A)J* = m, (A). 
Thus we can introduce two commuting charged CCR representations, 


Z > z= m(a*(z)) € Cl(B’(Ts(Z))), (17.19) 
Z >z m (a*(2)) € CI (B° (Ts(2))). (17.20) 


They are interchanged by the operator J: 
Jm (a*(z)) J* = m (a*(2)). 
The vector 


Y, = det(1 — 7)7T (77) 
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is gauge-invariant quasi-free for the representations (17.19) and (17.20) and the 
one-particle density p. Both (17.19) and (17.20) are gauge-invariant quasi-free 
charged CCR representations. 


Standard representations on the double Fock spaces 


Note the following chain of identifications: 


B? (T;(2)) = T(Z) @Ts(Z) 
~r (Z) 8T.(Z) ~T.(2 82). (17.21) 
We denote by T, : B? (T,(Z)) > T,(Z © Z) the unitary map given by (17.21). 
Introduce the anti-unitary map 
ZZ» (2,22) (2,22) = (2,7) € ZZ. (17.22) 


Proposition 17.20 T, JT; =T (€). 
By applying T, to (17.19) and (17.20), we obtain two new commuting charged 
CCR representations 
Z 3 z= Tym(a*(z))Ty = a*(z,0) € CLT's(Z @ Z)), (17.23) 
Z >z Lm (a*(z)) Te = a* (0,7) € CI(T.(Z @ Z)). (17.24) 


They are interchanged by the operator T (e): 


T(e)a*(z,0)T(€)* = a* (0, Z). 


Again using a basis diagonalizing y, as in (17.18), the double Fock space on the 
right of (17.21) can be written as an infinite tensor product, 


S (Ts (Ce: ® Cē:), 9). (17.25) 


where 


We have KY, = 0, 


oie 


is a gauge-invariant quasi-free vector for the representations (17.23) and (17.24), 
and the one-particle density p. Clearly, both (17.23) and (17.24) are gauge- 
invariant quasi-free CCR representations. 

Note that if we set 


BZ 62,26 2), (17.26) 


then 
Q, = det(1— cc*) Fez (IQ, 


so this is an example of a bosonic Gaussian vector introduced in (11.33), where 
it was denoted Qe. 
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Araki-Woods form of standard representation 


Using the infinite tensor product decomposition (17.25), we define the following 
transformation on T',(Z @ Z): 


Ry = B (1 p) eT EIT A — yy) Fe eE), (17.27) 
1 


Theorem 17.21 R, is a unitary operator satisfying 
Ry O(a, @)RY = 6((o + 1)? 21 + p? 22,p?2 + (P + 1)*B), 
R a(z21,z2)R = a((p+ A + p? 2, 0) 
+a"(0,p7% + (p+ 1)74), 
R a” (z21,z2)R} =a" ((o+ Ll)? xz + p? 2, 0) 
+a(0,.07a+(+)'a), (u,m)eZOZ, 


RT (e)R} =e), 
R9, =Q, 
R dP (h, —h) R} = dr (h, -h). 
Proof Let c be defined as in (17.26). Using 
[(a—cc*) =1((1— 7) 6 (1-7), 
we see that 
R, := det(1— cc*) te 2 (L(A — ect) tere), 


Thus R, is an example of an operator whose properties we studied in detail 
in Sect. 11.3. Thus all the identities that we need to show follow from the fact 
that R, is a unitary operator implementing a positive symplectic map given in 
(11.50). 


By applying R, to (17.23) and (17.24), we obtain two new commuting charged 
CCR representations 


Z > zœ až (2) := Rya*(z,0) Ry 
= a* ((p + 1)? 2,0) +.a(0,p22Z) € CI(T;(Z @ Z)), 
Z >Z a (Z) := R,a* (0,2) Ry ' 7 
= a(p?z,0) + a* (0, (p + 1)7Z) € CLIT, (Z @ Z)). 


They are interchanged by the operator T (e): 

T(e)ay (2) (€)" = ay, (2). 
We have RQ, = Q, hence the Fock vacuum Q is a gauge-invariant quasi-free 
vector for the representations a}, and a}, and the one-particle density p. Both 
a; and a} , are gauge-invariant quasi-free CCR representations. They are special 
cases of Araki-Woods CCR representations, which we will consider in the next 
subsection. 
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17.1.5 Araki—Woods representations 


* 


In this subsection we will see that a}, and až, can be defined more generally, 
as compared with the framework of the previous subsection. 

Let Z be a Hilbert space. We introduce the operators y and p as at the begin- 
ning of Subsect. 17.1.4, except that we do not assume that they are trace-class. 


Definition 17.22 For z € Dom p? we define the following closed operators on 
T,(Z @ Z), called the Araki-Woods creation operators: 


ay (2) = a" (+ 1)*2,0) +a (0,7"2) : 
ay, r (Z) := a* (0 z,0) +a (0, (p+ 1) #2) A 


For completeness, let us write down the adjoints of až | (2) called the Araki- 
Woods annihilation operators: 


ay ı(z):=a (+ 1)*z,0) +a* (0,7"2) ; 
ay (2) 0 (ot, 0) +a" Q (p+ 1) #2) ; 
We also have the Araki-Woods Weyl operators: 
Wa a(z) == exp ((i/V2) (a3 (2) + ava(2))) = W (1+ p)?z,p?z), 
W, (2) == exp ((i/V2) (a3 «(2) + ay.2(2))) = W (o?z, (1+ 7)#2). 
Definition 17.23 The von Neumann algebra generated by 
{W (2) : ZE Dom p? } resp. {W7 (2) : ZE Domp? } 
will be denoted by CCR; 1, resp. CCR,,, and called the left, resp. right Araki- 
Woods CCR algebra. 
Theorem 17.24 (1) The map 
Z >z a> ,(z) € BIs(Z @ Z)) 
is a charged CCR representation. In particular, 
[a1(21), a5 )(22)] = (1|22) 1, 
[as (21), a} 1 (22)] = [),1(41), a7 1(22)] = 0. 


It will be called the left Araki-Woods (charged CCR) representation. 
(2) The map 


Z > Ze at (Z) € BIs(Z @ Z)) 
is a charged CCR representation. In particular, 


layr (21), až + (Z2)] = (21|22)1, 


laž (Z1), a% x (Z2)] = [ayr (Z1), a4 x (22)] = 0. 
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It will be called the right Araki-Woods (charged CCR) representation. 
(3) Set 


J, :=T (6). (17.28) 
Then 
Jsaž (z)Js = až (2), 
Jsay (2) Is = ayx (2). 


(4) The vacuum Q is a bosonic quasi-free vector for a% with the 2-point func- 
tions equal to 


(Qla,1(21)a% 1(22)9) = (zale + 1)z2) = (z| — ytz), 
(Qlaž j(21 ay 1(22)Q) = (221021) = (z247 = 7) 21), 
(Qlay 1 (21) ay 1(22)Q) = (Qlas 1(21)až 1(22)9) = 0. 


(5) CCR} is a factor. 

(6) Kery = {0} if Q is separating for CCR} ı iff Q is cyclic for CCR} 1. If this 
is the case, the modular conjugation for Q is equal to Js and the modular 
operator for Q is A =T(7 8 77}). 

(7) We have 


COR! = CCR,,. 


Proof (1)-(4) follow by straightforward computations. Let us prove (5). 

We check that [W,1(21), Wy r (Z2)] = 0 for 21, z2 € Dom p?, which implies that 
CCR}. C CCR}. 

Clearly, (CCR, ı U CCR} )” is equal to {W (w), w € E}”, for 


E= Span { ((p + D72 +p? 2, pA + (pt 1*2) , 21,22 € Domp? }. 


Clearly, £ is dense in Z @ Z. Recall that, by Thm. 9.5, Weyl operators on a Fock 
space depend strongly continuously on their arguments. Therefore, {W (w), w € 
E}" = {W(w), we Z8 Z}" = B(T;(Z @ Z)). Thus 


(COR, U CCR? 1)” > (COR, UCOR,,.)” = B(T. (Z © Z)), 


which implies that CCR} is a factor. 
Let us prove the = part of (6). Assume that Ker y = {0} and set 7‘(A) = 
r(y, 7+)" A (y, 77t)". We have 


7 (W,a(2)) = Wy aly*2), 


hence 7* is a W*-dynamics on CCR}. We claim that Q is a (7, 1)-KMS vector 
on CCR}. In fact, we have 


(Q1W,, (21), (7 22)9) = 0717 62, 
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for 


Faa) = (alga) + (lq) + (ah go) 


í ) 
zZ 
l-y 1]> 


which proves the (7,1)-KMS condition for the Weyl operators. By linearity, it 
holds also for the *-algebra of finite linear combinations of W, (z) and, by Prop. 
6.64, for CCR, 1- 

Applying then Prop. 6.65 to the factor CCR} 1, we obtain that Q is separating 
for CCR}. 

We denote by H the closure of CCR, 10. We would like to show that H = 
T',(Z @ Z), which means that Q is cyclic for CCR, . As a byproduct of this 
proof, we will develop the modular theory of CCR, 1. 

Clearly, H is invariant under CCR}, Q is cyclic and separating for CCR, 
restricted to H. Let us compute the operators S, A and J of the modular theory 
for Q and CCR, restricted to H. 

Let us set 


+ (= ome 


Hı := Span{W,j(z)Q : z€ Domp? } =Span{W, : z€ Dom p? }, 

for 

Y, = ee (et DF 2777 Q 
We have 

lo, yH", = Uys, (17.29) 
which implies that the self-adjoint operator I'(y,7~') preserves H. Moreover, 
the r.h.s. of (17.29) extends analytically in t to t = —i/2. This shows that Y, € 
DomI(7,77!)? and 

1 : rf +6 zz) 
Poa tw, =e (oF ent) 9, 


Moreover, 
(17.30) 


Clearly, Hı is dense in H. 
A := Span{W,j(z) : z€ Dom p? } 


is a *-algebra *-strongly dense in CCR, and Hı = AQ; therefore, by Subsect. 
6.4.2, Hı is an essential domain of S. Therefore, we can extend (17.30) by density 
to the whole H, using that J, is isometric. We obtain 


Sa ITT)? ly (17.31) 
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Since Ker y = {0}, the range of r (y, 771)? lig is dense in H. Using (17.31), this 
implies that J, preserves H. Thus 
Ayi 
S = J| rT lop 


is the polar decomposition of S, defining the modular operator and modular 
conjugation. Next we see that 


Wa a(a) Wa (22) =W (p+ WF a1 + p722 p + (P+M?) 2. 


Therefore, CCR} 1JsCCR} 129 is dense in T, (Z Z). Since CCR, JsCCRy 19 C 
H, this proves that H =T,(Z @ Z), and hence Q is cyclic for CCR} 1. This proves 
the = part of (6). The proof of the < part of (6) will be given after the proof 
of (7). 

Let us now prove (7). Assume first that Ker y = {0}. By the > part of (6), we 
can apply the Tomita~Takesaki theory to (CCR, 1, Q) and obtain that CCR), = 
J;CCR,1J;. By (3), we have J;CCR, J; = CCR, +. 

For a general y, we write Z = Zo © Z1, for Zo = Ker y. Then y, = adie is 
injective. Using the exponential law of Subsect. 3.3.7, we have 


[,(Z @ Z) = F(Z) @Ts(Z1 © Z1) @Ts(Zo), 
Wy, 1(z) io W (zo) & Wy,, 1(21) ® I, 
Wy, (Z) > 18 Way, r(Z1) ® W (2), 


and hence 


CCR, ~ B(I's(Zo)) 8 CCR}, 1 ® C1, 
CCR,,, ~ C18 CCR}, r ® B(T's(Zo)), (17.32) 
which shows that CCR/ ı = CCR}, and completes the proof of (7). 


From (17.32), we see that if Ker y 4 {0}, Q is neither cyclic nor separating. 
This proves the < part of (6). 


17.1.6 Quasi-free CCR representations as 
Araki— Woods representations 


Recall that in Thm. 17.12 we showed that every neutral quasi-free CCR repre- 
sentation over a symplectic space can be reinterpreted as a charged quasi-free 
CCR representation over a charged symplectic space with iw positive definite. 
Under minor technical assumptions, such representations are unitarily equivalent 
to Araki-Woods representations. This is described in the theorem below. 


Theorem 17.25 Let (Y,w) be a charged symplectic space such that iw is positive 
definite on Y. Let 


YV > y œ a™* (y) € CH) 
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be a charged CCR representation with a cyclic gauge-invariant quasi-free vector 
W. Let p be given by 


Ti-py2 = (Yla (y2)a" (y1)¥), wey €V. 


Assume that Y is complete for the scalar product 2p + iw. Let Z be the completion 
of Y w.r.t. iw. Note that p can be interpreted as a positive self-adjoint operator 
on Z such that Y = Domp?. Set y = p(l +p). Then there exists a unique 
isometry U : H —>T,(Z $ Z) such that 


Uv =Q, 


17.33 
Ua"*(y) = ar (yU, yey. oe) 


17.1.7 Free Bose gas at positive temperatures 


In this subsection we would like to describe in general terms how quasi-free 
bosonic states usually arise in quantum physics. We will also discuss various 
mathematical formalisms used in this context. 

Let h be a positive self-adjoint operator on a Hilbert space Z. Consider a 
quantum system described by the Hamiltonian H := dT (A) acting on the Hilbert 
space [’,(Z). Note that (Q| - Q) describes the ground state of the system. On the 
algebra B(T,(Z)) we have the dynamics 


T'(A) := e" Ae", Ae B(T.(Z)), tER. 
We also have a natural charged CCR representation Z > z> a*(z) € 


CI(T,(Z)) and the corresponding neutral CCR representation Z 3 z => W (z2) = 


exp(i a) € U(I,(Z)). They satisfy 


TÉ (a*(z)) = a* (ez), t' (W(z)) =W(e"z), ze Z. 


Suppose that we consider the above quantum system at a positive temperature. 
Let 8 > 0 denote the inverse temperature. If 


rec < o, (17.34) 
we can consider the Gibbs state given by the density matrix 
ePad (h) ire Poe) (17.35) 


Positive-temperature systems are especially interesting for infinitely extended 
physical systems. For such systems e~°" is rarely trace-class — in fact, typically, 
h has a continuous spectrum, which rules out (17.34). Therefore, the formalism 
based on the Gibbs state with the density matrix (17.35) breaks down. 

As a typical example of such a system we can consider the (non-relativistic) 
free Bose gas. Its one-particle Hilbert space and the one-particle Hamiltonian 
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are 
Z:= 1(R*), A:=—A. (17.36) 


Clearly, in this case (17.34) is not satisfied. Therefore, we need a different for- 
malism to describe positive-temperature systems in this situation. 

In the literature one can distinguish three approaches to positive temperatures 
for infinitely extended systems: 


(1) the thermodynamic limit, 
(2) the W* approach, 
(3) the C* approach. 


Thermodynamic limit 


The thermodynamic limit consists in approximating our system by a sequence of 
systems in finite volume. Thus we have a sequence of one-particle Hilbert spaces 
Zr with one-particle Hamiltonians hz. We also need to identify Zz, as a subspace 
of Zz, for Ly < L2, which allows us to embed the corresponding observable 
algebras B(I'(Zz,)) C B(T(Zz,)). Typically, for finite L, the condition 


Tre" < oœ (17.37) 


is satisfied, and so we can use the corresponding Gibbs state. Then we expect that 
for a fixed Lo and a large class of observables A € B(I'(Zz, )), the expectation 
value 


Tr Ae Bal (hr )/Tr e bal (ht ) 


converges to a limit as L — oo. 

In the case of (17.36), we typically take Zz := L? ([-L, L]“), and hz is the 
Laplacian with some conditions on the boundary of the box [—L, L]¢. For many 
purposes the choice of boundary conditions should not matter. The Dirichlet 
or Neumann boundary conditions seem more relevant physically, whereas the 
periodic boundary conditions might be more convenient mathematically. 

Note that this approach involves a significant amount of arbitrariness. One 
needs to introduce a lot of additional structure, which in the end is irrelevant. 


W* approach 


We can describe temperature states by using the Araki-Woods representations. 
In fact, consider the space F, (Z @ Z). For z € Dom(e®"/?), define 


ag(z) := a" (a — elr) E z, 0) + a(0, (e®™ — 1)777), (17.38) 
that is, the Araki-Woods representation for the Planck density (ef” — 1)~1. Then 


Dom(e?"/?) 5 z+ a%(z) € C(I; (Z e Z)) 
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is a charged CCR representation. The von Neumann algebra generated by (17.38) 
will be denoted by CCRg. Set 


L:=dP (h@(—h)). 
Then 
Th(A) := el!" Ae", AECCRg, tER, 
is a W*-dynamics on CCRg and LF is its Liouvillean. The state 
wg := (Q|AQ), Ae CCRzg, 


is a G-KMS state for the W*-dynamics Tg. 

Thus we obtain a family of W*-dynamical systems (Mtg, Tg) equipped with 
the state wg. One can argue that all of them describe the same physical system 
and differ only by the temperature. In concrete situations, one can derive the 
family (Mg, T8, wg) using the thermodynamic limit. 

Note that the W* approach does not involve any additional structure (unlike 
the thermodynamic limit). It is often used in the mathematical physics literature. 
Implicitly, it is also widely used in the theoretical physics literature. 


C* approach 


Consider the C*-algebra CCRW°"!(Z), where Z is equipped with the symplectic 
structure Im(-|-), as well as the charge symmetry z +> ez, 0 € [0, 27. Define the 
dynamics on CCRW°!(Z) by setting 


7 (W(z)) := Welz), zeZ, tER. 


It is easy to see that, for any 3 €]0, o0], there exists on CCRW°"'(Z) a unique 
state 6-KMS for the dynamics 7. It is given by 


w, (W(2) = exp ( ! (: eect :)) a BER 


We can then pass to the GNS representation (H6, mg, Q8) and construct the 
Liouvillean Lg. 

In the case of 3 = oo (the zero temperature), we obtain, up to unitary equiv- 
alence, Hoo =I's(Z), Too (W(z)) =W(z), Qo = and Læ = H. This is the 
quantum system that we started with at the beginning of the subsection. 

In the case 8 < co (positive temperatures), we obtain the Araki-Woods rep- 
resentation for y = e~°" described in (17.38). 

The main advantage of this approach is its conceptual and mathematical ele- 
gance. Its starting point is a single system, and various temperature states arise 
naturally by the application of a general principle. 

This approach has also a serious disadvantage. The choice of the algebra of 
observables CCRW°!(Z) is rather arbitrary. In principle, one could replace it 
by another *-algebra related to the CCR over Z, e.g. one of those described 
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in Sect. 8.3. The choice of the CCR algebra does not have much relevance as 
long as the dynamics is free (that is, as long as it is described by Bogoliubov 
transformations). The problem becomes more serious when we try to consider a 
system with a non-trivial interaction. Then, in concrete situations, it is usually 
not easy to find a C*-algebra preserved by a given dynamics, and the C* approach 
is difficult to apply. 


17.2 Fermionic quasi-free states 


In this section we describe the theory of fermionic quasi-free states. It is in many 
ways parallel to that of bosonic quasi-free states. Therefore, each subsection 
about fermionic quasi-free states has its counterpart in the previous bosonic 
section. 


17.2.1 Definition of fermionic quasi-free states 


Let (Y,v) be a real Hilbert space. Recall that CART” (V) denotes the CAR C*- 
algebra over yV, that is, the C*-algebra generated by ¢(y), y € V, satisfying the 
CAR relations; see Subsect. 12.5.2. 


Definition 17.26 (1) A state y on CAR (J) is called quasi-free if 
v(O(m) ryt (Y2m—-1)) = 0, 


%(O(y)-+-(y2m)) = XO sgn(o) 


o €Pairam j 


s 


Y (elU) O(Yo(23)))s 


1 


for all yi, y2, EV, MEN. 
(2) IFY > ye ¢*(y) E€ Ba(H) is a CAR representation, Y € H is called a quasi- 
free vector if 


Ylolyi) +++ (Yn) = (VIE (yi) +++ o (Yn) ¥), Yis- -Yn ey, neéEN, 


defines a quasi-free state on CAR” (Y). 

(3) A CAR representation ¢" on a Hilbert space H is quasi-free if there exists a 
cyclic quasi-free vector in H. 

(4) The anti-symmetric form B € La(VY,Y*) given by 


mBo = tellen) ON), wwe EY. (17.39) 


is called the covariance of the quasi-free state Y, and of the quasi-free vector 
Ww. 


For a quasi-free state 7 on CAR@ (J), let (Hy, 7, Qy) be the corresponding 
GNS representation. Then clearly Qy € Hy is a quasi-free vector for the CAR 
representation Y > y > Ty (¢(y)) € Br (Hy). 

The covariance defines the representation uniquely: 
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Proposition 17.27 Let Va yr # (y) € Bu(Hi), i=1,2, be quasi-free CAR 
representations with cyclic quasi-free vectors Y; E€ Hı, both of covariance 3. Then 
there exists a unique U € U(H1, H2) intertwining ¢' with ¢? satisfying UV, = 
Wo. 

Let us note the following important special subclasses of quasi-free represen- 
tations: 


(1) If the pair v and z G is Kahler, the corresponding representation is Fock; see 
Thm. 17.31. 

(2) If 6=0, the corresponding representation is unitarily equivalent to the 
real-wave (or tracial) representation, discussed already in Subsects. 12.4.2 
and 13.2.1. 

From the CAR it follows that 


v(O(y1)O(y2)) = y vyz + SB, yy € Y. (17.40) 


(17.40) implies the following proposition: 
Proposition 17.28 Let 8 € La(V,VY*). Then the following are equivalent: 


(1) There exists a quasi-free state y such that (17.40) holds. 
(2) ve + ibe > 0 on CY 

1 1 
(3) luiy] < 2(yi vy)? Ya-vy2)?, y1, y2 E V. 


Proof The equivalence of (2) and (3) is shown as in Prop. 17.8. To prove (1) > 
(2) we compute 


v(¢*(w)d(w)) = Wvew + Lp dow >0, wecCy. 


Let us prove (3) = (1). We fix 6 € La(Y,Y*) satisfying (3). From Def. 17.26, 
we obtain a linear functional 7 on the *-algebra generated by the ¢(y), y € Y. 
It clearly suffices to show that w is positive. To check this we may assume that 
Y is finite-dimensional. 

Using Corollary 2.85 we can find an o.n. basis (e1,...,€2m,fi,---,;fa) of V 
such that 


Bezj—1 = Ajerj, Bez; =—Ajeaj-1, BF; =9, 


for Ay,...,Am > 0. Condition (3) for 8 is equivalent to |A;|,...,]Am| < 2. 

Assume first that dim Y = 2n. Then, allowing some A; to be equal to 0, we can 
assume that m = n. We set ¢; = ¢(e;) and use the Jordan—Wigner representa- 
tion of CAR(R?”) on @"C? defined in Subsect. 12.2.3. We note that if |A| < 2, 
then 


ase: 0 
AN= 71 9 14a/2 
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satisfies 
p(à) >20, Trp(d) = 1, 
(17.41) 
Tr(p(A)or) = Tr(p(A)o2) = 9, Tr(p(A)o3) = —A/2. 
We set 
p= Pà) 8: @ p(n): 
We will prove that 
(A) = Tr(pA), Ae CAR(R?"), (17.42) 
which implies that w is positive. 
We first see that 
Tr(p¢2;-1¢2;) = —ià;/2,  Tr(pd;o%) =0 if |j— k| > 2, (17.43) 
hence 
W(O(y1) o(y2)) = Tr(pd(m1)o(y2)), yy EV. 
We claim now that 
Tr(p¢i, t Qi) =0, if k is odd. (17.44) 


We can assume, using the CAR, that i} < --- < ig. Let i be one of the indices. If 
l = 2j — 1, then the j factor of ¢;, -++ Qi, is equal to —io2, except if i41 = ù + 1, 
and if l = 27, the j factor of ¢;, ++- Qi, is equal to io,, except if i1 = ù — 1. 
It follows from (17.41) that Tr(p¢;, ---@;,) = 0, except when for each 1 < l< k 
one has i1 =i +1 or i1 = i; — 1. This condition is not satisfied if k is odd, 
which proves (17.44). We claim that 


Tr(p¢i, one Digs, ) = 5 sgn(o) Il EPO asc, Pisi) ), (17.45) 
j=1 


o€Pairom 


which combined with (17.44) implies (17.42). 

The same argument as above shows that the Lh.s. of (17.45) is zero if 
(i1,...,42m) is not a collection of pairs (27 — 1,27). The same holds for the 
r.h.s., since in this case, for all ø € Pairəm, at least one of the factors vanishes. 
It remains to consider the case when 


(41,---; 4am) = (271 —1,291,---, 23m —1, 25m), 
for jı < -+-+ < jm. In this case 
bi, Qin = io) +++ (io3)™ , 
and hence the 1.h.s. of (17.45) equals 


Tr(p¢i, coo Diam ) = [[ Gin. )/2. 
k=1 
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Since the only pairing contributing to the rhs. is (27; —1,271),..., 
(23m — 1, 2jm ), we see using (17.43) that (17.45) holds. 

Assume now that dim y is odd. Then we set Vı = VY Ə R, and consider the 
(reducible) representation of CAR(R?”*") in @"*!C? obtained from the Jordan- 
Wigner representation of CAR(R?("*")), We are then reduced to the previous 
case. This completes the proof of the proposition. 


17.2.2 Gauge-invariant fermionic quasi-free states 


Suppose that the real Hilbert space (Y,v) is equipped with a Kahler anti- 
involution j. As in Subsect. 1.3.11, CAR? (Y) is equipped with the one- 
parameter group of charge automorphisms, denoted U(1) > 0 — Ug, and defined 
by 


to (H(y)) = (ely). 


Definition 17.29 A state y on CAR?” (Y) is called gauge-invariant if it is 
invariant w.r.t. Ug. 


Consider a fermionic gauge-invariant quasi-free state with covariance (3. 

Let us introduce the holomorphic space Z associated with the anti-involution 
j, so that CY = Z @ Z. The sesquilinear forms ve and 6c can be reduced w.r.t. 
the direct sum Z @ Z. Thus we can write 


Ue = Fe i i Bc = He k j (17.46) 


0 Vz 


where vz is Hermitian and (@z anti-Hermitian. Note that the condition 
ve + ibe > 0, which by Prop. 17.28 is necessary and sufficient for 8 to be a 
covariance of a quasi-free state, is equivalent to 

vz + 562 >0. (17.47) 


Until the end of this subsection we assume that (V,v) is a real Hilbert space 
and y a quasi-free state on CAR (Y) with covariance 6 € L,(V,Y*). 


Theorem 17.30 (1) Assume that Ker 8 is even- or infinite-dimensional. Then 
there exists an anti-involution j such that w is gauge-invariant for the com- 
plex structure given by j. 

(2) If Ker 8 = {0}, then the anti-involution j given by (1) is unique if we demand 
in addition that (8,j) is Kahler. 


Proof By Prop. 17.28, there exists an anti-symmetric operator b such that ||b|| < 
1 and 


yi By2 = 2yi-vby., yi,ye E V. 
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Let Vee := Kerb and Vreg = Mee! On Yrog we use the polar decomposition 


breg = —|breg |jreg = —jreg |breg |, 


so that jreg is a Kahler anti-involution on Veg both for v| and 8 Yo" If 
_ Eee 


dim Vreg is even or infinite, we can extend jreg to a Kahler anti-involution on 


(Y,v). 
The following theorem is the fermionic analog of Thm. 17.13 (2). 


Theorem 17.31 The GNS representation associated with p is irreducible iff 
(v, $3) is Kahler. 


17.2.3 Charged quasi-free CAR representations 


The following subsection is essentially a translation of the previous subsection 
from the terminology of neutral CAR representation to that of charged CAR 
representations, which seems more convenient in the context of gauge invariance. 

Let (¥,(-|-)) be a complex Hilbert space. On Yg, that is, on the realification 
of Y, we introduce the real scalar product v := $Re(-|-). 

Clearly, VY is equipped with a Kahler anti-involution — the imaginary unit. 
Therefore, all the definitions off the previous subsections make sense. In par- 
ticular, the CAR algebra CARO” (Vr) is equipped with a charge symmetry and 
we can define the notion of a gauge-invariant state. We will write CAR” (VY) to 
denote the algebra CARO” (Vr) equipped with this charge symmetry. 

As in the bosonic case, we will denote charged fields using the letter a, 
and not the usual w. Clearly, CAR?” (Y) is generated as a *-algebra by 
aly) = (dy) — ili), y € Y. 


Proposition 17.32 (1) A state y on CAR (J) is gauge-invariant if 


v(a*(y1) +a" (Yn )a(wm) +: -a(w)) =0, n#M, YL---, Yn, Wm; Wi EY. 
(2) It is quasi-free if in addition, for any yı ..., Yn; Wn,... Wi E VY, 


n 


D(a" (y)---a*(Yn)a(wn)---a(wi)) = X sen(o) ] J v(a (y)a(weyy))- 


oESn j=l 


Definition 17.33 If y is a gauge-invariant quasi-free state on CAR?” (V), the 
positive Hermitian operator x on Y defined by 

(yalxy) = ¥(a*(m)a(y2)), y1; y2 € Y, 
is called the one-particle density of q. 


Recall that in the framework of neutral CAR relations one introduces the 
holomorphic space Z. Charged CAR relations amount to identifying the space Y 
with Z, as explained e.g. in Subsect. 12.1.7. Under this identification, the scalar 
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product on y is transformed into 2vz and the Hermitian form defined by the 
one-particle density x is transformed into vz — 5 Bz. Therefore, (17.47) implies 
the following proposition. 


Proposition 17.34 A Hermitian operator x E€ By(Y) is the one-particle density 
of a gauge-invariant quasi-free state iff 


O0<x<l 
Suppose now that 
Yayra™*(y) € BIH) (17.48) 


is a charged CAR representation. 


Definition 17.35 (1) © € H is called a gauge-invariant quasi-free vector if 


v(a (yı) Pee, (Yn )@(Wm ) ae -a(w)) 
= (Wla™* (yi) a7" (yn)a" (Wm): a7 (wi)Y), Yi,- Yas Wy Wm EY, 
defines a gauge-invariant quasi-free state on CAR?” (V). 


(2) A charged CAR representation (17.48) is gauge-invariant quasi-free if there 
exists a cyclic gauge-invariant quasi-free vector in H. 


Recall that with every neutral CAR representation over a unitary space we 
associate a charged CAR representation Y > y > a™*(y) € B(H), such that 


ob" (y) =a™*(y) +a" (y). 


It is clear that a vector WV is gauge-invariant quasi-free w.r.t. ọ7 iff it is such 
w.r.t. a”*. Likewise, the representation ¢” is gauge-invariant quasi-free iff a7* is. 


17.2.4 Gibbs states of fermionic quadratic Hamiltonians 
Density matrix 


Let 0 < y be a self-adjoint operator on a Hilbert space Z. We associate with y 
the self-adjoint operator 0 < x < 1, called the one-particle density, defined by 


x= 70+7)1, y=x(-x)7?. (17.49) 


Note in passing that replacing y with y~! is equivalent to replacing x with 1 — y. 
We assume in addition that y is trace-class. This is equivalent to assuming 
that x is trace-class. Note the following identity: 


TrI'(y) = det(1 + y) = det(1—y)7. 


Thus ['(y) det(1+ y)~' is a density matrix. 
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Definition 17.36 We define the state wy on B(Ta(Z)) by 
wy (A) := Tr AT(7) det(I+y)7!, Ae CARS (2). 
We identify Z with Re(Z @ Z) using the usual map z+ (z, Z). We can faith- 

fully represent the algebra CAR© (Z) in B(Ta(Z)). 
Proposition 17.37 The state Y, restricted to CAR?” (Z) is gauge-invariant 
quasi-free. We have 

wy (a™* (21 )a™ (22)) = (221x21), 

dy (a (21) a™*(22)) = (21|22) — (211x22), 

ypy (a™ (z)a™ (z2)) = py (a™*(a1)a™*(z2)) = 0, 2,2 €Z. 


Proof We can find an o.n. basis (e1, e2,...) diagonalizing the trace-class oper- 
ator y. Using the identification 


=( 
=( 


T,(Z) & S (Ta (Ce:), 9), (17.50) 


i 


we can confine ourselves to the case of one degree of freedom. 


Suppose now that y is non-degenerate. In this case, the state ~, is faithful. If 
in addition we fix 3 € R, we can write y = e~°" for some self-adjoint operator 
h. Then 


Thy) det(1 + y)! = e78) Tye“ PAT) | 


Thus in this case y, is the Gibbs state for the dynamics dT (A) at the inverse 
temperature (3. 


Standard representations on Hilbert-Schmidt operators 


Consider the Hilbert space B? (Ta(Z)). As in the bosonic case, we will use an 
alternative notation for the Hermitian conjugation: JB := B*. 

We will use the representations of B(T,(Z)) and B(I',(Z)) on B?(T,(Z)) 
introduced in Subsect. 6.4.5: 


m(A)B= AB, 7,(A)B:=BA*, Be B’(T,(Z)), Ae B(Ta(Z)). 


Again, Jm(A)J* = 7,(A). 
Thus we can introduce two commuting charged CAR representations 


Z > zœ m(a*(z)) € B (B’ (Ta (Z))), (17.51) 
Z >Z m(a*(z)) € B (B° (Ta(Z))). (17.52) 


They are interchanged by the operator J: 


Jm (a*(2))J* = m (a*(2)). 
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The vector 


Ne 


Y, := det(1+ y)7?T (47) 


is gauge-invariant quasi-free for the representations (17.51) and (17.52), and the 
one-particle density x. If y is non-degenerate, then both (17.51) and (17.52) are 
gauge-invariant quasi-free CAR representations. 


Standard representations on double Fock spaces 


We need to identify the complex conjugate of the Fock space T',(Z) with the 


Fock space over the complex conjugate T',(Z). Recall that in the bosonic case 
this is straightforward. In the fermionic case, however, we will not use the naive 
identification, but the identification that “reverses the order of particles”, con- 
sistent with the convention adopted in (3.4). More precisely, if 21,...,2n € Z, 
then the identification looks as follows: 


Ta(Z) 3% 8a @a Zn > Zn Qat Qa Zi ET a(Z). (17.53) 


(Thus this identification equals A times the naive, “non-reversing” identification.) 
Note the following chain of identifications: 
B’(T.(2)) =T.(Z) @P.(Z) 
oT (Z)@ls(Z) 21.2 Z). (17.54) 
We denote by Ta : B? (Ta(Z)) > Ta(Z @ Z) the unitary map given by (17.54). 
Proposition 17.38 T, JT; = AT (e). 
Proof Consider 21,...,2n,W1,---;Wm E€ Z and 


B = |z1 Da +++ Ba 2n)(W1 Ba +++ Da Wm| E€ B’(Ta(Z)). 


This corresponds to 


y (n + m)!z Qa t Ba Zn Ba W1 Ba +++ Ba Wm 


= vy (n + m)!zı Wa -o Wa Zn Qa Wm Qa - Qa W1 E ra(Z @ Z). 
On the other hand, 


B= |wi Wars Ba Wm) (21 Wa s+ Wa Zn | 


corresponds to 


Vn F mlw Ba- Ba Wm Da Ba Ba Zr 
= y(n + m)'w @a +++ a Wm Ba Zn Qa +++ Qa Z1 
n(n—1) , m(m— 
= (—1) a i - “num V (n+ m)!24 Ba++: Ba Zn Ba Wm Ba t Ga WI 


= AT(e)/(n+ m)!z1 Qa +++ Ba Zn Qa Wm Bas Qa Wi, 
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where at the last step we used I (e)z; = Z;, r (e)W; = w; and 


n(n—1) | m(m-l) , — (ntm)(ntm—1) 
2 2 2 i 


By applying Ta to (17.51) and (17.52), we obtain two new commuting charged 
CAR representations 


Zz Tam (a*(z)) Tš = a* (2,0) € B Ta(Z 6 Z)), (17.55) 
Z >Z Tam (a*(2)) Te = Aa*(0,2Z)A € B(Ta(Z 6 Z)). (17.56) 


They are interchanged by the operator AT (e): 
AT (e)a*(z, 0)T(e)*A* = Aa*(0,Z)A, 2 € Z. 


Again using a basis diagonalizing y, as in (17.50), the double Fock space on the 
right of (17.54) can be written as an infinite tensor product 


® (Ta(Ce; © Cz), 2). (17.57) 
=1 
We have TaY, = 2,, where 


Q, = S (Ly) zen e N 
i=1 
is gauge-invariant quasi-free for the representations (17.55) and (17.56), and 
the one-particle density x. Clearly, both (17.55) and (17.56) are gauge-invariant 
quasi-free CAR representation. 
Note that if we set 


B?(Z e Z,Z® Z), (17.58) 


then 


ERN 


Q, = det(1 + cee) te2r7 ON, 


so this is an example of a fermionic Gaussian vector introduced in Def. 16.35, 
where it was denoted Qe. 


Araki-Wyss form of standard representation 


Using the infinite tensor product decomposition (17.57), we define the following 
transformation on T,(Z @ Z): 


Fo * 7 2 
Ry = BL +H) Few OT +) F New lH), (17.59) 
i=l 
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Theorem 17.39 R, is a unitary operator satisfying 


Ry O(a, 2)R, = 6((I— x)? +x? 2, XP + (I-X)?B), 
Ry,a(z,2)R* = a((1 — x)? a + x? 22,0) 


R,a" (21,25) R3 = a” ((1 — x)? z1 + x? 22,0) 


R T(R} =T(6), 
R =9, 
R dD (h, —h)R® = dT (h, =h). 


Proof Let c be defined as in (17.58). Using 
r(A +c) =r((1+7)8(1+7)), 
we see that 
R, := det(1 + c*) tet OT(1 + ect) Fe 24), 


Thus R, belongs to a class of operators that we know very well and we can 
easily show the properties mentioned in the theorem: it is the unitary operator 


implementing a j-positive orthogonal transformation given in (16.63). 


By applying R, to (17.55) and (17.56), we obtain two new commuting charged 
CAR representations 


Z>z- a% a R eN 


3 


Z 3 Z= aš (Z) := R,Aa* (0,2 
=A(a (x? z,0 


They are interchanged by the operator AT (e): 
AT(©ak (2)P(Q*A* = a8 (2D), ZEZ. 


We have RQ. = Q, hence the Fock vacuum Q is a quasi-free vector for the 


representations a}, and až ,, and the one-particle density x. Thus, if y is non- 


Yr? 
degenerate, then both are gauge-invariant quasi-free CAR representations. They 
are special cases of Araki-Wyss charged CAR representations, which we consider 


more generally in the next subsection. 


17.2.5 Araki-Wyss representations 


In this subsection we will see that Araki-Wyss representations can be defined 
more generally, as compared with the framework of the previous subsection. 
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Let Z be a Hilbert space. We assume that we are given the operators y and x% 
linked by the relation (17.49). This time we drop the condition that y is trace- 
class. We assume only that y is positive, possibly with a non-dense domain, and 
O0<x<1. 

Note that Dom y = Ran(1 — x) = Ker(1 — y)+. We have Kery = Ker y, and 
set Kery~! := Ker(1—y), which amounts to setting (z|yz) =+00 for z ¢ 
Dom y. 


Definition 17.40 For z € Z, we define the Araki-Wyss creation operators on 
T,(Z @ Z): 


For completeness let us write down the adjoints of Araki-Wyss creation oper- 
ators, called Araki-Wyss annihilation operators: 


ay i(2) = a((1— x)? 2,0) + a*(0,X2), 
ayx(2) = (a (x#2,0) — a(0, 1- X) 9) 
= A(a*(x#2,0) +.0(0,(1-x)#Z))A = Aaž -i (2)A. 
We also have Araki- Wyss field operators: 
$y a(z) = až (2) + aya(z) = o((— x)? 2 a 


by e(2) = at) + dy C) = ioli zid- 
= AG(x?z,(1—X)FZ)A = Ad,-14(2)A. 


(See (3.30) for identities concerning A.) 


Definition 17.41 The von Neumann algebras generated by {ax (2) : 2€Z}, 
resp. {aš ,(Z) : z € Z} will be denoted by CAR,j, resp. CAR,» and called the 
left, resp. right Araki-Wyss algebras. 


Clearly, 
CAR, , = ACAR} 14A. 


Theorem 17.42 (1) The map 
Z > z> a} (z) € B(Ta(Z @ Z)) 


is a charged CAR representation. In particular 


[ay,1(21), a3 1(22)]+ = (z122), 
[a5 (21), až i(22)]+ = [a,,1(41), @y,1(22)|+ = 0. 


It will be called the left Araki-Wyss (charged CAR) representation. 
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(2) The map 
Z>Zz at (Z) € B(Ta(Z @Z)) 
is a charged CAR representation. In particular 


[ay, r(21), až „(z2)]+ = (21|22), 
[ay (21), 45 (Za) ]+ = [ayr (21), y,r(22)]4+ = 0. 
It will be called the right Araki-Wyss (charged CAR) representation. 
(3) Set 


Ja := AT(e). (17.60) 


Then 


(4) The vacuum Q is a fermionic quasi-free vector for až | with the 2-point func- 
tions 


(Qlay, 1(21)a% )(22)Q) = (21 |( 1—x)z ja) = (z1|( (++) )~t2), 
(Qlay (21 )aya(z2)Q) = (zalxa) = (zl +yz), 
(Oja, 1 (z1)ay,1(z2)Q) = (Qla® (21) a% 1(22)9) = 0. 
(5) CAR, is a factor. 
(6) Kery = Kery~! = {0} (equivalently, Ker x = Ker(1— x) = {0}) iff Q is 
separating for CAR,, iff Q is cyclic for CAR, . If this is the case, then 
J, and A =T (y 77!) are the modular conjugation and modular operator 
for (CAR, 1,Q). 
(7) We have 


CAR! | = CAR, .. (17.61) 


(8) f x= sll (or, equivalently, y= 1), then the Araki-Wyss representation 
coincides with the real-wave representation and CAR, coincides with 
CARY” (Z). 


Proof Items (1) to (4) follow by straightforward computations. 
The proof of (5) uses Prop. 6.44. First note that 


[oy ,1(21), dy,r(Z2)] = 0. 
Consequently CAR, and CAR, , commute with one another. Therefore, 
(CAR, 1 U CAR} D)” D CAR, 1 g CAR, r. 


It is easy to see that ( is cyclic for CAR, ; U CAR} r, which means that Condition 
(1) of Prop. 6.44 is satisfied for the vector Q. 


456 Quasi-free states 


1 


b(z) = aya ((1- x)? z) + až, o 
= a(z,0) + (—a(xz) + a* (0, (01 - D3) A- D, 
b(Z) = aya (x? 2) — až (1 - X)?2) 
= a(0,2) + (a*((1— xX)? x z,0) — a(0, (1-X)2)) 1- 7). 
For Condition (2) of Prop. 6.44, the set £ is defined as 
L := {W(z) : z€ Z}U{b(Z) : ze Z}. 


Suppose that WV is annihilated by all elements of £. All of them anti-commute 
with I; therefore they separately annihilate the even and odd parts of W, i.e. 
Y4 := ¿(1+ 7)Y. We have 


b(z)V, = a(z,0)¥4, = 0, 
b(z) 4, = a(0, Zz), = 0 


Therefore, UV, is proportional to Q, the Fock vacuum. Moreover, 
b(z)W_ = (aa — 2x)z,0) + a* (0, (1 — X)ix?z) )w_ =0, 
b(z)v_ = (e(a ~ x)? x? z,0) — a(0, (1 — 2¥)2)) Y- =0. (17.62) 


Define Zo := Ker(x — $1), and Z, := Zp, so that Z = Zo ® Zı. We can rewrite 
(17.62) as 


1 


(a(w:,0) + a* (0, (1 ~X)Fx7(1- 2x)71m:)) Y- =0, w €Z, 


(e (0 -xxt (1+ 2x)7u,0) +a(0,0))Y-=0, w €Z, 
a*(0, 7) V_ = a*(wy,0)V_ = 0, wo € Zo. (17.63) 


By Lemma 16.46, W_ can be non-zero only if dim Zp is finite. If this is the 
case, by Thm. 16.36 and arguments of Subsect. 16.3.5, W— is proportional to a 
fermionic Gaussian vector tensored with an even ceiling vector. In any case, this 
means that U_ is even. But we know that U_ is odd. Hence, V_ = 0. 
Therefore, Y is proportional to Q. Hence, Condition (2) of Prop. 6.44 is satis- 
fied. This proves that CAR,, is a factor and ends the proof of (5). 
Let us now prove (6). Assume that Ker y = Ker y~! = {0}. Set 


(A) =T S7 ATG ey") ™. 


We first see that 7'(d,1(z)) = ¢,1(7''z), hence 7’ preserves CAR, and is a 
W*-dynamics on CAR, 1. Next we check that Q is a (7, -1)-KMS vector. This is 
straightforward for the field operators ¢,(z). For products of field operators we 
use the identities of Prop. 17.32. By Prop. 6.64 we extend the KMS condition to 
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CAR, ,. Applying Prop. 6.65 to the factor CAR, 1, we obtain that Q is separating 
for CAR, 1. 

We denote by H the closure of CAR, 19. The vector Q is cyclic and separating 
for CAR, ; restricted to H. Therefore, we can compute the operators that belong 
to the modular theory for 2, as operators on H. 

We fix an o.n. basis {fj}je7 of Z. Since Kery = Kery* = {0}, we can 
moreover assume that f; € Domy? N Dom 472. Clearly, the family {e;};e7 = 
{fi ifj }jes is an o.n. basis of Z for the Euclidean scalar product Re(-|-). Set 


1 


Hı := Span{ I oy (e)Q, CL finite}. 
Clearly, Hı is a dense subspace of H. We will prove that 
S = JI (y7)? on H. (17.64) 
Let (e1,...,€,) be a finite family in {e;};e, and 
® := tt by 1(€;)Q. 


We have 


Note that 


ð= i (a* (ui) + a(ui))Q, 


for u; = (1 — x) Fei, X?G). To compute I (y @ 77!) 7, we apply Prop. 3.53 (1). 
We obtain 


Ne 


[(ye7')?® 
= i (a (x7 ei, (1— X)?G) + a(x? (1 — xy)ei;, X(1 — D-E) )2, 


and hence 


Using (3.30), we finally get that 
AT) (y O71) F® 


= (-1)@-Y/2 TI (a(x) ei, Xt) — a(x(I = x) 2€1,X (1 X)e)) a. 


i=l 


458 Quasi-free states 


Hence, to prove that S® = J r (y @7~')2, it remains to check that 
I (a ((0- x) Fei, Xe) + a(l- x) Pe, XP) )O 
pee 


1 1 i 1 (17.65) 
= i (a (a- xX) 7e, X €) — a(x- xX) 7e, X 7 (1-— Wer) ) Q. 


We can Wick-order both sides of (17.65) by moving annihilation operators to 
the right until they act on Q. For the l.h.s., we pick terms coming from the 
anti-commutation relations that are products of 


L(i,k) = (0-a - xer) + (ata) 
= (eilek)z — (ei|Xek)z + (er|Xei)z - 
For the r.h.s., we obtain identical terms with L(i, k) replaced with 
RG, k) = — (x0 -9al -e)a - Weilxter) 


= — (ex|ei)z — (eilxek)z + (er|Xei) z - 


Therefore, 
L(i, k) = Ri, k) = 2Re(e;lex) = 2; k- 


This ends the proof of (17.64). 

By Prop. 6.59, we know that the closure of S ie equals S. Moreover, we easily 
see that l(ye@7)? preserves H and is essentially self-adjoint on Hı. Since 
Ja is isometric, (17.64) implies that S = J,T'(y ® a1)e, as an identity between 
closed operators on H. It also proves that the modular conjugation is given by 
Jeli and the modular operator is given by r (y, came |e 


Now, 


by (21) ++ by (Zn) Faby (Wm) +++ py alw) 
= by (21) +++ Oy (Zn) Oy,r (Wm) ++» by 2 (W1)Q. 
This easily implies that CAR, )J,CAR,,© is dense in T,(Z @ Z). But 
CAR, 1 J,CAR, 12 C H, 


hence H is dense in T',(Z @ Z), which proves that Q is cyclic. This ends the proof 
of the = part of (6), as well as giving the formulas for the modular conjugation 
and the modular operator. 

We first prove (7) under the assumption that Ker y = Ker y~! = {0}. By the 
= part of (6), we know that Q is cyclic and separating for CAR}, and J, is 
the modular conjugation for Q. Applying the modular theory, we have CAR), = 
J,CAR,1Jq = CAR,» by (3). 

To prove the general case, we will invoke some of the results to be proven only 
in the next section. Set Z = Ker x, Z = Ker(1— x), and write 


Z = Zo @ Z1 0 Z2. (17.66) 
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We set 
— {(a- x)? 2, X72) 1 z€ zi, 
which is a closed real subspace of W = Z © Z. From (17.66) we obtain 
V= V V 9V, 
for 
Vo = { (20,0) : 2 € Zo}, Vo = {(0, Z2) : 22 € Zo}, 
Y= { (= .a) Fax? 71) 1 ae a}. 
We have, with the notation in Subsect. 17.3.1, 
ive? = {(0,20) : zo € Zo}, IVPP = {(z,0) : z2 E€ Z2}, 
ivp? = {oia a-ya) : 2€ z}. 


With the notation of Subsect. 17.3.5, CAR, is identified with CAR(V), hence 
(7) follows from Thm. 17.61. 
It remains to prove the < part of (6). If Ker x # {0}, then 


Ta ({0} @ Z) L CAR, 12 


and ay 1(2)Q = 0 for zo € Zo, hence 2 is neither cyclic not separating for CAR, 1. 
Similarly, if Ker(1 — x) # {0}, then Ta (22 6 {0}) L CAR, 10 and až (22) = 
0 for z2 € Z2. This completes the proof of (6). 


17.2.6 Quasi-free CAR representations as Araki-Wyss 
representations 


Every quasi-free charged CAR representation can be realized as an Araki-Wyss 
representation. 


Theorem 17.43 Let Z be a Hilbert space. Let 
Z>az-a™“(z) € BH) 


be a charged CAR representation with a gauge-invariant cyclic quasi-free vector 
W. Let x be defined by 


Z1: X22 = (Wla™* (z2)a™ (21)¥), 1,22 € Z. 


Then, for y:= x(1—)71, there exists an isometry U : H —T,(Z ® Z) such 
that 
UY =Q, 


Ua™*(z) = až (2)U, z€Z. 
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17.2.7 Free Fermi gas at positive temperatures 
This subsection is parallel to Subsect. 17.1.7 about the free Bose gas. We start 
with h, a positive self-adjoint operator on a Hilbert space Z. Consider a quan- 
tum system described by the Hamiltonian H := dI (h) on the Hilbert space 
Ta(Z). Clearly, (Q| -Q) describes the ground state of the system. On the algebra 
B(T,(Z)) we have the dynamics 


T'(A) :=el!# Ae", Ae B(T,(Z)), tER. 


We also have a natural charged CAR representation Z > z+ a*(z) € B(T,(Z)) 
and the corresponding neutral CAR representation Z >z ¢(z) = 
a*(z) + a(z) € By (Ta(Z)). They satisfy 


TÉ (a*(z)) = a* (el z), T ((z)) = (6*2), ze Z. 


Suppose that we consider the above quantum system at a positive temperature. 
Let 8 > 0 denote the inverse temperature. If 


Tee" < o0, (17.67) 
we can consider the Gibbs state given by the density matrix 
eT (h) ie Pee (17.68) 


Again, the formalism based on the Gibbs state with the density matrix (17.68) 
breaks down at infinite volume, for instance in the case of (17.36). 

As in the case of the Bose gas, we distinguish three possible formalisms for 
infinitely extended systems: 


(1) the thermodynamic limit, 
(2) the W* approach, 
(3) the C* approach. 


The general framework of the thermodynamic limit in the Fermi case is analo- 
gous to that in the Bose case. Therefore, we do not describe it separately. 


W* approach 
The W*-approach to free Fermi systems is also analogous to that for Bose sys- 
tems. We just replace Araki-Woods representations with Araki-Wyss represen- 
tations. Let us, however, describe this in detail, apologizing to the reader for 
almost verbatim repetitions from the bosonic case. 
Consider the space [',(Z @ Z). For z € Z, define 


a(z) := a" ((1 + e7")? z,0) + a(0, (1+ e")— 22). (17.69) 
Then 


Z> 2 a3(z) € B(Ta(Z 6 Z)) 
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is a charged CAR representation. In fact, it is the Araki-Wyss representation 
for the Fermi-Dirac density (1+ e%")—!. The von Neumann algebra generated 
by (17.69) will be denoted by CARg. Set 


L:=dl(h@(-h)). 
Then 
74(A):= et Ae", AE CARg, 
is a W*-dynamics on CAR ,. The state 
wg(A) := (Q|AQ), Ae CARg, 
is a 6-KMS state for the W*-dynamics Tg. 


C* approach 


Again, the C* approach for fermions follows the same lines as the C* approach 
for bosons. There is, however, a difference: there exists a natural choice of a 
C*-algebra, which seemed not to be the case for bosons. 

Consider the C*-algebra CAR” (Z), where Z is equipped with the Euclidean 
structure +Re(-|-), as well as the usual charge symmetry. Define the dynamics 
on CAR?” (Z) by setting 


yt (a*(z)) = q* (elt? z), Ze Z. 


It is easy to see that, for any 3 € [—00, co], there exists on CAR” (Z) a unique 
state G-KMS for the dynamics T. It is the gauge-invariant quasi-free state given 
by 


wg (a(z1)a*(z2)) = (a| + e70) tz), 21,22 €Z. 


We can then pass to the GNS representation, obtaining (Hg, mg, Q6), and the 
Liouvillean Lg. 

In the case of 3 = oo (the zero temperature), we obtain, up to unitary equiv- 
alence, Hoo =I's(Z), Too (W(z)) =W(z), Neo =9 and Loo = H. This is the 
quantum system that we started with at the beginning of the subsection. 

In the case —co < 3 < oo (positive temperatures), we obtain the Araki-Wyss 
representation for y = e~%" described in (17.69). 

Note that in the fermionic case the C*-algebraic approach is better justified 
than in the bosonic case. The algebra CAR© (Z) can be viewed as a natural 
algebra to describe observables of a fermionic system. Because of the boundedness 
of fermionic fields, it is more likely that we will be able to define a dynamics on 
this algebra, even in the presence of non-trivial interactions. 
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17.3 Lattices of von Neumann algebras on a Fock space 


Let W be a complex Hilbert space. With every real closed subspace V of W 
we can naturally associate the von Neumann sub-algebra IN(V) of B(I's/,(W)) 
generated by fields based on V. These von Neumann sub-algebras form a complete 
lattice. Properties of this lattice are studied in this section. They have important 
applications in quantum field theory. 

The material of this section is closely related to the Araki-Woods and Araki- 
Wyss representations. In fact, the algebras CCR, and CAR, ; coincide with the 
algebras IN(V) for appropriate real subspaces V inside Z @ Z. 


17.3.1 Pair of subspaces in a Hilbert space 


In this subsection we consider one of the classic problems of the theory of Hilbert 
spaces: how to describe a relative position of two closed subspaces. 

Suppose that y is a real or complex Hilbert space and P, Q are closed sub- 
spaces in V. Let p, resp. q be the orthogonal projections onto P, resp. Q. 


Proposition 17.44 (P N Q) + (PŁN Q+) = Ker(p — q). 
Proof The C part is obvious. 


Let y € Y. If (p — q)y = 0, then y = py + (1 — q)y, where py = qy E P N Q and 
(1— p)y = (1 -— q)y € P+ N Qt. This shows the D part. 


Proposition 17.45 The following conditions are equivalent: 


(1) Ker(p — q) = {0}. 

(2) PAQ =Pt+N Q+ = {0}. 

(3) PAQ = {0} and P+ Q is dense in Y. 

Proof The equivalence of (1) and (2) follows by Prop. 17.44. 
The equivalence of (2) and (3) follows by 


{10} =(P+9) + =PŁnQ+t. 


Definition 17.46 We say that a pair (P, Q) is in generic position if 
PAQ=P+ŁNQ+=PŁNQ=P+NQ={0}. 


Set m := p + q — 1, n := p — q, which are bounded self-adjoint operators. The 
following relations are immediate: 


2 


n =l- m? 


= p+ q- pq- qp, 
nm =-—mn =qp-— pq, (17.70) 
-I<m<1,-I<n<l. 
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Proposition 17.47 (P,Q) are in generic position iff 
Kerm = Kern = {0}. (17.71) 
If this is the case, we also have 
Ker(m + 1) = {0}, Ker(n+ 1) = {0}. (17.72) 
Proof The following identities follow from Prop. 17.44: 


Kern = Ker pn Ker gq + Ker(1— p) N Ker(1 — q), 
Ker m = Ker pn Ker(1 — q) + Ker(1 — p) N Ker q. 
This yields (17.71). We also obviously have 
Ker(n — 1) = Ker(1— p) N Ker q, Ker(n + 1) = Ker pN Ker(1 — q), 
Ker(m — 1) = Ker(1 — p) N Ker(1 — q), Ker(m + 1) = Ker pn Ker q, 


which proves (17.72). 


The following result is immediate: 
Proposition 17.48 Set 
Y= (PNQ+P1NngQ+PtnQ+Pna'), 
Po :=PNNM, W:=WNN. 
Then the following direct sum decomposition holds: 


YV=PNQSP*NA E PHN PNQ, 
P=PNQ8 {0} e {0} PNQ SP, 
Q=PNQe {0} Ptnge {0} SQ. 


Moreover, the pair (Po, Qo) is in generic position in Yo. 


Theorem 17.49 Let (P, Q) be a pair of subspaces in generic position. Then the 
following is true: 


(1) There exists a unitary (orthogonal in the real case) involution €, a subspace 
Z of Y such that ZŁ = eZ, and a self-adjoint operator x on Z satisfying 


0<x< 41, 
{((1- x)? z ext2) : ze Zh=P, 
{(xtz,<l- tz) : zez}=9. 
(2) Set p := x(1—2y)7!. Then 
p>0, 
{ (+ pz, ep2) z € Domp? } = 
{(pt2,e(U+ p)tz) : z€ Domp? } 
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Proof We introduce the polar decompositions of n and m: 
n = |nle=eln], m= kim] = |mIk. 


Clearly, e, x are unitary/orthogonal operators satisfying e? = k? = 1. Moreover, 
using (17.70) we obtain 


KE = —EK, EM=—ME, KN=—NK. (17.73) 
Set 
Z := Ker(« — 1) = Ran Iho 1 [(m). 
We have 
eZ = Ker(« + 1) = Ran l-1 oi (m), 
hence eZ = ZŁ. 


Let Iz be the orthogonal projection from Y onto Z. Clearly, 
Iz = ljo 1m), elze =1- Iz = lj- om). 


We claim that P is the closure of pZ. Indeed, P is closed and contains pZ. 
Let y € PN (pZ)+. Then 


0 = (ylplzy) = (y|lzy) = ||lzyll", 
hence y € ZŁ. Therefore, using q = m + l — p, we obtain 
(ylay) = (ylmy) < 0. 


Hence, qy = 0, and so y € Q+. Remember that y € P, hence, by the generic 
position, y = 0. 
Set x := 4 l2(1 — m). Clearly, 0 < x < $1. Using p = ™+2*", we obtain 


m+1 e|n| 
Iz = Te" 
Plz 5) Z 5) Z 
m+1 e(l- m2)? 
JA 2 a 
i: L 
= ((1—x) +ex?(-)?) Iz. 
Thus 
1 1 1 
pose (a- x)? + ex?) (I— x)? 2. (17.74) 


The operator 


(1— x)? Iz + ex? Iz 
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is an isometry from Z into Y. Therefore, 
(a-x? + ex?) 2 (17.75) 


is closed. (1 — x)? Z is dense in Z. Therefore, (17.75) is the closure of (17.74). 
We proved that P is the closure of pZ. Hence, (17.75) equals P. This completes 
the proof of the first identity of (1). 
To prove (2), we note that every z € Z can be written as 


z=(1+ 2p)? 2, z € Domp?. 
We then have 


(1-x)?z + ex? z = (1+ p) z2 tepta, 
xy7z+e(l-x%)7z = pza +e(l+ p)? A, 


which immediately implies (2). 


17.3.2 Real subspaces in a Hilbert space 


This subsection is devoted to another classic problem, closely related to the 
previous subsection: how to describe the position of a closed real subspace in a 
complex Hilbert space. This analysis will then be used in both the bosonic and 
the fermionic case. 

Let (W, (-|-)) be a complex Hilbert space. Then (Wg, Re(-|:)) is a real Hilbert 
space and (Wp, Im(-|-)) is a symplectic space. Clearly, if V C W is a real vector 
space, V N iV and V + iV are complex vector spaces. 


Definition 17.50 IfU C W, then we have three kinds of complements of U: 


Ut :={wew : (vw) =0, veU}, 
UPP := {wEW : Re(vjw)=0, v EU}, 
weer = {w EW : Im(v|w) =0, v€ us = (iU )P™P., 
U+, UPP, resp. UP? will be called the complex orthogonal, the real orthogonal, 
resp. the symplectic complement of U. 


Clearly, UPP and il/P°'P are closed real vector subspaces of W. If V is a 
complex vector subspace, then VPeP = ¡yP = Yt, 

Let V be a closed real subspace of W. Let us remark that (iV)P°™P = i(V)PerP. 
Moreover, i(iVP“P)P%P = V, 


Definition 17.51 We will say that V C W is in generic position if 


Viv =Vnive? = {0}. 
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Proposition 17.52 The following conditions are equivalent: 


(1) V is in generic position. 
(2) (V,iV) is in generic position in Wr. 
(3) (V,iVP®P) is in generic position in Wr. 


The following result is an analog of Prop. 17.48: 
Proposition 17.53 Let V be a closed real subspace of W. Set 
Wi := VNiverP + (iV A YPP), Vi r= Vivre, 
W, := VN iY, W_ a A iYPerP , 
Wo := (Wi +W_+W,)t, Vo := V N Wo. 
Then the following is true: 


(1) W_, W}, Wo, W: are closed complex subspaces of W. 
(2) The following direct sum decompositions hold: 


W = Wi BW, B W- BW, 
yV = V W, {0} BW, 
ipype = y, {0} e W- a iY, 


where VY? is the real orthogonal of Vo inside Wo. 


(3) W AOV =W, NiP = VY, =iVP™P, where VPP is the real orthogonal 
complement of V, inside W,. 

(4) Wan VWs, Wy ni = {0}. 

(5) W.nv={ol, w niee =w, 

(6) WAV =V, Wonivrete = iYV}™®P. Moreover, Vo is in generic position 
in Wo. 


In other words, given a closed real subspace V C W, one can decompose W 
into four complex subspaces such that V decomposes into subspaces which are 
respectively complex, in generic position, Lagrangian and zero. 

We can define the operators m, n for the pair of subspaces V, V?°'P, as in the 
previous subsection. They are self-adjoint in the sense of the real Hilbert space 
We. m is linear, whereas n is anti-linear on W. Therefore, « is unitary and e€ is 
anti-unitary. We can use el z as the (external) conjugation and identify eZ with 
Z. This gives a unitary identification 


Wr ZOzZ. 
Note that 
€(21, 22) = (22,21) 


and eV = iyP"?, 
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Now Thm. 17.49 (1) can be reformulated in the following way, which is adapted 
to the Araki-Wyss representation: 


{(a- x)? 2, X72) : ZE z\ = V, 
{ (xtz, (1- x)*2) : z€ z\ = ipPerP, (17.76) 


Thm. 17.49 (2) can be reformulated as follows, which is adapted to the Araki- 
Woods representation: 


{ (1+ 9) 2,5*2) : z € Domp? } =, 
{ (0*2, (1+p)*3) : z€ Domp? } = jyPerr (17.77) 
In the following proposition, which follows immediately from (17.76) and 
(17.77), for typographical reasons we will write rz for Z, where z € Z. We con- 


sider W as a Kähler space with the Euclidean, resp. symplectic form given by 
Re(-|-), resp. Im(-|-). It is equipped with an anti-involution and conjugation 


. {il 0 ee 0 r! 

TEO E A e Pos 
We also have the operators x and p on Z. Recall that the notion of a j-positive 
orthogonal transformation was defined in Def. 16.8. 


Proposition 17.54 Let V be a closed real vector subspace of a complex Hilbert 


space W in generic position. 
(1) Define the operator ra on W by 
(E e 
Ta = rai: ee : 
-Xr UX)? 


Then ra is a j-positive orthogonal transformation on W commuting with e, 
and Tg =V 
(2) Define the operator r : Dom( p7)  Dom(p?) + W by 


(+o)? prr 
per (+p)? 


rs = 


Then rs is a positive symplectic transformation on W commuting with €, and 
rsDom(p?) = V. 


Note that the transformations rs, resp. ra yield the Bogoliubov rotations imple- 
mented by the operators (17.27) and (17.59), which were used in Subsect. 17.1.4, 
resp. 17.2.4 to introduce the Araki-Woods, resp. Araki-Wyss representations. 
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17.3.3 Complete lattices 


In this subsection we recall some definitions about abstract lattices. They provide 
a convenient language that can be used to express some properties of a class of 
von Neumann algebras acting on a Fock space. 


Definition 17.55 Let (X,<) be an ordered set. Let {x; : i € I} be a non-empty 
subset of X. One says that u € X is a largest minorant of {x; : i € I} if 


(1) i € I implies u < aj, 
(2) v < xi for alli € I implies v < u. 


If{x; : i€ I} has a largest minorant, then it is unique. The largest minorant 
of a set{x; : i € I} is usually denoted by A Ti. 
iE 
We define similarly the smallest majorant of {xi : i € I}, which is usually 
denoted by ne Ti. 
te 


One says that (X,<) is a complete lattice if every non-empty subset of X 
has the largest minorant and the smallest majorant. It is then equipped with the 
operations ^ and V. 


Definition 17.56 One says that the complete lattice (X,<) is complemented if 
it is equipped with a map X > x> ~z E€ X such that 


(1) ~(~2) =z, 
(2) xı < z2 implies wz <~a1, 
(3) YAN Y= NV ~ Xj. 
ie€l i€l 
The operation ~ will be called a complementation. 


Let us give some examples of complemented lattices that will be useful in the 
sequel. 


Example 17.57 (1) Let W be a topological vector space. Then the set 
Subsp(W) of closed vector subspaces of W equipped with the order C is a 
complete lattice with 


AV= ONVi, VY= ( DF, vi) 

tel tel iel iel 

(2) If W is a (real or complex) Hilbert space, then the map V = V+ is a com- 
plementation on (Subsp(W), C). 

(3) If W is a complex Hilbert space, then (Subsp(Wa), C) denotes the lattice of 
closed real subspaces of W. Then V +> VP*P and V +> iVP*P are complemen- 
tations on this lattice. 

(4) Now let H be a Hilbert space and vN(H) be the set of von Neumann algebras 
in B(H) equipped with the order C. Then (vN(H),C) is also a complete 
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lattice with 


1 


AM, = N Wy, V M; = ( U M) l 
ie. ie. icl iel 


The map M+ W is a complementation on (vN(H), C). 


17.3.4 Lattice of von Neumann algebras on a bosonic Fock space 


Let W be a complex Hilbert space. We identify W with Re(W ẹ W) using w > 
(w, T); see (1.29). Consider the Hilbert space [,(W) and the corresponding 
Fock representation W 3 w+ W(w) € U (T,(W)). 

Definition 17.58 For a real subspace V C W, we define the von Neumann 
algebra 


M,(V) := {W(w) : we V}” c B(T.(W)). 


Using von Neumann’s density theorem and the fact that W € wr W (w) is 
strongly continuous (see Thm. 9.5), we see that M, (V) = M, (V°). Therefore, in 
the sequel it suffices to consider closed real subspaces of W. 


Theorem 17.59 (1) M. (V1) = M. (V2) if Vi = Vo; 
(2 ) Vi C Və implies M.(V1) Ee M (V2); 
(3) Ms(W) = B(Ts(W)) and M,({0}) = 
(4) Ms(VierVi) = Vier Ms (Vi); 
(5) Ms (Nervi a = Nier Ms (Vi); 
(6) M (VY = MVP"); 
(7) M. (V) is a factor iff Vive"? = {0}. 
Proof To prove (1), let Vj, V2 be two distinct closed subspaces. We may assume 
that V2 É Vi, and hence iV?"P g iV}. For w € iVP™P\i VP, we have W (w) € 
M (Vi) \ Ms (V2)’. This implies that M, (V1 Y # M, (V2)', which proves (1). 

(2) and (3) are immediate, as are the D part of (4) and the C part of (5). The 
C part of (4) follows again from the strong continuity of w+ W (w). If we know 
(6), then the D part of (5) follows from the C part of (4). (7) follows from (1), 
(5) and (6). 

Thus it remains to prove (6). Assume first that V is in generic position in W. 
Then, using Thm. 17.49 and identifying «Z with Z, we obtain a decomposition 
W = Z @Z and a positive operator p on Z such that 


{((1+ p)F2 Diz z) : zeZh=y. 


This implies that M, (V) is the left Araki-Woods algebra CCR, 1. By Thm. 17.24, 
we know that the commutant of CCR, is CCR}, r. But, again by Thm. 17.49, 


{ (pt 2+ (1+7)?2) : z€ z) = iVP%P, 
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Therefore, CCR, coincides with 9,(iV?"?). This ends the proof of (6), if V is 
in generic position. 
For an arbitrary real subspace V, we write as in Prop. 17.53: 


W=W,86W OW, B W, 
V = W; ON $ V1 6 {0}, 
iver? = {0} pi VP OV a W, 


where Vo is in generic position and Wı = Cy). Using the exponential law, we 
have the unitary identifications 


B(Ts(W)) = B(TsW+)) 8 B(T, w0)) 9 B(Ts(w1)) 8 B(Ts(w-)), 
M, (V) ~ B(Ts(W+)) 8 M (Vo) 9 M (Vi) 8 1, 
M, (IVPP) ~ 18 M (VP?) @ M (V1) ® B(Ps(W_)). 


Since Vo is in generic position in Wo, Ms (Voy = M, (iV}P). Since Wı = CV, 
using the real-wave representation of Sect. 9.3, we see that M (V1) = M. (V1). 
Therefore, M. (VY = M, (IVPP), which completes the proof (6). 


We can interpret Thm. 17.59 as the fact that the map V+> M, (V) is an order 
preserving isomorphism between the complete lattice of closed real subspaces 
of W and the complete lattice of von Neumann algebras M, (V) C B(T, (W)), 
preserving the operations A, V, and the complementations given respectively by 
the symplectic complement and the commutant. 


17.3.5 Lattice of von Neumann algebras on a fermionic Fock space 


In this subsection we consider the fermionic analog of Thm. 17.59. Again let 
W be a complex Hilbert space, and let us identify W with Re(W 6 W) using 
w |> (w, W); see (1.29). Consider the Hilbert space ra (W) and the corresponding 
Fock representation W 3 w > $(w) € Bn (Ta(W)). 


Definition 17.60 For a real subspace V C W, we define the von Neumann 
algebra 


Ma(V) = {d(w) : w E€ V} c B(Ta(wW)). 


As usual, set A = Deane, 

Note first that, by the norm continuity of W 35 wt ¢(w), we have Mt,(V) = 
gm, (V"!). Therefore, in the sequel it suffices to consider closed real subspaces of 
W. 


Theorem 17.61 (1) Wa (Vi) = Ma (V2) if Vi = Və, 
(2) Vi C Vo implies Ma (V1) C Ma (V2), 

(3) Ma (W) = B(Ts(W)) and Ma ({0}) = C1, 

(4) Ma(VierVi) = Viera (Vi), 
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(5) Ma(MierVi) = Mer Ma(Vi), 
(6) Ma (VY = AM, (IVP°P)A. 


The proof of Thm. 17.61 is very similar to the proof of Thm. 17.59. The 
main additional difficulty is the behavior of the fermionic fields under the tensor 
product, which is studied in the following theorem. 


Theorem 17.62 Let W;, i = 1,2, be two Hilbert spaces and W = Wi © Wa. Let 
us unitarily identify Ta(W) with TaQW1) @Ta(W2) by the exponential law (see 
Subsect. 3.3.7). Let Vi C W; be closed real subspaces. Then 


Ma (Vi B V2) ~ (Mai )@I+(—1) 2%? 19M, (Vo)(—1)" 8M2)”; (17.78) 
Ma(Vi S {0}) > Ma (Yı) @ 1; ( ) 
Ma (Wi @ V2) ~ B(Ta(W1)) 8 Ma (V2); (17.80) 

(17.81) 
( ) 


AM (Vi B W2)A ~ Ay MLV )Ar ® B(T.(W2)); 
AM, ({O} BV2)A + 18 AM, (V2) Ao. 


Proof Clearly, for vı € Vy, 
ov, 0) = (v1) 8 1. 
Therefore, (17.79) holds. By Thm. 3.56, for v2 € V2, we have 
(0, v2) = (-1)"" 8 glv) = (-1)™9™ 1@ pu) (n. 
Therefore, 
Ma ({O} @ V2) ~ (1) 8™ 1 @ Ma (V2)(—1)0 8M, (17.83) 

Now (17.79) and (17.83) imply (17.78), which implies 

Ma (Vi 8 W2) = (1) 8 M, (V1) ® B (Ta V2) (—1) 8., (17.84) 


Noting that A ~ (—1)" 8M2 A; Q Ag, (17.83) implies (17.82), and (17.84) implies 
(17.81). 


Proof of Thm. 17.61. To prove (1), let Vi, Vz be two distinct closed subspaces. 
We may assume that Vs É Vi, and hence iVP"? g iVP*?. For w e i VP PVP, 
using (3.30), we have A@(w)A E€ M, (V1)/\M~a(V2)’. This implies that M, (Vı V 4 
Mt (V2)', which implies (1). (2) and (3) are immediate. The proof of (4), (5) are 
similar to the bosonic case, given (6). 

It remains to prove (6). Assume first that V is in generic position in W. By 
Prop. 17.53, we can write 


W = Wo 8 W, 


V = V @ V, 
iyPeP = ivy @ V, 
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where Vo is in generic position in Wọ and iV?"? = CV,, where the orthogonal 
complement is taken inside W. Again using Thm. 17.49, we obtain a decompo- 
sition Wy = Z @ Z together with a self-adjoint operator 0 < x < 51 such that 
Ker x = Ker(x — 41) = {0} and 

{(l—x)?z+x?z : zEZ}ONU =V, 

{yiz+(1-x)?zZ : ze Z}OV, =YP”, 


Then we are in the framework of Thm. 17.42, which implies that 2,(V)! = 
AMM, (VPP )A. 
For an arbitrary V, we write 


W = W, B Wo OW, B W, 
V = W; OW @ V, @ {0}, 
jpper — {0} ray i(Vo ram) y,)perP a) W_, 


where Vo, Vı are as above. Using Thm. 17.62, we have the unitary identifications 
B(Ta(W)) = B(Pa(W4)) @ B (Ta (Wo  CY1)) @ B(Pa(W)), 
Ma (V) x B(Ta(W+)) & Ma (Vo p vı) & I. 


Let Noi, resp. No1— be the number operator on T,(Wo © W1), resp Ta(Wo @ 
Wi p W_). We define Aoi, resp. Api— in the obvious way. The commutant of 
M,(V) is 


Ma (V) = 1@ Ma (Vo $ Vi)’ @ B(Pa(W-)) 
= 18 AM (i(Vo BVi)P"?)Aor 8 B(Ta(W-)) 
~ 18 Agi_Ma(i(Vo $ Vi & {0}P®P)Ao- 
= AM, (iVP®P)A, 


again using Thm. 17.62. 


17.3.6 Even fermionic von Neumann algebras 
We continue within the framework of the previous subsection. 
Definition 17.63 For a real subspace V of W, we introduce the even part of the 
fermionic von Neumann algebra Ma (V): 


Ma o(V) := {A E Ma (V) : IAI = A} = Ma (V) NU}. 


Recall that we described the commutant of Ma (V) in terms of the symplectic 
complement: Ma (VY = AM, (IVP®P)A. If we are interested just in the even part 
of the commutant, the role of the symplectic complement can be to some extent 
taken by the real orthogonal complement: 


Proposition 17.64 We have Wa (V) N {IY = Ma o (VPP). 
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Proof Write 
MVY {I} = AM VANE 
= A(M, GVP) A {IF)A = AM, o (iV?®P)A. 


Every element of Ma o(iVP®P) is the strong limit of even polynomials in ¢(v), 
where v € iVP"P. Since 


Ag(iviJliv2)A = O(v1)O(v2), v, v2 EV, 


we have 


ADMa o (VPP JA = Ma o (VPP). 


17.4 Notes 


In the physics literature, quasi-free states go back to the early days of quantum 
theory. The Planck law and the Fermi-Dirac distribution belong to the oldest 
formulas of quantum physics — in the terminology of this chapter they describe 
the density of a thermal state for the free Bose, resp. Fermi gas. 

In the mathematical literature, quasi-free states were first identified by Robin- 
son (1965) and Shale-Stinespring (1964). Quasi-free representations were exten- 
sively studied, especially by Araki (1964, 1970, 1971), Araki-Shiraishi (1971), 
Araki-Yamagami (1982), Powers—Stoermer (1970) and van Daele (1971). Appli- 
cations of quasi-free states to quantum field theory on curved space-times were 
studied in Kay—Wald (1991), where a result essentially equivalent to Thm. 17.12 
was proven. 

Araki—Woods representations first appeared in Araki-Woods (1963). Araki- 
Wyss representations go back to Araki-Wyss (1964). 

It is instructive to use the Araki-Woods and Araki—Wyss representations as 
illustrations for the Tomita—Takesaki theory and for the so-called standard form 
of a W*-algebra as in Haagerup (1975); see also Araki (1970), Connes (1974), 
Bratteli-Robinson (1987), Stratila (1981) and Dereziriski-Jaksi¢—Pillet (2003). 
They are quite often used in recent works on quantum statistical physics; see 
e.g. Jaksi¢—Pillet (2002) and Derezitiski-Jaksi¢ (2003). 

The relative position of two subspaces in a Hilbert space was first investigated 
by Dixmier (1948) and Halmos (1969). The study of a position of a real subspace 
in a complex Hilbert space is an important ingredient of the version of the 
Tomita—Takesaki theory presented by Rieffel-van Daele (1977). 

The theorem about the lattice of real subspaces of a Hilbert space and the 
corresponding von Neumann algebras on a bosonic Fock space were first proven 
by Araki (1963); see also Eckmann—Osterwalder (1973). The analogous theorem 
about von Neumann algebras on a fermionic Fock space was apparently first 
given in a review article by Dereziriski (2006). 
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Most of the chapter closely follows Dereziriski (2006). The proof of the facto- 
riality of algebras CAR, is due to Araki (1970). 

The use of Araki-Woods and Araki—Wyss representations in the description 
of quantum systems at positive temperatures was advocated in papers of Jakšić- 
Pillet (1996, 2002); see also Dereziriski-Jaksié (2001). 
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Dynamics of quantum fields 


In this chapter we describe how to quantize linear classical dynamics. The 
starting point will be a dual phase space Y equipped with a dynamics — a 
one-parameter group of linear transformations {r;}:eR preserving the structure 
of V. 

The most typical examples of Y are the space of solutions of the Klein—Gordon 
equation and of the Dirac equation, possibly on a curved space-time and in the 
presence of external potentials. We can also consider other systems, not neces- 
sarily relativistic, e.g. motivated by condensed-matter physics. 

We describe how to quantize (y, {riher) obtaining a model of non-interacting 
quantum field theory. We demand that quantum fields are represented on a 
Hilbert space and that the dynamics is implemented by a unitary group gen- 
erated by a positive Hamiltonian. In all the cases we consider, the first step of 
quantization is the construction of the so-called one-particle space Z, equipped 
with a dynamics generated by a positive one-particle Hamiltonian h. Then we 
apply the usual procedure of the second quantization to obtain the Fock space 
over Z equipped with the dynamics given by the second quantization of e”. 

The positivity of the Hamiltonian of the quantum system means that we are 
at the zero temperature. We will also consider briefly the case of positive temper- 
atures, which involves the construction of a state satisfying the KMS condition. 

The abstract procedure outlined above is used in concrete situations in quan- 
tum field theory to construct free (i.e. non-interacting) quantum fields and many- 
body quantum systems. In this chapter we will not discuss the construction of 
interacting quantum fields, which is much more difficult. In the physical liter- 
ature, one usually tries to construct interacting fields by perturbing free ones, 
which is one of the reasons for the importance of free fields. We will describe 
the diagrammatic aspects of the formal perturbation theory in Chap. 20. Some 
mathematical tools involved in the rigorous construction of interacting fields are 
described in Chap. 21 and will be applied to bosonic models in two space-time 
dimensions in Chap. 22. 

The space Y will always have an additional structure preserved by the dynam- 
ics. We distinguish four kinds of such structures leading to four kinds of quanti- 
zation formalisms: 


(1) Neutral bosonic systems. The space y} is symplectic. This formalism is 
used e.g. for real solutions of the Klein—Gordon equation. 
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(2) Neutral fermionic systems. The space YV is Euclidean. This formalism 
can be used e.g. for Majorana spinors satisfying the Dirac equation. 

(3) Charged bosonic systems. The space y is charged symplectic (equipped 
with a non-degenerate anti-Hermitian form). This formalism is used e.g. for 
complex solutions of the Klein—Gordon equation. 

(4) Charged fermionic systems. The space y is unitary. This formalism is 
used e.g. for Dirac spinors satisfying the Dirac equation. 


Remark 18.1 In the most common physics applications we encounter the neu- 
tral bosonic formalism (e.g. for photons) and the charged fermionic formalism 
(e.g. for electrons). Charged bosons are also quite common, e.g. charged pions 
or gluons in the standard model. On the other hand, until recently, the neutral 
fermionic formalism had mostly theoretical interest. However, in the modern ver- 
sion of the standard model involving massive neutrinos, Majorana spinors can 
be useful. 


Remark 18.2 To avoid possible confusion, let us discuss the distinction between 
the notion of a “phase space” and of a “dual phase space”. 

Possible states of a classical system are described by elements (points) of a 
set V, called a phase space. V is typically a manifold, often equipped with an 
additional structure, e.g. it is a symplectic manifold. The time evolution of a 
classical system is given by a one-parameter group {r;}icr of isomorphisms of 
VY. Classical observables are described by (real- or complex-valued) functions 
on V. 

If V is in addition a vector space, we have in particular linear (i.e. “coordi- 
nate”) functions V3 vmv- y ER labeled y E€ V* =: VY. We will say that Y is 
the dual phase space. After the bosonic resp. fermionic quantization, we obtain 
a family of quantum observables o(y), y E€ Y, which are operators satisfying the 
CCR, resp. the CAR and are called the bosonic, resp. fermionic fields. They are 
labeled by elements of the dual phase space. 

As we see from this discussion, in the quantum case it is the dual Y of the 
phase space that has a more fundamental role than the phase space V itself. 
Therefore, in our work the starting point is typically Y. 

The distinction between the phase space and its dual is rather academic in the 
fermionic case, where they can be naturally identified using the scalar product. 
In the bosonic case, if the space V is symplectic (the form w is non-degenerate), 
one can identify the phase space and its dual with help of this form. 

The Hamiltonian, which generates a symplectic dynamics, is traditionally 
defined as a function on the phase space. If the phase space is symplectic we 
can transport the Hamiltonian by w from V to Y, so that it becomes a function 
on Y. In this chapter, in the bosonic case the phase space will be always sym- 
plectic and we will treat Hamiltonians as functions on the dual phase space, as 
explained above. 
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One can distinguish three stages of quantization. 


(1) Classical system. We consider one of the four kinds of the dual phase space 
V, together with a one-parameter group of its automorphisms, R 3 t > rT, 
which we view as a classical dynamics. 

(2) Algebraic quantization. We choose an appropriate *-algebra 2, together 
with a one-parameter group of *-automorphisms R 5 t > f+. The algebra 2 is 
sometimes called the field algebra of the quantum system. The commutation, 
resp. anti-commutation relations satisfied by the appropriate distinguished 
elements of 2 are governed by the (charged) symplectic form, resp. the scalar 
product on the dual phase space. {7;}:¢R describes the quantum dynamics 
in the Heisenberg picture. The algebra 2 contains operators that are useful 
in the theoretical description of the system. However, we do not assume that 
all of its elements are physically observable, even in principle. Therefore, we 
also distinguish the algebra of observables. It is a certain *-sub-algebra of 2, 
invariant with respect to the dynamics, which consists of operators whose 
measurement is theoretically possible. 

(3) Hilbert space quantization. We represent the algebra 2% on a certain 
Hilbert space H. Typically, the representation of the algebra 2 is faithful, so 
that we can write A C B(H). We demand that the dynamics is implemented 
by a one-parameter unitary group on H. In the case of a zero temperature, 
we want this unitary group to be generated by a positive operator H, called 
the Hamiltonian, so that 


i (A) =e" Ag. (18.1) 


In the case of a positive temperature, the space H should contain a cyclic vec- 
tor satisfying the KMS condition with respect to the dynamics. Its generator 
is called the Liouvillean and denoted L. 


Note that, among the three stages of quantization described above, the most 
important are the first and the third. The second stage — the algebraic quanti- 
zation — can be skipped altogether. In the usual presentation, typical for physics 
textbooks, it is limited to a formal level — one says that “commuting classi- 
cal observables” are replaced by “non-commuting quantum observables” sat- 
isfying the appropriate commutation, resp. anti-commutation relations. In our 
presentation we have tried to interpret this statement in terms of well-defined 
C*-algebras. This is quite easy in the case of fermions. Unfortunately, in the case 
of bosons it leads to certain technical difficulties related to the unboundedness of 
bosonic fields, and involves a considerable amount of arbitrariness in the choice 
of a C*-algebra describing bosonic observables. To some extent, the algebraic 
quantization is merely an exercise of academic interest. Nevertheless, in some 
situations it sheds light on some conceptual aspects of quantum theory. 

One of the confusing conceptual points that we believe our abstract approach 
can explain is the difference between the dual phase space and the one-particle 
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space. Throughout our work, the former is typically denoted by y and the lat- 
ter by Z. These two spaces are often identified. They have, however, different 
physical meanings and are equipped with different algebraic structures. 

We also discuss abstract properties of two commonly used discrete symmetries 
of quantum systems: the time reversal and the charge reversals. Their properties 
can be quite confusing. We believe that the precise language of linear algebra 
is particularly adapted to explain their properties. Note, for instance, that the 
charge reversal is anti-linear with respect to the complex structure on the phase 
space and linear with respect to the complex structure on the one-particle space. 
On the other hand, the (Wigner) time reversal is anti-linear with respect to both. 

We will always assume that the time and charge reversals are involutions on 
the observables. Only in the neutral bosonic case do they need to be involutive on 
the fields as well. In the other three cases observables are even in fields; therefore 
the time and charge reversals can be anti-involutive. 

The first two sections of this chapter present the quantization in an abstract 
way. In the next two sections, we specify it a little more, considering what we call 
abstract Klein—Gordon and abstract Dirac dynamics. This presentation allows us 
to isolate the main features of various constructions used in quantum field theory 
and many-body quantum physics. 

Throughout the chapter, t is the generic name of a real variable denoting the 
time. 


18.1 Neutral systems 


This section is devoted to the neutral bosonic and fermionic formalism of quan- 
tization. 

In the neutral formalism the vector space Y is real and is equipped with 
a symplectic form w in the bosonic case, resp. with a positive definite scalar 
product v in the fermionic case. The dynamics describing the time evolution is 
a one-parameter group {7;}:eR with values in S'p(V), resp. O(Y). The problem 
addressed in this section is to find a CCR, resp. CAR representation Y 3 y > 
#(y) on a Hilbert space H and a self-adjoint operator H on H such that e*# 
implements r;. In the case of a zero temperature, usually one demands that the 
Hamiltonian H is positive. 

We will do this by finding a Kahler anti-involution that commutes with the 
dynamics, and thus leads to a Fock representation in which the dynamics is 
implementable. 

It turns out that this is easy in the fermionic case. The bosonic case is more 
technical. In particular, one needs to assume that the dynamics is stable, which 
roughly means that the classical Hamiltonian is positive. 

One often assumes that the dynamics {r;}:er is a part of a larger group 
of symmetries G. In other words, our starting point is a homomorphism of a 
group G into Sp(V), resp. O(Y). One often asks whether the action of G can be 
implemented in the Hilbert space H by unitary operators. 
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A different kind of a symmetry is the time reversal. After quantization, the 
time reversal is implemented by an anti-unitary operator. 

Recall that if a is an operator on a real space Y, then ac, resp. ag denotes its 
linear, resp. anti-linear extension to Cy. 


18.1.1 Neutral bosonic systems 


Let (Y,w) be a symplectic space. Let R > t> r € Sp(V) be a one-parameter 
group. 


Algebraic quantization of a symplectic dynamics 


It is easy to describe the quantum counterpart of the above classical dynamical 
system. We take one of the CCR algebras over (V, w), say CCRW®(Y), and 
equip it with the group of Bogoliubov automorphisms {7;}:eR, defined by 


*(Wiy)) =W(riy), yey. 


Stable symplectic dynamics 

Typical symplectic dynamics that appear in physics have positive Hamilton- 
ians. We will call such dynamics stable. We will see that (under some technical 
conditions) a stable dynamics leads to a uniquely defined Fock representation. 

It is easy to make the concept of stability precise if dim Y < oo. In this case 
V has a natural topology. Of course, we assume that the dynamics tr r, is 
continuous. Let a be its generator, so that r, =e’. Clearly, the form 8 defined 
by 


yi Py. = yr-way, yi,y2 E Y, (18.2) 
is symmetric. 


Definition 18.3 We say that the group t œ r; E€ Sp(Y) is stable if B is positive 
definite. 


The definition of a stable dynamics in the case of infinite dimensions is more 
complicated, because we need to equip (Y,w) with a topology. There are various 
possibilities for doing this; let us consider the simplest one. 


Definition 18.4 We say that (Y,w, 8, {ri}ter) is a weakly stable dynamics if 
the following conditions are true: 


(1) 8 is a positive definite symmetric form. We equip Y with the norm |\yllen := 
(y: By)?. We denote by Yen the completion of Y w.r.t. this norm. 

(2) Rater, € Sp(yV) is a strongly continuous group of bounded operators. 
Thus, we can extend r; to a strongly continuous group on Yen and define 
its generator a, so that r, = es, 


(3) Kera = {0}, or equivalently, (| Ker(r; — 1) = {0}. 
tER 
(4) Y C Doma and yı- Byz = yi-wayr, Yi, y2 E V. 
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If, in addition, w is bounded for the topology given by B, so that it can be 
extended to the whole Yen, we will say that the dynamics is strongly stable. In 
this case (Ven, w) is a symplectic space. 


Note that 6 has two roles: it endows Y with a topology and it is the 
Hamiltonian for r;. 


Theorem 18.5 Let (Y,w, B, {ri}ier) be a weakly stable dynamics. Then 


(1) r, are orthogonal transformations on the real Hilbert space Ven. 
(2) a is anti-self-adjoint and Ker a = {0}. 
(3) The polar decomposition 


a =: |alj = jla| 


defines a Kahler anti-involution j and a self-adjoint operator |a| > 0 on Ven. 
(4) The dynamics is strongly stable iff |a| > C for some C > 0. 


Recall that, given an operator |a| > 0 on Yen, we can define a scale of Hilbert 
spaces |a| V.n (see Subsect. 2.3.4). Then r; and j are bounded on Ven N Jal Yen 
for the norm of |a| Yen. Let r, and js denote their extensions. Similarly, a and 
|a| are closable on Ven N la| Ven for the norm ja| Ven. Let as, |a|, denote their 
closures. Clearly, for any s, a, = |a|,j; = js|a|, is the polar decomposition, js is an 
orthogonal anti-involution and rs = es is an orthogonal one-parameter group. 

Let -, denote the natural scalar product on |a| Ven. Let us express the scalar 
product and the symplectic form in terms of (3: 


yı s Yo = y play = (la| y) Buz, (18.3) 
ywy = y: baty = (a'y) Byz. 


Note that the symplectic form does not need to be defined everywhere. 


Of particular interest for us is the case s = Ł, for which we introduce the 
notation Vayn := |a| > Ven. In what follows we drop the subscript s = t from rs 4, 


js, *s, @ and |al,. 
Proposition 18.6 Yayn equipped with (-,w,j) is a complete Kahler space. 


Proof Setting s = } in (18.3), we obtain 


yy = y Bla| ty = y wala ty = yr-wjye. 


Fock quantization of symplectic dynamics 
Until the end of this subsection we drop the subscript dyn from YVYayn. Let Z be 
the holomorphic subspace of CY for the Kähler anti-involution j constructed in 
Thm. 18.5. 
Clearly, |a| commutes with j, hence its complexification |a|c preserves Z. We 


set h := Jaje 


e Note that h > 0 and ac =i l A , if we use the identification 


0 —h 
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CY = Z © Z. Likewise, (r;)c = (e4i!"!)c preserves Z, and we have 
(ri)cle = eth 


For y € yV, define the field operators 
ef La l l—ij 
p(y) =a 5 v) -a( 5 v): 


YV >y 0) e U(T(Z)) (18.4) 


Then, 


is a Fock CCR representation. Introduce the positive operator H := dI'(h) on 
T;(Z). We have 


eH (yje = e(r). (18.5) 


Definition 18.7 (18.4) is called the positive energy Fock quantization of the 
weakly stable dynamics {r;}:er. For any y € V, the corresponding time t phase 
space field is defined as 


pily) := (ry). 


Quantizing symplectic dynamics with the (classical) Hamiltonian that is not 
bounded below is in general more difficult. Even if it is possible, the corres- 
ponding quantum Hamiltonian will not be bounded from below. There are some 
situations in physics when non-positive Hamiltonians arise. An example of such 
situations is the Klein—Gordon field in the space-time describing a rotating black 
hole, where the phenomenon of super-radiance appears; see Gibbons (1975). 


Criterion for a weakly stable symplectic dynamics 


In practice, our starting point for quantization of a symplectic dynamics can 
be somewhat different from that described in Def. 18.4. In this subsection we 
describe a more general framework that leads to a stable dynamics. 

Suppose that the symplectic space Y is equipped with a Hilbertian topology 
given by a norm ||- || such that the symplectic form w is bounded. Let {ri}ier 
be a strongly continuous symplectic dynamics. Again, we denote its generator 
by a, so that r; = e°. It is easy to see that 


yı way, = —(ayi)-wy2, yi, y2 E Doma. 
Hence, 


Yı PY. = yı ways, Y1, Y2 E Doma. 


defines a symmetric quadratic form. Let us assume that there exists c > 0 such 
that 


y- By > ellyll, y € Doma. (18.6) 
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Lemma 18.8 Consider the Hilbert space Ven obtained by completing Doma in 
the norm |lyllen = (y: By)?. Then Ven can be viewed as a dense subspace of Y. 
Moreover, r, preserves Ven and is a strongly continuous isometric group on Voy. 


Proof (18.6) guarantees that Ven can be considered as a subspace of YV. 
Let y € Doma. Then, 


y By = y-way = (riy) wriay 
= (riy) wariy = (rry) Brey. 


Thus r; is isometric in || - ||en on Doma (and hence on Ven). Moreover, 


(rey — y)-B(rey — y) = (riy — y) wlriay — ay) > 0. 


Thus r; is strongly continuous in ||- ||en on Doma (and hence on Van). 


Let den denote the generator of the dynamics {r; Jer restricted to Yon. Clearly, 
Gen C 4. 
The following theorem is easy: 


Theorem 18.9 Under the assumptions of this subsection, the space Dom aen 
equipped with w, B and {ri }rer restricted to Dom aen satisfy the conditions of a 
weakly stable dynamics of Def. 18.4. 


18.1.2 Neutral fermionic systems 


Let (V, v) be a real Hilbert space. We think of it as the dual phase space of 
a fermionic system. A strongly continuous one-parameter group R > t> r; € 
O(Y) will be called an orthogonal dynamics. We view it as a classical dynamical 
system. 


Algebraic quantization of an orthogonal dynamics 
We choose CAR (V) as the field algebra of our system. It is equipped with the 
one-parameter group of Bogoliubov automorphisms {7; her, defined by 
A (o(y)) = ory), yEy. 
In quantum physics only even fermionic operators are observable. Therefore, 
it is natural to use the even sub-algebra CARẸ (V) as the observable algebra. 


Kahler structure for a non-degenerate orthogonal dynamics 
Let a be the generator of r;, so that r; = e'* and a = —a*. 
Definition 18.10 We say that the dynamics t > r, € O(Y) is non-degenerate 
if 


Ker a = {0}, or equivalently N Ker(r; — 1) = {0}. (18.7) 
teR 
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Theorem 18.11 The polar decomposition 
a =: |alj = jla| 
defines an operator |a| > 0 and a Kahler anti-involution j on YV. 


Fock quantization of orthogonal dynamics 
Let Z be the holomorphic subspace of CY for the Kahler anti-involution j. 


The operator |a| commutes with j. Hence, its complexification |a|c preserves 


h 0 
Z. We set h := lalc|z- Note that h > 0 and ac =i f a Likewise, (r:)c = 
(etilal)c preserves Z, and we have 


(ri)cle = eth 


Consider the Fock representation associated with the Kahler anti-involution j 


yay oy) =a" (Hy) +a (S) em), 088) 


2 2 
and the positive operator H := dT (h) on T,(Z). We have 
e bye" = (rey). (18.9) 


Definition 18.12 (18.8) is called the positive energy Fock quantization of the 
dynamics {r;}:er. For any y € YV, the corresponding time t field is defined as 


pily) := (ry). 


18.1.3 Time reversal in neutral systems 


Let (V, w) be a symplectic space in the bosonic case, or let (V, v) be a real Hilbert 
space in the fermionic case. 


Time reversal and its algebraic quantization 
Definition 18.13 A map T € L(V) is a time reversal if 


(1) T is anti-symplectic and T? = 1 in the bosonic case, 


2 


2) T is orthogonal and T? = 1 or r? = —1 in the fermionic case. 
g 


Let us fix a time reversal 7. Let us quantize 7 on the algebraic level. 
Proposition 18.14 (1) In the bosonic case, there exists a unique anti-linear 
x-homomorphism 7 of the algebra CCRY®! (Y) such that 7(W(y)) := 
W(ry). 7? is the identity. 
(2) In the fermionic case, there exists a unique anti-linear *-homomorphism T 
of the algebra CAR?” (VY) such that 7 ((y)) := (Ty). 7? is the identity on 
CARÇ” (Y) (the even algebra). 


Definition 18.15 7 defined in Prop. 18.14 is called the algebraic time reversal. 


484 Dynamics of quantum fields 


Suppose that {r;}:eR is a dynamics, where r; E€ Sp(¥) in the bosonic case and 
rı € O(Y) in the fermionic case. 


Definition 18.16 We say that the dynamics {r;}1eR is time reversal invariant 
if 
Tr, = T_4T. (18.10) 


Clearly, on the algebraic level (18.10) implies 77#, = *_;7. 


Fock quantization of time reversal 
Let {r:}:er be a time reversal invariant dynamics. In the bosonic case we assume 
that the dynamics is weakly stable; in the fermionic case we assume that it is 
non-degenerate. In both cases we can introduce a, j, h. We have 
Ta=—aT, Tj=-—jT, T\a| = |alr. 
Note that the anti-linear extension of 7, denoted Tg, preserves Z. 
Definition 18.17 We write Tz := Tg Mae 


Clearly, Tz is anti-unitary and Tgh = hrz. Moreover, 


(1) 72 = 1 in the bosonic case, 
(2) 72 = Lor 72 = —1 in the fermionic case. 


Consider the positive energy quantization of the dynamics on the Fock space 
Tsja(Z). 

Definition 18.18 The Fock quantization of time reversal is defined as the anti- 
unitary map T :=T (T2). 


We have THT! = H, Te## T-t = e-*4., T implements 7 and 


Tély)T = o(ty), y €Y. 
Recall that J denotes the parity operator defined in (3.10). We have 


(1) T? = 1 in the bosonic case, 
(2) T? = 1 or T? = I in the fermionic case. 


18.2 Charged systems 
In the charged formalism, the classical system is described by a complex vector 
space y. 

In the bosonic case, it is equipped with an anti-Hermitian form (-|w-) — we say 
that it is a charged symplectic space. The dynamics {r;}:eR describing the time 
evolution is assumed to preserve (-|w-) — we say that r; is charged symplectic. 

In the fermionic case it is equipped with a positive scalar product (-|-). Without 
decreasing the generality we can assume that it is complete — Y is a complex 
Hilbert space. The dynamics {r;}:eR preserves (-|-) — it is unitary. 
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By a positive energy quantization of a charged classical system we mean a 
charged CCR or CAR representation Y 5 y+ w*(y) on a Hilbert space H and 
a positive self-adjoint operator H on H such that e!# 

The complex structure of Y is responsible for the action of a U(1) symmetry 
{el? }oe(0,27]- On the level of the Fock representation it is implemented by 8R, 
where Q is called the charge operator. 

Recall that charged systems can be viewed as special cases of neutral sys- 
tems equipped in addition with a certain symmetry. As discussed in Subsect. 
1.3.11, a homomorphism U(1) 30+ ug € L(Y) on a real space Y is called 
a U(1) symmetry of charge 1 if there exists an anti-involution jen such that 


implements r+. 


ug = cos O11 + sin ĝjen. Assume that it preserves the symplectic, resp. Euclidean 
form w, resp. v, which is equivalent to saying that jen is pseudo-Kähler, resp. 
Kahler. Assume also that the dynamics {r }er commutes with this symmetry, 
which is equivalent to saying that jen commutes with r;. If we equip the space 
with the complex structure given by jen, then the symmetry ug becomes just the 
multiplication by e’®. It is then natural to replace the real bilinear forms w, resp. 
v by the closely related sesquilinear forms (-|w-), resp. (-|-). The invariance of 
the dynamics w.r.t. the charge symmetry is now expressed by the fact that the 
dynamics is complex linear. See Subsects. 8.2.5 and 12.1.7 for further details. 

In this section we describe in abstract terms the charged formalism. At the end 
of the section, we discuss the charge reversal and the time reversal for charged 
systems. 

We will use @ as the generic variable in U(1) = R/27Z. 


18.2.1 Charged bosonic systems 


Let (¥Y,(-|w-)) be a charged symplectic space. Let R > t> r; € ChSp(y) be a 
charged symplectic dynamics. 


Algebraic quantization of a charged symplectic dynamics 


By taking Re(y:|wy2) we can view Yep as a real symplectic space. We choose 
CCR"*® (Ye) as the field algebra of our system. This algebra is generated (in 
the sense described in Subsect. 8.3.4) by the Weyl elements e'?)+i¥"™) y €y, 
satisfying the relations 


el? (yr) +i * (a1) eid (ya) +id (y2) — ep iRe(yi lwyz) gid (yi +y2) tip" (yı ty2) 


We equip CCR* (Ye) with the automorphism groups {eid Joeua) and {7 }ier 
defined by 


eid (ei tiv") = eite y) tiv (ey) 


fi (eit +i") a ett (rey) Hiv" (rey). yEy. 
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For the observable algebra it is natural to choose the so-called gauge-invariant 
regular CCR algebra CCR,;°(Y), which is defined as the set of elements of 


CCR" (Ya) fixed by el”. Note that CCR, (V) is contained in the even alge- 
bra CCR6® (Vr) and is preserved by the dynamics f;. 


Remark 18.19 In this subsection, for the field algebra of our system we have 
preferred to choose CCR (Vg) instead of CCRW®! (Yg). This is motivated 
by the fact that the only element left invariant by the gauge symmetry eid in 
CCRW°!(Yg) is 1, whereas in the case of CCR’? (Ye) we obtain a large gauge- 
invariant algebra. 


Fock quantization of a charged symplectic dynamics 


The concept of stability of dynamics in the charged case is analogous to the 
neutral case. 


Definition 18.20 We say that (¥,(-|w-),(-|G-),{re}ier) is a weakly stable 
dynamics if the following conditions are true: 


(1) (-|B-) is a positive definite sesquilinear form. We equip Y with the norm 
lyllen := (y|Gy)?. We denote by Yen the completion of Y w.r.t. this norm. 
(2) We assume that {ri yer is a strongly continuous group of bounded operators 
on Y. Thus we can extend r; to a strongly continuous group on Yen and 
define its generator ib, so that r, = eè. 
(3) Kerb = {0}, or equivalently, () Ker(r; — 1) = {0}. 
teR 


(4) We assume that Y C Domb and 


(yi |Gy2) := i(yilwby2), yi, y2 € V. (18.11) 


If in addition w is bounded for the topology given by B, so that (-|w-) can be 
extended to the whole Yen, we will say that the dynamics is strongly stable. 


Theorem 18.21 Let (¥,(-|w-),(-|@-),{ri}ier) be a weakly stable dynamics. 
Then 


(1) r, are unitary transformations on the Hilbert space Ven, 
(2) b is self-adjoint and Ker b = {0}. 


Set q := sgn(b) and j := isgn(b). Clearly, |b| is positive and r; = etlèl, 

Set Vayn (= lb]? Ven. As in Subsect. 18.1.1, we can view r;, j, b and |b] as defined 
on Yayn- In what follows we drop the subscript dyn from Yayn. 

Let l+ := lo œ[(+b) = 1441; (¢), V+ := Ran 1+. Let Z denote the space Y 
equipped with the complex structure given by j. (In other words, Z := VY, © Y_.) 

The operators |b|, q and b preserve VY+. Hence, they can be viewed as com- 
plex linear operators on Z as well, in which case they will be denoted h, qz 
and bz. 
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Consider the space [',(Z). For y € V, let us introduce the charged fields on yY, 
which are closed operators on I's(Z) defined by 


v*(y) = a (14y) +a(I_y), 


vy) = a (14y) +a* (Ty). (18.12) 
We obtain a charged CCR representation 
Yayr y* (y) € CUI, (Z)). (18.13) 


Define the self-adjoint operators on T,(Z) 
H:=d0(h), Q:=dT(qz). 
Clearly, 
eT a(ye = yey), ply? = py), yey. 


Definition 18.22 (18.13) is called the positive energy Fock quantization for the 
dynamics {r;}:er. For any y € YV, the corresponding time t field is defined as 


pily) = V(r_ty)- 


18.2.2 Charged fermionic systems 


Let (X ; (-|-)) be a complex Hilbert space describing a charged fermionic system. 
A strongly continuous one-parameter group R 3 t> r; € U(Y) will be called a 
unitary dynamics. 


Algebraic quantization of a unitary dynamics 
Clearly, by taking the real scalar product yy -vy2 := ¢Re(yi|y2) we can view 
Ye as a real Hilbert space. We can associate with our system the field alge- 
bra CAR” (Ye) with distinguished elements w(y), y E€ VY. We equip it with the 
automorphism group {eid oeu) and {ft her defined by 
c? (d(y)) = Yey), 
R(v(y)) = V(r), yEy. 

Similarly to the bosonic case, for the observable algebra we choose the so- 
called gauge-invariant CAR algebra CARG (V), which is defined as the set of 
elements of CAR@’ (Yr) fixed by e9. Note that CARÇ (X) is contained in the 
even algebra CAR(’ (Yr) and is preserved by the dynamics f+. 


Fock quantization of a unitary dynamics 
Let b be the self-adjoint generator of {r;};eR, so that r; = e'?. 
Definition 18.23 We say that the dynamics t => rı € U(Y) is non-degenerate 
if 


Kerb = {0}, or equivalently N Ker(r; — 1) = {0}. (18.14) 
tER 
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Set q:=sgn(b) and j :=isgn(b). Clearly, |b| is positive, and r; = etll. Let 
l+ := Oo o0/(£b) = 1441; (4), Ve := Ran l+. Let Z denote the space Y equipped 
with the complex structure given by j. (In other words, Z := V, ® Y_). 

The operators |b|, q and b preserve Yi. Hence, they can also be viewed as 


complex linear operators on Z as well, in which case they will be denoted h, qz 
and bz. 

Consider the space [’,(Z). For y € V, let us introduce the charged fields on Y, 
which are closed operators on T',(Z) defined by 


Y” (y) = a (ey) + a (T3), (18.15) 
vy) = a (ly) + a* (Ty). (18.16) 
We obtain a charged CAR representation 
Y > y > 4*(y) € B(Ta(Z)). (18.17) 


Define the self-adjoint operators on T',(Z) 
H := dr (h), Q:=dI(qz). 
Clearly, 


eH p(y" = ply), ply? = ply), yEy. 


Definition 18.24 (18.17) is called the positive energy Fock quantization of the 
dynamics {r;}er. For any y € V, the corresponding time t phase space field is 
defined as 


pily) = P(r_ty). 


18.2.3 Charge reversal 


Let (V, (-|w-)) be a charged symplectic space in the bosonic case, or let (Y, (-|-)) 
be a complex Hilbert space in the fermionic case. 


Charge reversal and its algebraic quantization 
Definition 18.25 y € L(Vp) is a charge reversal if x? = 1 or x? = —1, and 


(1) (vy lwxye) = (yi|wye) (x is anti-charged symplectic) in the bosonic case; 
(2) (vai lxy2) = (yıly2) (x is anti-unitary) in the fermionic case. 


Let us fix a charge reversal y. Consider now its algebraic quantization. 


Proposition 18.26 (1) In the bosonic case, there exists a unique 
*-automorphism X of CCR (Vp) such that 


g(r Oti w) = e&t (xy) tiy” (xy), 
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(2) In the fermionic case, there exists a unique *-automorphism X of CAR?” (Yr) 
such that 


X(d* (y)) = VOY). 
In both the bosonic and the fermionic case, x leaves invariant the gauge- 
invariant algebra and is involutive on it. 
Definition 18.27 £ defined in Prop. 18.26 is called the algebraic charge reversal. 


Let us remark that whereas y is anti-linear, ¥ is linear. 
Suppose that {r;}:eR is a charged symplectic or unitary dynamics. 


Definition 18.28 We say that the dynamics is invariant under the charge rever- 
sal x if 
Xt = THX: (18.18) 
Similarly, if we have a group of symmetries {rgtgeq we say that it is invariant 
under the charge reversal X if rgx = XTg, g EG. 
Clearly, on the algebraic level (18.18) implies $f; = f:.¥. 


Fock quantization of charge reversal 
Let {r;} er be a charge reversal invariant dynamics. In the bosonic case assume 
that the dynamics is weakly stable. In the fermionic case assume it is non- 
degenerate. Let b, h, q etc. be constructed as before. In both the bosonic and the 
fermionic case it follows that 
xlb] = lblx, xb=—bx, xa=-9x, Xj =Ix. 

Definition 18.29 We denote xz the map x considered on Z. 

Note that yz is unitary, unlike x. 
Definition 18.30 The Fock quantization of the charge reversal is the unitary 
C :=T(xz). 

We have CHC! = H, CQC~! = —Q. C implements ¥ and 

Cu (y)! = yxy). 

Note that C? = 1 or C? = I, where we recall that I is the parity operator. 


Neutral subspace 
Assume that x? = 1. Recall that we can define the spaces 
YX = {ye Y : y= xy}. 
The dynamics and the symmetry group restrict to YX and Y~*. 


Definition 18.31 We will call YX the neutral subspace of VY. (In the fermionic 
case, we will also call it the Majorana subspace.) 
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Note that VY = YX GiY*, hence the system can be viewed as a couple of neutral 
systems. 

Let us describe the converse construction. Suppose that we have a neutral 
system (Y,w) or (V, v) equipped with the dynamics {r; }er. We can extend it 
to a charged system as follows. We consider the complexified space CY equipped 
with the natural conjugation denoted by the “bar”. We equip it with the anti- 
Hermitian form, resp. scalar product 


(wy |ww) := Wy wwz, 
or (wy|w2) := 201 :vw2, wi,we E€ CY. 


We extend the dynamics r; to (r;)c on CY. Clearly, (7;)c is a charged symplectic, 
resp. unitary dynamics with the charge reversal given by xw := wW, w € CY. It 
satisfies x? = 1. One gets back the original system by the restriction to the 
neutral subspace. 


18.2.4 Time reversal in charged systems 


Let (V, (-|w-)) be a charged symplectic space in the bosonic case, or let (Y, (-|-)) 
be a complex Hilbert space in the fermionic case. 

In the case of charged systems it is natural to consider two kinds of time 
reversal. The standard choice is an anti-linear symmetry considered by Wigner. 
The so-called Racah time reversal is actually historically older than the Wigner 
time reversal. It is linear and from a purely mathematical point of view may 
seem more natural. 


Wigner time reversal and its algebraic quantization 
Definition 18.32 7 € L(Vp) is a Wigner time reversal if 7? = 1 or T? = —1, 


and 


(1) (ry |wry2) = —(yilwy2) (T is anti-charged anti-symplectic) in the bosonic 
case; 


(2) (ry |Ty2) = (yily2) (T is anti-unitary) in the fermionic case. 
Let us fix a Wigner time reversal T. 


Proposition 18.33 (1) There exists a unique anti-linear x-automorphism 7 on 
the algebra CCR" (Vp) such that 


F (ev tiv") = e ib (ty)—id* (ry) | 


(2) There exists a unique anti-linear *-automorphism 7 of the algebra 
CARS (Vr) such that 


7 (v(y)) = V(ty). 


In both the bosonic and the fermionic case, T leaves invariant the gauge- 
invariant algebra and is involutive on it. 
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Definition 18.34 7 defined in Prop. 18.83 is called the algebraic Wigner time 
reversal. 


Note that both 7 and 7 are anti-linear. 
Suppose that {r;}er is a charged symplectic or unitary dynamics. 


Definition 18.35 We say that the dynamics is invariant under the Wigner time 
reversal 7 if 


Tr, = V_4T. (18.19) 


Clearly, on the algebraic level (18.19) implies 77, = fî. 


Fock quantization of Wigner time reversal 


Let {r; her be a Wigner time reversal dynamics. In the bosonic case assume that 
the dynamics is weakly stable. In the fermionic case assume it is non-degenerate. 
Let b, h, q etc. be constructed as before. In both the bosonic and the fermionic 
case it follows that 


Tb] = |blr, rb=br, Tqa=<aT, Ti =—jr. 


Thus TY, = V4, TY- = V. 
Definition 18.36 Let tz denote T considered on Z. 


Note that Tz is anti-unitary. 


Definition 18.37 The Fock quantization of the Wigner time reversal is given 
by the anti-unitary T :=T (T2). 


We have THT! = H, Te*#T-! =e"? , TOT! = Q, T&T! = e~, T 
implements 7 and 


Tyly) T = pry), TY (YT = y* (ry), yey. 


Moreover, T? = 1 or T? = I. 


Racah time reversal 


Definition 18.38 « € L(Y) is a Racah time reversal if k? = 1 or k? = —1, 
and 


(1) (kyilwkyz) = —(yıi|wy2) (k is charged anti-symplectic) in the bosonic case; 
(2) (kyilkyz2) = (yi|y2) (k is unitary) in the fermionic case. 


Let us stress that the Racah time reversal is linear. 
Let {r;} er be a charged symplectic or unitary dynamics. 


Definition 18.39 {r;}:eR is invariant under the Racah time reversal if kr, = 
Ttk. 
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Suppose that x is charge reversal and 7 is a Wigner time reversal satisfying 


TX = XT OY TX = —XT. 
Then it is easy to see that « := Ty is a Racah time reversal. In particular, K? = 1 
or k? = —1. 

Note that we are free to multiply either x or 7 by i. Therefore, possibly after 
a redefinition of x or 7, we can always assume that 


TX = XT. (18.20) 


Thus we have three commuting symmetries: x, T and ~. 

Consider in addition {r;}:er, a charged dynamics invariant under Wigner’s 
time reversal 7 and a charge reversal y. Let us recall the various commutation 
properties: 


7|0| E |l7, Tj E =I ri= —it, Tq = qT, 
xlbl =x xi=ix, xi=—ix, x4 =-4x- 


T, X, & and qk are all either involutions or anti-involutions. The following list 
describes various possible behaviors of these four symmetries: 


ie x Ke (qk)? 
1 1 1 -1 
i -1 -1 1 
ae -1 1 ža 
-1 1-1 1 


Note that both « and q« satisfy the conditions of the Racah time reversal. If 


T? =x? = 1, we have k? = 1, whereas if r? = —y? = +1, we have (qx)? = 1. 


Therefore, one of the operators « or qk is always an involution. 


18.3 Abstract Klein—Gordon equation and its quantization 


In Subsects. 18.1.1, resp. 18.2.1 we described how to quantize a symplectic, 
resp. charged symplectic dynamics. The most important symplectic or charged 
symplectic dynamics used in quantum field theory is associated with the wave 
equation 


(df — A)C=0 
or, more generally, to the closely related Klein—Gordon equation 


(0? —A+m’)¢ =0. 
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One of the characteristic features of the wave and Klein—Gordon equation is the 
second order of the time derivative. In this section we study an abstract version 
of the wave or Klein—Gordon equation. We forget about the spatial structure of 
the system, but we keep the second-order temporal derivative. We describe the 
corresponding symplectic dynamics and its quantization. 

In the next chapter we will consider the true wave and Klein—Gordon equa- 
tion on the space-time and its quantization. We find it instructive and amusing, 
however, that many of the constructions used in this context can be described 
in arather abstract fashion. 


18.3.1 Splitting into configuration and momentum space 
Suppose that V is a symplectic space equipped with a time reversal 7. Recall 
that it satisfies 7? = 1. Thus 7 is a conjugation on a real symplectic space. As 
discussed in Subsect. 1.1.16, we can split the dual phase space into the direct sum 
of Lagrangian subspaces Y = Y7 @ Y~’, where YET := {y E€ VY : y= Ty}. 

V” has the interpretation of the dual of the configuration space, whereas )~* 
has the interpretation of the dual of the momentum space. 

Recall from Subsect. 1.1.16 that (Y7, V77) can be interpreted as a dual pair 
so that the symplectic form can be written as 


(01,61): w(V2,0) = vi 2 sarb (Vi) EV OY", i=1,2. (18.21) 
The time reversal acts as 
T(V, s) = (V, =s), Oey EV ey. (18.22) 
Let {r;}er be a time reversal invariant dynamics. For (®,ç) € Y7 p VYT 
write r:(0,<) = (V(t), s(t)). Then there exist f € L(V, YTT), g E€ L(Y’, V") 
such that f = f*, g = g* and 
As(t) = fO), %0(t) = —go(t). 


The Hamiltonian of the dynamics is 


1 1 
Fe eae (18.23) 


18.3.2 Neutral Klein—Gordon equation 


Let ¥ be a real Hilbert space. Let € > 0 be a strictly positive self-adjoint operator 
on X. (Recall that € > 0 means that e€ > 0 and Ker e = {0}.) 


Definition 18.40 The equation 
OP ¢(t) + 2¢(t) =0, (18.24) 


where C(t) is a function from R to X, will be called an abstract neutral Klein- 
Gordon equation. 
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Clearly, if ¢(¢) is a solution, ¢(—t) is also a solution, so (18.24) is invariant 
under time reversal. 

Examples of (18.24) are the wave or Klein—Gordon equations on static space- 
times; see Chap. 19. 

Let us reinterpret (18.24) as a first-order equation. To this end, we consider 


the space of Cauchy data Y = X © X, whose elements are denoted (V, s) or A : 
We equip it with the symplectic form 
(01,61) w2, S2) = D1 S2 — V2 S1, (Vii) EXX, i=1,2. 


Setting 


we rewrite (18.24) as 


e E oa 


(Note that we put the time derivative first, since we are considering the dual 
phase space.) We see that (18.25) is solved by 


a a e e 


For bounded e€, e° is a symplectic dynamics on ¥ @ X with the Hamiltonian 
1 1 4 


For unbounded e, there is a problem, since ¥ © X is not preserved by e*t. In 
this case, one can replace ¥ OX with Y= X G Dome, which is a symplectic 
space preserved by the dynamics. The dynamics is weakly stable. If in addition 
€ > m > 0, then it is stable. The energy space Yen is equal to X Be! X. 

The Kahler anti-involution of Thm. 18.5 takes the form 


j= e | . (18.28) 


The associated Hermitian product is 
((01, <1) |(82,52)) = Vi 102 +. + es +:i(0] + — V2- s1). (18.29) 
The completion of the Kähler space Ven for (18.29) is 
Vayn = EXET. (18.30) 


In the standard way we introduce the space Z := (a — ij)CYayn, which will 
serve as the one-particle space for quantization. 
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Note that the dual phase space and dynamics of an abstract Klein—Gordon 
equation belong to the class described in Subsect. 18.3.1. In particular, the time 
reversal is given by (18.22). 

It is natural to introduce the following identification: 


l—ij 
2 


1 1 i 
C26) FX V UY := (9,0) = (3% 5") EZCCVayn. (18.31) 
€ 


Note that U is unitary. 

Recall that the dynamics can be lifted to the space Z by ef := e¢'|.,. We have 
Dee Se, 

Likewise, the time reversal can be lifted to Z by Tz := Tes a Now U*tzU 
coincides with the usual canonical conjugation on C(2e)? X. 

Note that Yayn is a complete Kahler space with a conjugation 7. Recall that 
we considered the CCR, over such spaces in Subsect. 8.2.7. The operator (2c)~! 
of Subsect. 8.2.7 can be identified with e of this subsection. The map U is the 
same map as (8.32). 

Remark 18.41 An abstract neutral Klein—Gordon equation describes the most 
general stable dynamics invariant w.r.t. a time reversal. In fact, recall the Hamil- 
tonian (18.23), discussed in Subsect. 18.1.3 about the time-reversal invariance, 


and assume that it is strictly positive. Then it is easy to see that (18.23) can be 
brought to the form (18.27). 


18.3.3 Neutral Klein—Gordon equation in an external potential 


We consider now the following modification of (18.24): 


(3 + d)’C(t) + 2¢(t) = 0, (18.32) 
or A} C(t) + 2da,¢(t) + (e + d’)C(H) = 0, 
where d = —d* is anti-self-adjoint on ¥. Note that this equation is no longer 


invariant under time-reversal. Examples of (18.32) are wave or Klein—Gordon 
equations on stationary space-times (see Example 19.43). Setting 


S(t) = C(t), OE) = AC) + de(t), a:= E E] 


we can rewrite (18.32) as a first-order equation, 
v(t) a 
fa) => 
i | | : [o 


s(t) 
with a Hamiltonian 

1 1 1 

z — ds) - (0 — ds) — 3 (4s) -ds + 3 (6s) 6. 


If € +d? > 0, then the dynamics is weakly stable. 
Note that the associated complex structure j does not have a simple expression 
anymore. 
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18.3.4 Splitting into complex configuration and momentum spaces 


This subsection is the charged version of Subsect. 18.3.1. Suppose that (VY, w) is a 
charged symplectic space equipped with a Racah time reversal satisfying k? = 1. 
Again, we can split the dual phase space into the direct sum of Lagrangian 
subspaces V = V" a VY“, where Y := {ye VY : y= ry}. (Note that spaces 
V" and Y~" are both complex.) 

V" has the interpretation of the dual configuration space and Y~“ of the dual 
momentum space. 

(Vt, VT") can be interpreted as an anti-dual pair, so that the charged sym- 
plectic form can be written 


(91, S) wlt, 2) =9i-@—Sis 0, (4) EVO", 1=1,2. 
The Racah time reversal acts as 
K(9,s) =(9,-s), (,s)E VOY. (18.33) 


Let {ri}rer be a dynamics invariant w.r.t the Racah time reversal. For 
(0,5) E Y PYT" write ri(V, S) = (V(t), s(t)). Then there exist f € L(V", VY"), 
g E L(Y", VY") such that g = g*, f = f* and 


aist) = fot), A(t) = —go(t). 
The Hamiltonian of the dynamics is 


V- gO +3: fe. 


18.3.5 Charged Klein—Gordon equation 


Now we describe the charged version of Subsect. 18.3.2. Let Æ be a complex 
Hilbert space. For ¢,,¢) € 4, the scalar product will be denoted by Ç} « G2. Con- 
sider again a strictly positive self-adjoint operator € on ¥ and the equation 
(18.24). 


Definition 18.42 If the space X is complex, the equation (18.24) will be called 
an abstract charged Klein—Gordon equation. 


Thus the only difference between the charged and neutral Klein—Gordon equa- 
tions is the presence of the U(1) symmetry given by the multiplication by e°, 
6 € [0, 27]. 

The Racah time reversal consists in replacing tr C(t) with tr ¢(-t). 
The charged Klein—Gordon equation is always invariant w.r.t. the Racah time 
reversal. 

Let us fix a complex conjugation on ¥, denoted by ¢ + ¢, which defines the 
charge reversal. The Wigner time reversal involves replacing a function t +> ¢(t) 
with tr Ç(—t). If €= e, then (18.24) is also invariant w.r.t. the charge and 
Wigner time reversal. 
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Consider the Cauchy problem (18.25). We introduce the space *@ X, 
equipped with the charged symplectic form 


(01, 61)-w(92,e)=%-e-H- 9, (H) EEX, i=1,2. 
The Hamiltonian is 
D- OHE- ES. 


Yen, Vayn, j, a are given by the same expressions as in Subsect. 18.3.2. In 
particular, it is natural to replace the original dual phase space ¥ ẹ æ by 
Yayn = FX OEM. 

In terms of the Cauchy data, the Racah time reversal is given by (18.33). The 
charge reversal and the Wigner time reversal are given by 


x(3,5) = (85), 7(3,s) = (8,-%). 
We can “diagonalize” the dynamics by introducing the map 
W : Vaya = eX Ger 5 (3,5) (V + ies, Y + ies) € (26)? VQ (26)? X. 
W is a unitary operator satisfying 
We@w-! = e689, Wwiw-' = ilẹ (~il), 
Wjw! =iloil, WqwW™' = 16 (-1). 


Thus if we interpret W as an operator on Z (which differs from Vayn only by 
treating j as the basic complex structure), then W : Z > (26)? ¥ @ (2c)? X is 
unitary. 

After conjugation by W, the charge and Wigner time reversal become 


x(hħi h2) = (ħ2,h1), T(hi, h2) = (—hı, hə). 


Remark 18.43 This remark is analogous to Remark 18.41 from the neutral 
case. A charged abstract Klein-Gordon equation describes the most general stable 
dynamics invariant w.r.t. the Racah time reversal. 


18.3.6 Charged Klein—Gordon equation in an external potential 
Again we can consider the complex analog of (18.32). It is more natural to write 
it as 

(0, +iV)?C(t) + 2¢(t) = 0, (18.34) 
or OP ¢(t) + AVAL) + (2 — V7)C(t) = 0, 
where V = V*. An example is obtained by minimally coupling (18.24) to an 


external electric field. 
Setting 


c(t) := C(t), OE) = aC) +iV C(t), 
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we can rewrite (18.34) as 


with the Hamiltonian 


0-04+6-e-i-Vo+ic- VI 
= (8 —iVs) (8 -—iVs) —Vo-Vo+&- ec. 


If e — V? > 0, then the dynamics is weakly stable. 
Note that if ¥ is equipped with a conjugation such that V and e€ are real, then 
(18.34) is invariant under the Wigner time reversal. 


18.3.7 Quantization of the Klein—Gordon equation 


Until the end of this section, we would like to treat the neutral and charged cases 
together. We do this by embedding the neutral case in the charged case. 

More precisely, until the end of the section ¥ is always a complex Hilbert 
space with a positive self-adjoint operator e. We consider the abstract charged 
Klein—Gordon equation for t > ¢(t) € X: 


a ¢c(t) + 2 C(t) =0. (18.35) 


We consider the charged symplectic space of solutions of (18.35), denoted Y. 
Recall that every such solution can be parametrized by its Cauchy data (V,¢). 
The space y} is equipped with a charged symplectic dynamics r+. 

If we want to consider the neutral case, we assume that there exists a 
conjugation x on ¥ that commutes with e. Thus we can restrict the abstract 
Klein-Gordon equation to ¥X = {Ç EX : xÇ = Ç}, obtaining the symplectic 
space of solutions YX. The space VYX is equipped with a symplectic dynamics 
Tt ee which satisfies the abstract neutral Klein—Gordon equation. 

We apply the positive energy quantization described in Subsects. 18.1.1, resp. 
18.2.1, obtaining operator-valued functions 


VX 3 (0,5) O(9,¢5), in the neutral case, 
Y 5 (0,5) + y(V,s), in the charged case, 


and the Hamiltonian H such that 
e" o(0, cle "™ = o(r(¥,s5)), (85) EXX, 
etH yd, cje" = y(r (d,s), (8,5) EY. 
Definition 18.44 The time t configuration space field is defined as 
$:(0) = (r0, 0)), VEX, 
y (0) := y(r (0,0)), VE ery, 
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18.3.8 Two-point functions for the Klein—Gordon equation 


The remaining part of this section is devoted to various functions related to the 
Klein—Gordon equation, which are often used in its quantization. 

Consider the Klein—Gordon equation (18.35), where ¢(t) € ¥ is replaced with 
an operator G(t) € B(X): 


OF G(t) + PG(t) = 0. (18.36) 


sinet and aes solve (18.36) and appear naturally in the quantized 


€ € 


The functions 
theory: 


sin elti = t2) 


[pr (01), Pt, (02)] = Wr - v 1, 


1. 
(Olyn (81) pr (B2)Q) = v - a as 01,02 € XX, 


sin elti ae t2) 


[Ve (01), VE, (02)] = iW - 


* 79. 1 ie(tı —t2 
(Qe, (Oi, (929) = Di- e, Da ER. 


v Í, 


Definition 18.45 sinet is called the Pauli-Jordan or commutator function. 


18.3.9 Green’s functions of the abstract Klein-Gordon equation 


Let us now consider an inhomogeneous version of Eq. (18.36). 
In what follows we will often use the Heaviside function A(t) := 1o, +oo[(t). 


Definition 18.46 R 5 t+ G(t) € B(X) is a Green’s function or a fundamental 
solution of Eq. (18.35) if it solves 


A) + eG) = 6(t)1. (18.37) 


In particular, we introduce the following Green’s functions: 


retarded Gt (t) = 0(t) m aa 
advanced G- (t) := —0(—t) -i 
Feynman or causal Gr (t) := x (eol) +e~"9(—2)), 
anti-Feynman or anti-causal Ga(t) = _ (e~"*9(t) + e”*(—2)), 
principal value or Dirac Gp, (t) := = = = 
Note the identities 
TE = Gt) - (0, 


Gr (t) = 5(G*W+E-(), 
Gt (t)+G (t) = Gr (t) + Get). 
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The importance of the Feynman Green’s functions in the quantum theory 
comes from the identities 


(QUT (ye, (82) G4, (V1) Q) = 2 + Gr (t2 —t1)01, V1, v2 € XX, 
(QUT (abe, (820% (01) Q) = iDy-Gp(te — thi, 01,02 EX, 


where we have used the time-ordering operation 


T(An At, ) = O(te = ty) At, At, + O(ty = ty) At, At, A 


18.3.10 Green’s functions of the Klein-Gordon 
equation as operators 


Let ¥ be as above. For simplicity, we assume that ¥ is separable. We will need 
the space 


L’ (R) 8 X ~ L’ (R, &). (18.38) 


Note that the unitary identification ~ in (18.38) is possible thanks to the fact 
that ¥ is separable. It means that we can represent elements of L? (R) @ X with 
measurable a.e. defined functions, which e.g. in the temporal representation are 
written as RS th ¢(t) € X and satisfy 


J I¢(t)||2at < oo. 


Clearly, the subspace (L! N L?)(R, 4) is dense in L? (R, ¥). 

We will distinguish two physical meanings of the variable in R that appears 
in (18.38). The first meaning is the time, and the corresponding generic variable 
in R will be denoted t. We will then say that we use the temporal representa- 
tion of the extended space. The second meaning will be the energy. Its generic 
name will be 7 and we will speak about the energy representation. To pass from 
one representation to the other we apply the Fourier transformation F, so that 
FIrF =i-1d,. 

Green’s functions of the abstract Klein-Gordon equation can be interpreted 
as quadratic forms on (L! N L?)(R, X) given (in the temporal representation) by 


C GQ := [a0 ce- s)C(s)dtds, (18.39) 


for &, C € (L! N L”)(R, X). In the energy representation they are multiplication 
operators. Here we list the most important Green’s functions in the momentum 
representation: 


Gt (T) = (ê — (r -10)’)"', 

G(r) = (ê = (r + i0)°) ~}, 

Gr (T) = (ê — r? +10) 7 = (e - (r? — i0sen(7))?)~, 
G(T) = (e — r? — i0)! = (2 — (T? +i0 sen(r))?) 7}, 
Gpy(r) = Pv(e — r°)! 
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18.3.11 Euclidean Green’s function of the Klein—Gordon equation 


Let us introduce the imaginary time, that is, let us replace t € R with is € iR. 
The abstract Klein—Gordon equation is then transformed into 


-8+ et =O. (18.40) 
Definition 18.47 Equation (18.40) will be called the abstract Euclidean Klein- 
Gordon equation. 


The use of (18.40) instead of the Klein-Gordon equation is the main feature 
of the so-called Euclidean approach to quantum field theory. 


Definition 18.48 The Euclidean Green’s function of the abstract Klein-Gordon 


equation is defined as 


Gg(s) = 5 (e= o(s) + e**O(—s)). 


Clearly, Gg solves 
—0?Gu(s) + ê Gr (s) = 4(s) 1. (18.41) 


The function Gg (s) extends to a continuous function for complex s with Res > 0, 
holomorphic for Res > 0. We have 


Lartit) = Gr), —+Ge(—it) = Gr). 
Consider the self-adjoint operator —0? + € on L?(R, 4). Set 
Gp := (8 + e). 
We then have 
Ges j ea oi 


for ¢ € (L! N L?) (R, X). In the energy representation it is the operator of multi- 
plication by 


Gelt) = (T? + ê). 


Note that if € > m > 0, then Gg is bounded. 

We will use the standard notation for operators on L? (R). In particular, the 
operator of multiplication by t in the temporal representation is denoted by t 
and D; := —ið;,. A similar notation will be used for the energy representation, 
with 7 replacing t. 

Introduce the following operator on L? (R) (where we give its form in both the 
temporal and the energy representation): 


1 1 
A:= — 5 (tb + Dıt) = (TD, + D,r). (18.42) 
Clearly, 


eA ted = e™’t, eA reit > efr. 
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Note that 
R > 0 œ &4Gge*4 =: Gh 


extends to an analytic function in the strip —} < Im@ < 5 given in the momen- 
tum representation by 


h(t) = (P7 + e). 


Its boundary values coincide with the Feynman and anti-Feynman Green’s func- 
tions: 


G2 = Gr, G? =Gr 


This is the famous Wick rotation. 


18.3.12 Thermal Green’s function of the Klein-Gordon equation 


Recall that one of the steps of the quantization of symplectic, resp. charged 
symplectic dynamics is the construction of the one-particle space Z and the 
one-particle Hamiltonian h, as described in Subsect. 18.1.1, resp. 18.2.1. For the 
zero temperature, the main requirement is the positivity of the Hamiltonian, 
and as the result of the quantization we obtain the Hilbert space r, (Z) and the 
Hamiltonian dI (A). 

If we are interested in positive temperatures, we can apply the formalism 
described in Subsect. 17.1.7, obtaining a -KMS state wg and the corresponding 
Araki-Woods CCR representation. In particular, we can apply this formalism to 
the abstract Klein—Gordon equation. 

In this subsection we describe the 2-point correlation functions for the abstract 
Klein—Gordon equation at positive temperatures. 


Definition 18.49 The thermal Euclidean Green’s function at inverse tempera- 
ture 8 of the abstract Klein—Gordon equation is defined for s € [0, 6] as 


ese + e(s—Be 


Gr,g(s) := Qe( e7) ` 


Note that Gp,g is the unique solution of the problem 


—0? Gg g(s) + e Gp g(s) = 0, S €]0, BL, 
Gr s (0) = Ge, (8), 87 Gp.a(B) — OF Ge p (0) = Ix, 


where 7 denotes the derivative from the right, resp. from the left. In fact, we 
have 


Gp,e(8) = Gr g (0) = 


0; Gz,g(B) = —3} Gr p (0) = =1y. 
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Let Sg := [0,8] (with the endpoints identified) be the circle of length £. 
Clearly, Gz,g can be interpreted as a function on Sg that solves the equation 


—8? Gg (8) + e Gr g(s) = ôls) lx, on Sp. 
We denote by Fz : L?(Sg) — I? (27 Z) the discrete Fourier transform 


Faclo) = [ e7C(s)ds, ¢ € L*(S,). 
Its inverse is given by 
Fy v(s) =f} 5 e7u(a), vE ? (272). 
oc? 
If we denote by °" the operator ô, with periodic boundary conditions, defined 
by 
Dom & := {Ç € L*((0, 5]), A.¢ € L7((0, 6]), ¢(0) = ¢(8)}, 
then 
Foo” = io Fg. (18.43) 
Introduce the space 
L’ (S6) X ~ L’ (S3, 4). (18.44) 
Consider the self-adjoint operator —(0?*")? + e on L? (S3, 4). Set 
Gr g = (—(0P)? + è) 


= 
We then have 
Gr. g(s) = Ge.g(s — s1)Ç(sı)dsı, for ÇE L? (S3, &). 
Se 


In the energy representation obtained by applying the discrete Fourier trans- 
form F3, Gg g becomes the multiplication operator on 1? ( 2272, X) by the Fourier 
transform of s +> Gg, (s), the so-called Matsubara coefficients: 


2 
Gr glo) := (0 +e)", oe Ge (18.45) 


Let us now describe the role of thermal Green’s functions in the quantum 
theory. The function s ++ Gg,g(s) extends to a function continuous in the strip 
Res € (0, 8] and holomorphic inside this strip. Its boundary values express the 2- 
point correlation functions for the state wg. More precisely, we have the following 
identities (first in the neutral and then in the charged case): 


we (p1 (01) ~0(V2)) = V1 - Ge p (it) V2, 

wW3(Yo(P2)p:(01)) = V1 -Grg(Gt+it)d2, 01,02 E XX, 
1° Gp,g(it)Ve, 

he Gra (8 Eg it)ð2, 01,02 < X. 
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18.4 Abstract Dirac equation and its quantization 


In Subsects. 18.1.2, resp. 18.2.2 we described how to quantize orthogonal, resp. 
unitary dynamics. The most important orthogonal or unitary dynamics used in 
quantum field theory is given by the Dirac equation. We will study this equation 
and its quantization in the next chapter. In this section we describe various 
constructions related to the quantization of the Dirac equation in an abstract 
setting. 

An orthogonal dynamics can be defined by an equation of the form 


(a — a)é(t) =0, (18.46) 
with an anti-self-adjoint a. In the charged case (18.46) can be replaced with 
(O; — ib)¢(t) = 0, (18.47) 


where b is self-adjoint. Many of the constructions of this section involve only a or 
b. We choose, however, to use more structure in our presentation. In particular, 
we multiply (18.46) and (18.47) from the left by an anti-self-adjoint operator 
y satisfying y = —1. This is used in the relativistic formulation of the Dirac 
equation to make it covariant. 

This section is parallel to Sect. 18.3 about the abstract Klein—Gordon equa- 
tion. We will see, in particular, that with every abstract Dirac equation we can 
associate an abstract Klein—Gordon equation. The knowledge of Green’s func- 
tions for the abstract Klein—Gordon equation can be used to compute Green’s 
functions of the abstract Dirac equation. 


18.4.1 Abstract Dirac equation 


Let VY be a real or complex Hilbert space, which will have the meaning of a 
fermionic dual phase space. Let T and yọ be anti-self-adjoint operators on Y 
such that 


%=-1, wl +I =0. (18.48) 
Let m > 0 be a number called the mass. 
Definition 18.50 An equation of the form 
(yw +r — m1)¢(t) = 0, (18.49) 


where C(t) is a function from R to Y, will be called an abstract Dirac 
equation. 
Multiplying (18.49) with — yo, we obtain the equation (18.46) with an anti- 


self-adjoint operator 


a:= yl — myo. 
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Introducing the Cauchy problem 


(yo +T — m1)¢(t) = 0, 
¢(0) = ð, 


we see that (18.49) is solved by ¢(t) = e'¥. 
Using (18.48), we obtain that a*a =T*I + m1, so the dynamics r; = e’ is 
non-degenerate if 


(18.50) 


KerT = {0} or m £0. (18.51) 


18.4.2 Neutral Dirac equation 


If Y isa real Hilbert space, (18.49) will be called a abstract neutral Dirac equation. 
A time reversal for the neutral Dirac equation is r € O(Y) satisfying 7? = +1, 


To =— oT, TT =Tr, (18.52) 
or, if m = 0, 
Ty = YT, TE = -Tr. (18.53) 


In both cases, ra = —ar, hence if ¢(t) is a solution of (18.49), then so is 7¢(—t). 


18.4.8 Charged Dirac equation 


Assume now that Y is a (complex) Hilbert space. Thanks to the complex struc- 
ture, we can introduce the self-adjoint operator 


b := iyl + im. 


The Cauchy problem (18.50) is solved by C(t) = e*?v. 
A (Wigner) time reversal is an anti-unitary 7 on Y} satisfying (18.52), or, if 
m = 0, (18.53). In both cases, Tb = br, hence if ¢(t) is a solution of (18.49), then 


so is T¢(—t). 
A charge reversal is an anti-unitary y on Y such that x? = +1 and 
Xw =VX, XF =TX, (18.54) 
or, if m = 0, 
ox, XI = -Tx. (18.55) 


it? is invariant under y. 


In both cases by = —xb and the dynamics e 
If y? = 1, then x is a conjugation on Y and by restriction to the real subspace 


VX we obtain a neutral Dirac equation, as in Subsect. 18.4.2. 
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18.4.4 Quantization of the Dirac equation 


Until the end of this section we would like to treat the neutral and charged cases 
together. We will treat the charged case as the basic one and y} will always be a 
complex Hilbert space. Y is identified with the space of solutions of the abstract 
Dirac equation by considering the initial conditions: 0 = ¢(0). The space J is 
equipped with a unitary dynamics r; = e”?. 

If we want to consider the neutral case, we assume that there exists in y a 
conjugation x that anti-commutes with b. Thus we can restrict the Dirac equa- 
tion to YX equipped with the Euclidean structure and an orthogonal dynamics 
e't | oe ett, 

We apply the positive energy quantization described in Subsects. 18.1.2 and 
18.2.2, obtaining operator-valued functions 


VX 5 V — (V), in the neutral case, 
VY > V — w(V), in the complex case, 
and the Hamiltonian H such that 
e” d(v)e""™ = d(ri(¥)), VEY, 
ede" = y(r (0)), VEY. 
The fermionic fields satisfy the anti-commutation relations 
[O(91), P(V2)J+ = 201-2, D1,D2 E VX, 
[1(01), Y (V2) = 91-2, D,D EY. 


In the following part of the section, for simplicity we restrict ourselves to the 
charged case. 


18.4.5 Two-point functions for the Dirac equation 
Consider the abstract Dirac equation (18.35), where ¢(t) € Y is replaced with an 
operator S(t) € B(Y): 
(yO +r — mi) S(t) = 0. (18.56) 
Recall that @ denotes the Heaviside function. The functions e*t and e!”'@(b) solve 
(18.56) and appear naturally in the nee theory: 


[Wry (2), 07, (ie = Fy PC) 1, 
(Qld: (D2) (81)Q) = Da -e”—" Gb), H, 02 EY. 


18.4.6 Green’s functions of the Dirac equation 
Consider the abstract charged Dirac equation as in Subsect. 18.4.3. 
Definition 18.51 We say that R 5 tr S(t) € B(Y) is a Green’s function or 
fundamental solution of Eq. (18.49) if it solves 


(yO: +T — m1)S(t) = (t) 8 Ly. (18.57) 
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We introduce in particular the following Green’s functions: 


retarded St (t) := —0(t)e? yo, 

advanced S~(t) := —0(—t)e 4, 

ee Sp (£) = —e!” (OOC) — OHO) ro, 

ant hi vaman Sp(t) := —e'"” (8(t)0(—b) — 0(—-#)0(b)) 70, 
t 

principal value Spy (t) := es ) lth, 


Set 


We then have 
(WO +I — mI) (pð: +T + mil) = —(6? + ê). 


Thus if G(t) is a Green’s function for 0? + e, then —(yO: +I + m1)G(t) is a 
Green’s function for the Dirac equation. In fact we have the identities 


S+ (t) = —(0% +T + m1)G* (t), 
S~(t) = —(w% +T + m1)G (t), 
Sr (t) = —(w% +T + m1)Gr (t), 

Sr(t) = (y +T + m1)Gg(t), 
Spv (t) = —(yoR +T + m1)Gpx (t), 


which easily follow from 
et? = cos(et) +isgn(b) sin(et), T+ mil = iby. 


The Feynman Green’s functions arise in the quantum theory in the following 
way: 


(QUT (wi, (02) dF (01))Q) = V2 - SF (t2 —t1)01, 01,02 EY, 


where we have used the fermionic time-ordering operation: if A1, A are odd 
fermionic operators, then 


T (At, At, ) = O(t = t1) At, At, = Olti <= to) At, At, ; (18.58) 


18.4.7 Green’s functions of the Dirac equation as operators 


Let VY be as above. For simplicity, we assume that YV is separable. Similarly to 
Subsect. 18.3.10, we will use the space 


L (R) 8Y ~ L’ (R, YV). (18.59) 


We will use both the temporal representation and the energy representation of 
L? (R, Y). Green’s functions of the abstract Dirac equation can be interpreted 
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as quadratic forms on (L! N L?)(R, YV), denoted S and given (in the temporal 
representation) by 


In the energy representation they are multiplication operators. Here we list the 
most important Green’s functions of the Dirac operator in the energy represen- 
tation: 


1 


S*(r) = (ino(7 —i0) +P — m1), 

S- (7) = (ilr +10) +r — m1)”, 
S(T) = (ivo (7 —idsgn(r)) +T — mil)’, 
Sp(r) = (ino (7 + iOsgn(r)) +P = mil), 

Spy (T) = Py (iyor +r — mill)’ 


18.4.8 Euclidean Green’s function of the Dirac equation 


Definition 18.52 The Euclidean Green’s function for the abstract Dirac equa- 
tion is defined as 


Sp(s) = (—0(s)0(b) + 0(—s)0(—b))e "iyo. 
Note that Sg solves 
(ið, +P — mil) Sp (s) = 6(8) ly 
It is related to the Green’s function of the abstract Klein—Gordon equation by 
Sp (8) = (—iyo0; +r + m1)Gr (s). 


The function Sg (s) extends to an analytic function for complex s. We have 


Split) = S(t), -+ Selt) = SF). 
Consider the operator on L? (R, YV) 
—iy0; +T — ml. 
In the energy representation, this becomes the operator of multiplication by 
yT +0 — ml. 
It is closed on its natural domain. Moreover, we have 


(yor +T — m1)* (yT +T — m1) = (r +r — mI) (907 + T — m1)“ 
=r +T +m’ > 0, 
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which implies that —iyo0, +T — ml is invertible if (18.51) holds. If this is the 
case, set Sp := (—iyo0, +T — mil)~!. Then, 


SeC¢(s) = [ 26s — sı)C(sı)dsı, ¢€€(L'NL’)(R,Y). 

In the energy representation, this is the operator of multiplication by 

Sp(T) = (T +T — m1). 

Using the notation in Subsect. 18.3.11, and in particular the generator of 

dilations A, we see that 

R > 0 m e4 Gpe 14 =: S8 
extends to an analytic function in the strip —} < Im9 < 4, given in the momen- 
tum representation by 

SL (T) = (e? T +T — mi). 


Its boundary values coincide with the Feynman and anti-Feynman propagators: 


im 
=r 


SË =Sp, ST =S 


This is the Wick rotation in the fermionic case. 


18.4.9 Thermal Green’s function for the abstract Dirac equation 


Clearly, we can apply the positive temperature formalism of Subsect. 17.2.7 to a 
system described by an abstract Dirac equation, obtaining a 8-KMS state wg and 
the corresponding Araki-Wyss CAR representation. In this subsection, parallel 
to Subsect. 18.3.12, we describe the 2-point functions given by this state. 


Definition 18.53 The thermal Euclidean Green’s function at inverse tempera- 
ture 8 of the abstract Dirac equation is defined for s € [0, 8] as 
e7 8b 
Spa (s) = er eee 
Note that Sp,g is the unique solution of the problem 
(—i0s + — m1)Sp,(s) =0, s €]0, Øl, 


—i90Sz,6(0) = iyo Se,8(8) + ly. (18.61) 
(18.61) can be interpreted as 
(—i700, +T — m1) Sr, a(s) = 4(s)ly, on Sz, 


where we look for functions with anti-periodic boundary conditions at 6 = 0. 
More precisely, we consider functions ¢ on Sg such that ¢(3) = —¢(0), and the 
Dirac delta function is defined as So, 6(s)¢(s)ds = ¢(0) = —C(8) (the “right hand 


side delta function” ). 


510 Dynamics of quantum fields 


Sig D s+ Sg g(s) extends to a function continuous in the strip Res € [0, 6] 
and holomorphic inside this strip. If wg is the G-KMS state, then 


we (yilt Jy (V2)) = Di - Sp, (it)(—i70) Ve, 
wg (pi Jp (01)) = Vy - Se alB +it)(—i70)¥2, V1, 02 E Y. 


Let 02" denote the operator 0, on the Hilbert space L?(Sg) with the anti- 
periodic boundary conditions. Its domain is given by 


Dom 02"" := {¢ E€ L’ (Sg), 3 € L’ (Sa), C0) = —¢(@)}. 


Note that 0%"* is anti-self-adjoint. 
Define the anti-periodic discrete Fourier transform 


2 1 
esae EG) 


B 
Fat(o) = f e*7¢(s)ds, CE L?(Ss). 


by 


Its inverse is 


(Fe) tu(s) = 87! 5 dvo), vel (F (z ' 5)) 


o€*2(Z+5) 


Clearly, 02" = (F3"*)-\ (io) Fa". 
On the Hilbert space L?(S3) ® VY ~ L? (Ss, Y), we define the closed operator 


(iy oe" +T— ml) = (—iy) (82t $ b). 


Note that 02" + b is a normal operator on its natural domain. We set Sp, = 
(—i7002"* +T — m1)~!. We then have 


Sp,a¢(s) = Sp,a(s1)¢(s — sı)dsı, ¢ € L?(S5,)). 
Sg 
In the energy representation, obtained by applying F ant this becomes the oper- 
ator of multiplication by the fermionic Matsubara coefficients: 


2 1 
Se glo) = (m0 +r- m), coe a (z+ 5) : 


Set 


—se s—B)e 


—e + el 


Gis. (8) = (lF eP 


Note that Gi is the unique solution of 
—0; Gpo (5) + € Gi p(s) =0, s €]0, Bf, 
Gip (0) = -Gp (8), A Giep (0) + 0, Geo(8)=1. (18.62) 
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In fact, we have 


Giz (0) = -Gp (8) = 


an = an 1 
OY G4 (0) = 0; GE4(B) = 51. 
Thus GES can be interpreted as the solution of the equation on Sg 
—0; GE (s jpe Giss j= = ô(s) Lx, 


with anti-periodic boundary conditions at 8 = 0 and the right hand side Dirac 


delta function. Then we can express Sg,g in terms of GES as 


Sp,3(s) = (~is +T + m1)GH5 (8). 


18.5 Notes 


The topics discussed in this chapter in the context of concrete systems, usually 
based on relativistic equations, can be found in every textbook on quantum 
field theory, such as Jauch-Röhrlich (1976), Schweber (1962), Weinberg (1995) 
and Srednicki (2007). The Racah and Wigner time reversals were introduced by 
Racah (1927) and Wigner (1932a), respectively. Our presentation, in spite of its 
abstract mathematical language, follows very closely the usual exposition; see in 
particular Srednicki (2007), Sect. 22, for complex bosons and Srednicki (2007), 
Sect. 49, for neutral fermions. 

The idea of positive quantization of classical linear dynamics goes back to 
the early days of the quantum field theory. In the fermionic case it was first 
formulated in terms of the “Dirac sea”; see Dirac (1930). This approach hides 
the particle-anti-particle symmetry. Its modern formulation is attributed to Fock 
(1933) and Furry-Oppenheimer (1934). 

In the case of bosons, the “Dirac sea” approach is not available. The bosonic 
positive energy quantization was described by Pauli—Weisskopf (1934). 

An interesting outline of the history of quantum field theory, which in 
particular discusses the topic of the positive energy quantization, is contained in 
the introduction to the monograph of Weinberg (1995). 

The role of complex structures in positive energy quantization was emphasized 
by Segal (1964) and Weinless (1969). 

An abstract formulation of the positive energy quantization was given by Segal, 
and can be found e.g. in Baez—Segal-Zhou (1991). 

Positive temperature Green’s functions can be found e.g. in Fetter—-Walecka 
(1971), and from a more mathematical point of view in Birke-Fröhlich (2002). 
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Quantum fields on space-time 


In this chapter we describe the most important examples of (non-interacting) 
relativistic quantum fields. We will use extensively the formalism developed in 
Chap. 18. 

Most textbook presentations of this subject start from the discussion of repre- 
sentations of the Poincaré group. They stress that the most fundamental quan- 
tum fields are covariant with respect to this group. In our presentation the 
Poincaré covariance is a secondary property. The property that we emphasize 
more is the Einstein causality of fields. In the mathematical language this is 
expressed by the fact that observables belonging to causally separated subsets 
of space-time commute with one another. This property can be true even when 
there is no Poincaré covariance, e.g. due to the presence of an external (vector) 
potential in a curved space-time. 

The chapter is naturally divided in two parts. In the first part we consider 
the flat Minkowski space and in the second an arbitrary globally hyperbolic man- 
ifold. In both cases we discuss the influence of an external (classical) potential 
and a variable mass. In the Minkowski case, we discuss separately the Poincaré 
covariance, which holds if the potential is zero and mass is constant. 

The quantization consists of two stages. In the first stage one introduces the 
CCR or CAR algebra describing the observables of the system. The underlying 
phase space is the space of solutions of the corresponding equation defined on 
the space-time. This space is equipped with a bilinear or sesquilinear form, which 
leads to the appropriate CCR or CAR. 

In the second stage one chooses a representation of the algebra of observ- 
ables on a Hilbert space. In order to determine this representation one usually 
assumes that the generator of the time evolution of the classical system is time- 
independent. Then one can apply the formalism described in Chap. 18. In the 
case of the Klein—Gordon and Dirac equations on Minkowski space this means 
that the external potential and the mass do not depend on time. 

Sects. 19.5, resp. 19.6 are generalizations of Sects. 19.2, resp. 19.3 to a curved 
space-time. We limit our discussion to the algebraic quantization of Klein— 
Gordon and Dirac equations on a globally hyperbolic manifold. As a result we 
obtain a net of CCR, resp. CAR algebras satisfying the Einstein causality. 

Our presentation is limited to the most basic elements of the theory of quan- 
tum fields on curved space-time. One of the topics that we leave out, which 
however is easy to figure out mimicking the discussion in Sects. 19.2, resp. 19.3, 
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is the positive energy quantization of time-independent equations on a station- 
ary space-time; see e.g. Kay (1978). The subject that is more difficult is how 
to choose representations of quantum fields in the case of non-stationary curved 
space-times, where there is no preferred vacuum state. There has been signifi- 
cant progress in our understanding of this question. It is believed that one should 
choose representations generated by states whose correlation functions satisfy a 
certain natural microlocal condition, the so-called Hadamard states. One can 
find more about this subject in the literature; see Brunetti-Fredenhagen—Kohler 
(1996) and Brunetti-Fredenhagen—Verch (2003). 


19.1 Minkowski space and the Poincaré group 
19.1.1 Minkowski space 


Consider the Minkowski space R!. Recall that it is the vector space R!+4 
equipped with a pseudo-Euclidean form of signature (1,d); see Sect. 15.3. In 
the coordinates x = (a), u =0,1,...,d, the pseudo-Euclidean quadratic form 
will be denoted 


d 
(|x) = —(2°)? + Die’. 


Definition 19.1 A non-zero vector x € R!“ is called 


time-like if (x|x) < 0, 

causal if (x|x) <0, 
light-like if (x|x} = 0, 
space-like if (|x) > 0. 


The set of causal, resp. time-like vectors is denoted J, resp. I. A causal vector 
x is called 


future oriented if x° > 0, 


past oriented if x° <0. 


The set of future, resp. past oriented causal vectors is denoted J=. The set of 


future, resp. past oriented time-like vectors is denoted I~. 


Clearly, I~ is the interior of J~. 


Definition 19.2 For U C Rt, we set JU):=J+U and J+) := Jt +U. 
J(U) is called the causal shadow of U and J=(U) the causal future, resp. past of 
U. A function on R' is called space-compact if there exists a compact U C R!" 
such that supp f C J(U). It is called future, resp. past space-compact if there 
exists a compact U C R}? such that supp f C J*(U). 
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The set of space-compact smooth functions will be denoted CS°(R'“). The set 
of future, resp. past space-compact smooth functions will be denoted CSS, (R14). 
Definition 19.3 Let U1, U> C R1. We say that U, and Uz are causally sepa- 
rated if J(U) OU = b, or equivalently if Ui N J(U2) = 9. 


Definition 19.4 The operator 


d 
= 0,0" = —(0°)? + X (0)? 
i=1 


is called the d’Alembertian. 


19.1.2 The Lorentz group 


Definition 19.5 The pseudo-Euclidean group O(R!) ~ O(R') is called the 
Lorentz group in 1 + d dimensions. 

Let r € O(R'“). We will say that r is space-time even if detr = 1 and space- 
time odd if detr = —1. 

Note that r(J*) = J* or r(J+) = J~. In the former case we say that r is 
orthochronous and in the latter case we say that r is anti-orthochronous. 


Thus O(R!“) has four connected components: 


(1) the space-time even orthochronous component O1 (Rt), 
(2) the space-time even anti-orthochronous component Ot ( 
(3) the space-time odd orthochronous component O! (R!:“) 
(4) the space-time odd anti-orthochronous component Ot (R14). 


pe} 
’ 


? 


Clearly, O| (R'“), also denoted SO'(R'“), is a normal subgroup and we have 
an exact sequence 


1 — SO (Rt!) = O(R') > Zo x Zo > 1. (19.1) 
We have three subgroups of O(R!“) of index 2: 
or) = O! (R°) U OL (R°), 
O+ (R°) = OĻ (R°) U O} (R°), 
so(R*) = O! (R°) U OŁ (RY). 


Definition 19.6 The temporal parity is the homomorphism 
O(R'4) > L> pz € {1,—1} 


that equals 1 on an orthochronous and —1 on an anti-orthochronous L. 


Definition 19.7 The affine extension of the Lorentz group 
AO(R"“) = Ritd x O(R!“) 
is called the Poincaré group in 1 + d dimensions. 


We refer to Def. 1.100 for the definition of the affine extension. 
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19.1.3 Pin groups for the Lorentzian signature 


In the case of the Lorentz group we have the following refinement of Diagram 
(14.18): 


1 1 
1 —> Zə => Zə = 1 
l 
1 > Spinl(R'4) = Pin(R'4) > Zx% —> 1 (19.2) 
{ 
1 > SOR = OR!) > 2x% = 1 
l 
1 1 1 


Pin(R') has four connected components 


R’), 
Ri) 
R! d) 
R! g) 


y 
k 


= 
[eo {>+ 


3 


? 


which cover the corresponding connected components of O(R!“) listed in Sub- 
sect. 19.1.2. 

If we replace Rt}? with R“!, then all the entries of the above diagram remain 
the same except for Pin(R'“) replaced with Pin(R*'), which are not isomorphic 
to one another. Both have four connected components, with the obvious nota- 
tion. Note that we can identify Spin(R!“) ~ Spin(R®!), hence we can identify 
Pin! (R! 4), resp. Pint (R'), with Pin! (R@), resp. Pin! (R™!), 

We will also use the affine extensions of the Pin groups 


APin(R!) = R!4 x% Pin(R!%), 
APin(R®!) = R! x Pin(R®), 


which are two-fold coverings of the Poincaré group. 


19.1.4 Positive energy representations of Clifford relations 


Let V be a pseudo-unitary vector space equipped with a Hermitian form 8. As 
in Subsect. 15.3.5, we denote by At the adjoint of A w.r.t. this form. 


Definition 19.8 We say that a representation of Clifford relations 


R'4 > y > yy) € L(V) (19.3) 
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is a positive energy representation if y(y) = —y(y)', y € VY, and 
iv. By(yo)v > 0, VE y, U # 0, 
for some time-like future oriented yọ € R'“. 


Lemma 19.9 iG+(yo) is positive definite for some time-like future oriented yo 
iff iBy(y) is positive definite for all time-like future oriented y. 


Proof Let yi, y2 be two future oriented vectors. We may assume that (y:|y1) = 
(y2|y2). There exists r € SO'(R') such that y2 = ry. By Thm. 15.28, there 
exists U € Spin'(R!“) implementing r and such that UUt = 1. Spin! is con- 
nected, hence UUt = 1, i.e. U is pseudo-unitary. Therefore, 


B-By(y2)v = -BUy(y1)UTy = Utv-Byly Uv. 


Hence, iGy(y1) is positive definite iff iG-y(y2) is positive definite. 


Positive energy representations act on a pseudo-unitary space. After fixing a 
future oriented time-like vector yo, their representation space can be equipped 
with the positive definite scalar product 


ivr - By(yo)v2, vi,v2 E V. 


19.2 Quantization of the Klein—Gordon equation 


The homogeneous Klein—Gordon equation has the form 


(-O+ m’)¢(x) = 0, (19.4) 


where R!4 5 x> ¢(z) is a function on the Minkowski space. This equation is 
Poincaré invariant. That means, elements of the Poincaré group transform solu- 
tions of (19.4) into solutions of (19.4). 

Besides (19.4), we will consider the Klein—Gordon equation with an external 
potential and a variable mass, 


(— (0, +iA,,(a)) (O" +iA"(x)) + m?(x)) C(x) = 0. (19.5) 


It is Poincaré covariant. That means solutions of (19.5) are transformed by 
elements of the Poincaré group into solutions of (19.5) with the transformed 
external potential and mass. 

The equation (19.5) has several interesting properties. First of all, its solutions 
do not propagate faster than the speed of light. In other words, solutions of the 
Cauchy problem are supported in the causal shadow of the support of its initial 
conditions. Secondly, the space of real, resp. complex, space-compact solutions 
(19.5), denoted y, has a natural symplectic, resp. charged symplectic form given 
by a local expression. As a consequence, two solutions of (19.5) with the Cauchy 
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data supported in disjoint regions are orthogonal w.r.t. this symplectic, resp. 
charged symplectic form. 

Let us associate with Y the corresponding CCR algebra. It will satisfy the 
Einstein causality (a property also known by the name locality). This means 
that observables associated with the Cauchy data with disjoint supports will 
commute. This property is one of the basic postulates of quantum field theory. 
It is incorporated in the standard sets of axioms of quantum field theory: the 
Wightman axioms (see Streater-Wightman (1964)) and the Haag—Kastler axioms 
(see Haag—Kastler (1964) and Haag (1992)). 

The space Y is equipped with a natural symplectic, resp. charged symplec- 
tic dynamics. If the external potential and the mass do not depend on time, 
this dynamics is generated by a time-independent classical Hamiltonian. If 
this Hamiltonian is positive, we can apply the positive energy quantization, as 
described in Subsects. 18.1.1, resp. 18.2.1. We obtain a one-particle Hilbert space 
Z and a positive Hamiltonian implementing the dynamics acting on the bosonic 
Fock space [';(Z). 

The discussion of the quantization of the Klein—Gordon equation with an 
external potential and a variable mass gives a good illustration of the difference 
between the dual phase space Y and the one-particle space Z. This difference 
is visible in particular in our discussion of the Poincaré covariance. In partic- 
ular, we will describe the charge, parity and time reversal covariance on the 
level of the classical equation, its algebraic quantization and its Hilbert space 
quantization. 


19.2.1 Klein—Gordon operator 


Definition 19.10 Let m? € R. The Klein—Gordon operator with squared mass 
m? is the operator on R}? given by 


(m?) := —0,0" + m2. (19.6) 


Definition 19.11 Let 


be smooth functions. The Klein—Gordon operator with squared mass m? and 
external potential A is defined as 
(m?, A) := —(8, +1A, (x)) (0% + i1A*(x)) + m(x). (19.7) 


Note that in the real case the external potential has to be zero, because of the 
imaginary unit in front of it. In what follows, for definiteness, we will consider 
mostly the complex-valued case. 
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19.2.2 Lagrangian of the Klein—Gordon equation 


In our presentation we avoid using the Lagrangian formalism. Nevertheless, it is 
worth mentioning that (19.5) can be obtained as the Euler-Lagrange equations 
of a variational problem. The Lagrangian can be taken as 


L(¢,0¢) = — 50460" = sme’, in the real case, 


L(¢,¢, 06, OC) = — (Ə, +iA,)C(O, +iA,y)¢ — m?C¢, in the complex case. 


In the real case the Euler-Lagrange equations 


OL 
OL — ô, =0 19.8 
¢ L aa, ¢) ( ) 
yield O(m?,0)¢ = 0. (Recall that in the real case we do not consider the external 
potential.) 
In the complex case we have two sets of Euler-Lagrange equations. (19.8) 
yields O(m?, A)¢ = 0. It should be supplemented by 
OL 


C Ae) 


which yields O(m?, —A)¢(x) = 0. 


19.2.3 Green’s functions 


The following theorem describes advanced and retarded Green’s functions of the 
inhomogeneous Klein-Gordon equation. 


Theorem 19.12 Write O = O(m?, A). For any f € C&%°(R'“) there exist unique 
functions (+ € CX. (R!?), solutions of 


=e 


Moreover, 


C= (2) = (G*f)(x) = G= (x,y) fy)dy, 


Rid 


where G+ = G*(m?, A) € D'(R'4 x R!“) satisfy 


G G 1, 
suppG* C {(a,y) : x € J*(y)}, 
G#(z,y) = GF (y, 2). 


The proof of Thm. 19.12 can be found e.g. in Bar—Ginoux—Pfaffle (2007). 


Definition 19.13 GF is called the retarded, resp. advanced Green’s function. 


Note that by duality G* can be applied to distributions of compact support. 
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Definition 19.14 The Pauli-Jordan or commutator function is defined as 
G(x, y) := G+ (x, y) = G` (z, y). 
Note that 


G = CO = 0, 
suppG C {(z,y) : x € J(y)}, 
G(x, y) = —G(y, x). 


19.2.4 Cauchy problem 


Let us introduce a non-covariant notation. We will write t for x° and x for 
(x!,...,a7). The dot will denote the derivative w.r.t. t. We will also write V for 
A? and A for (A!,..., A’). Thus, the free Klein-Gordon operator becomes 


(m?) = 02 —-A, +m’, (19.10) 


and the Klein—Gordon operator with an external potential and a variable squared 
mass becomes 


d 
(m?,V,A) = (& — iV (t,x) cap (3zi +iA;(t er +m? (t,x). (19.11) 


The Pauli-Jordan function G can be used to describe the solution of the 
Cauchy problem of the Klein—Gordon equation. 


Theorem 19.15 Let J,¢ € C%°(R“). Then there exists a unique ¢ € C&?(R'7) 
that solves 


(m,V,A)¢ = 0 (19.12) 
with initial conditions 

¢(0,x) = s(x), ¢(0,x) = (x) — iV (0, x)s(x). 
It satisfies supp ¢ C J(supps U supp V) and is given by 


(t,x) = — [ (8G, x;0,y) = iG(t, x;0,y)V (0, y))s(y)dy 


+ | G(t,x;0,y)0(y)dy. 
Rd 


19.2.5 Symplectic form on the space of solutions 


Definition 19.16 Let Y(m?, A) (also denoted for brevity Y) be the space 
of smooth space-compact solutions of the Klein—Gordon equation, that is, Ç € 
C°(R!) satisfying (19.5). 
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Definition 19.17 Let ¢,¢. E C®(X). We define 
J" (GG, 8) = ONG (a) G(x) — & (@)O" G(x) — 2A" (#)G (7) Q(z). 


(In the real case the definition is the same except that we do not need the 
complex conjugation and the term involving the potential is absent.) We easily 
check that 


0,5" (£) = -OG (1)& (x) + G(x) OG2(2), 
where O = O(m?, A). Therefore, if G, € V(m?, A), then 
Oyj" (x) = 0, 


and in such a case the flux of j” across a space-like subspace S of co-dimension 
1 does not depend on its choice. 
If the space-like hyper-subspace S is given by the parametrization 


S={(a+b-x,x) : xe R%}, (19.13) 


for some a € R and b € R? with |b| < 1, then the flux of j” across S 
Grote = f (A-B) (9? - b-i) (G.G2,a+ bx, x)dx 
Rd 


defines a (charged) symplectic form on Y(m?, A). 

Note that the (charged) symplectic form w is defined covariantly under the 
group AO'(R!“) (it does not depend on the choice of coordinates that preserves 
the time direction). This is true even if A and m? are variable. Under the change 
of coordinates in AO!(R'“) the (charged) symplectic form changes its sign. 

For ¢,,¢2 € V(m?, V, A), the (charged) symplectic form is 


Gwe = l (61(0,)G2(0,) — Gi (0, x)C2(0, x) — 21V (0,2) 61 (0, x) (0, x) ) dx 


Z I (el) — TCH) ax. (19.14) 


19.2.6 Solutions parametrized by test functions 


The Pauli-Jordan function G can be used to construct solutions of the Klein- 
Gordon equation, which are especially useful in the axiomatic formulation of 
quantum field theory. 


Theorem 19.18 (1) For any f € C%(R'“), Gf Ey. 
(2) Every element AA 7 a this form. 
(3) Gf wGfe = J fi(@)G(a, y) fo(y)dady. 


For an open set O C ip we set 


V(O) = V(O, m?, A) := {Gf ; fece(o)}. 
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Theorem 19.19 (1) Y= Y(R!“). 
(2) Oı C Oz implies V(O1) C V(Oə). 
(3) If O; and Oz are causally separated and ¢; € Y(O;), i = 1,2, then 


an Wo = 0. 


19.2.7 Algebraic quantization 
In the neutral case, starting from symplectic space (Y,w), we define the C*- 
algebra 
A = A(m?, A) := CCR! (V). 
More generally, we have a similar definition for any open set O C R!4: 
UO) = A(O,m?, A) := CCRV! (Y(0)). 
In the charged case, we replace the algebra CCR“! with CCR; as explained 
in Subsect. 18.2.1. 


Theorem 19.20 (1) A = 2(R!“). 
(2) Oi C Og implies A(O1) C A(O2). 
(3) If O, and O, are causally separated, and B; E A(O;), then 


Bı Bə = B Bı. 


19.2.8 Fock quantization 
Assume that A and m? do not depend on t. For ¢ € Y(m?, A), set 


ri(s, x) = C(s gi t,x). 
Clearly, 


Ti : Y(m?, A) — Y(m?, A), 
Fi : U(m?, A) > A(m?, A) 


are one-parameter groups. (Recall that f, denotes the Bogoliubov automorphism 
associated with rz.) 

Assume in addition that m?(x) > 0. The Klein—Gordon equation is then a 
special case of what we called the abstract Klein—Gordon equation in an external 
potential considered in Subsect. 18.3.6 with 


d 
ge ( =D (A: FN + m(x)) 2 
i=1 
Assuming that V?(x) < €, we can apply the formalism of the positive energy 
quantization to the space Y(m?, A), described in Subsect. 18.3.6. If A(x) = 0, we 
can apply Subsect. 18.3.2 in the neutral case or Subsect. 18.3.5 in the charged 
case. 
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First we obtain the one-particle Hilbert space Z(m?, A) together with a self- 
adjoint operator h. Then we obtain a (neutral or charged) CCR representation 
over Y(m?, A) in T,(Z2(m?, A)). We also obtain a positive Hamiltonian H = 
dI'(h) that acts on T,(Z(m?, A)), so that 


(B) =e" Be", Be xm. 


19.2.9 Charge symmetry and charge reversal 


Let us consider the complex case. We then have the action of the U(1) group 
on each V(O, m?, A), and hence the corresponding group of automorphisms 
{e heva) on each A(O, m?, A). 

We also have the charge reversal operator x, defined as y¢ = Ç. Clearly, we 
obtain the isomorphisms 


If m?, A do not depend on time, then we obtain the unitary operator 
Xz: Z(m?, A) — Z(m?,—A) such that 


(B) =T(xz)BT(xz) 1, Bex. 


19.2.10 Covariance under the Poincaré group 


An element A = (a, L) € AO(R') acts on R»? by Ag = La + a. It also acts on 
¢ € C™(R') by 


uaÇ(z) = C(A7*2), 
or uc =CoA7!, and on A € C®(R! 4, R!) by 
ur A(x) = LA(A7'z), 


or uuaA=LAoA7!. Clearly, ua preserves CS°(R'7). We obtain the isomor- 
phisms 


ua: V(O, m, A) > Y(AO, uam”, uy A). (19.15) 


(19.15) preserves the (charged) symplectic form w for A € AO'(R!“) and changes 
its sign for A € AO!(R'). 
Actually, the standard choice for the action of the Poincaré group is 


ua, for orthochronous A, 
WA t= 
xua, for anti-orthochronous A. 
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We have 


wa : Y(O,m?, A) > V(AO, uam?, paun A), (19.16) 

Wy : AO, m, A) > AAO, uam’, paua A), (19.17) 
where we recall that pa denotes the temporal parity of A. Equations (19.16) and 
(19.17) are linear for A orthochronous, and anti-linear otherwise. 

Assume now that m? (x) and A(x) do not depend on time. Consider an element 
of the Poincaré group A = (a, L) such that wam? and w,A do not depend on 
time as well. In particular, this is the case when A or TA belongs to R! x O(R®), 
where T denotes the time reversal. Under this assumption, we can introduce 


waz: Z(m, V, A) > Z(m o A7}, V o A7}, LAoA), 
so that the automorphism wW, is implemented by a unitary or anti-unitary oper- 
ator: 
ù (B) = T'(wa,z)BY (waz), Bex. 


If V =0, A =0, then the whole group AO! (R!) acts by unitary transforma- 
tions on the quantum level, and AO! (R!“) acts by anti-unitary transformations. 
Thus we obtain the action of the whole Poincaré group. In the complex case it 
should be supplemented by the action of the charge symmetry and the charge 
reversal. 


19.2.11 Parity reversal 


An important special element of the Poincaré group is the parity reversal. It is 
defined as P = diag(1,—1,...,—1). For 7 := wp we have 


na: V(O,m?,V, A) > V(PO,m? oP, V oP,—A oP), 
ft : U(O,m?,V, A) > A(PO,m? oP, V oP,—-A oP). 
If in addition m?, A do not depend on time, then we have the unitary operator 
tz: 2Z(m,V,A) = Z(m? oP,V oP,—A oP) 
such that 
it(B) =T(mz)BI(mz)"!, BEMA. 


19.2.12 Time reversal 
Let T = diag(—1,1,...,1) be the time reversal as an element of the Poincaré 
group. The standard choice for the time reversal (Wigner’s time reversal) is 
T := wr = xur. We have 
T: V(O,m?,V,A) = V(TO,m? oT, V o T,—A 0 T), 
$: UO, mÈ, V, A) > ATO, m? oT,V oT, —A oT). 
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If in addition m?,A do not depend on time, then we obtain the anti-unitary 
operator 


TZ: Z(m?,V, A) = 2(m?, V,—A) 
such that 


#(B) =T(T2)BT (T2), BEA. 


19.2.13 Klein-Gordon equation in the momentum representation 


In this subsection we assume that A = (V, A) = 0 (the external potential van- 
ishes). 

We denote by € = (7,k) € R' the variables dual to (t,x) € Rtt, paired by 
the Lorentz metric: 


(Elx) = —7-t+k-x. 


If ç € S(R*), ¢ will denote the usual unitary Fourier transform of ç, and if f € 
S(R'*4), we set 


FE) = mya) / eG) F(a) de. 
Note that 


uaC(é) = COLE), A= (a, L). (19.18) 


Definition 19.21 Define the mass hyperboloid 


Cm = {EER : (EE) +m = 0}, 


which splits into the two connected components C= = Cm N {£r > 0}. 
Note that 


5((E|E) +m’) (19.19) 


is a measure supported on Cm invariant w.r.t. O(R'7). (We refer to Subsect. 
4.1.2 for the notation used in (19.19).) 
Set e(k) := (k? + m?)?. (19.19) has a decomposition 


6(7 — €(k)) 6(r + €(k)) 


(Ele) + m?) = 2k) | De(k) 


into the sum of measures supported on Ct and Cz, invariant w.r.t. OT (R14). 


m m? 
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Proposition 19.22 Let Ç be the solution of (19.4) with initial data (¢,0) at 
t = 0, that is, 


¢ = 0, 
¢(0,x) = s(x), ¢(0,x) = V(x). 
Define a function f on Cm by 
f(T,k) = e(k)ê(k) + isgn(r)(k), (T, k) € Cm. 
Then, 
C(€) = (2m)? f(E)5((ElE) +m’), (19.20) 
Crue = stm | REAO +m? )ag, (1921) 


JCE) = —isgn(r)¢(€). 
Proof Using (18.26), we get that 


¢(7,k) 


ee ( (a = e) (<0 +i) + 6(7 + €(k)) (€) - 2 ) 


= (2n)* (isgn(7)Ô(k) + elk)élk)) AKEE) + m?), 


which yields (19.20). To see (19.21) we use the expression of w in terms of the 
Cauchy data given in Subsect. 18.3.5 and 
1 


i) = ggg ED + Fel, 


Using that 6((€|€) + m?) is invariant under the Lorentz group, we see that the 
action of the Poincaré group becomes 
e Mal F(L-1E), (a,b) € AOR), 
eal) F(—E-18), (a, L) € AO!(R! 4), 


wa f(E) “| 


This is another way to see that wa is symplectic and commutes with j, resp. 
anti-symplectic and anti-commutes with j, for all A € AO'(R!“), resp. A € 
AO!(R!“). Therefore, all elements of AO'(R!“), resp. AO! (R!“) can be imple- 
mented by the unitaries, resp. anti-unitaries [(wa) in the Fock representation. 


19.3 Quantization of the Dirac equation 


The homogeneous Dirac equation has the form 


(yO, —m)¢(a) = 0. (19.22) 
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Here, R! 5 x C(x) is a function on the Minkowski space with values in 
Dirac spinors and +“ are the Dirac matrices. Equation (19.22) is invariant w.r.t. 
APin(R!“), the covering of the Poincaré group. 

Besides (19.22) we will consider the Dirac equation with an external potential 
and a variable mass, 


(7 (0, + iA, (x)) — m(x))¢(x) = 0. (19.23) 


It is covariant w.r.t. the group APin(R!“). 

The Dirac equation has a number of similarities with the Klein—Gordon equa- 
tion. First of all, solutions of (19.23) do not propagate faster than the speed of 
light. Secondly, on the space of space-compact solutions of (19.23), denoted by 
YV, there exists a locally defined sesquilinear form. Recall that in the case of the 
Klein—Gordon equation this form was symplectic or charged symplectic. In the 
case of the Dirac equation, this form is a positive definite scalar product given by 
a local expression. As a consequence, two solutions of (19.23) with the Cauchy 
data supported in disjoint regions are orthogonal. 

In the case of a positive definite scalar product, it is natural to use the fermionic 
quantization. Thus, let us associate with Y the corresponding CAR algebra. 
It will satisfy the fermionic version of the Einstein causality. This means that 
fields associated with the Cauchy data with disjoint supports will anti-commute. 
Consequently, even observables associated with data with disjoint supports will 
commute. 

The space y has a natural unitary dynamics. If the external potential and the 
mass do not depend on time, this dynamics has a time invariant generator. If 
the dynamics is non-degenerate, we can apply the positive energy quantization, 
as described in Subsect. 18.2.2. We obtain a one-particle Hilbert space Z and a 
positive Hamiltonian implementing the dynamics acting on the fermionic Fock 
space [’,(Z). 

The discussion of the Poincaré invariance and covariance of the Dirac equation, 
which we give at the end of this section, is more complicated than in the case of 
the Klein—Gordon equation. In particular, to discuss the charge and time reversal 
we need some properties of Clifford algebras obtained in Subsect. 15.3.2. 


19.3.1 Dirac operator 


Let (V, 8) be a finite-dimensional pseudo-unitary space. Let 
R? > yœ q(y) € L(V) 


be a positive energy representation of Cliff(R!“). We fix a future oriented unit 
vector e in R!-4. Without loss of generality we may assume that e = e°, where 
e°,...,e¢ is the canonical basis of R'4. We set 4” = y(e"), u= 0,...,d, and 


equip V with the scalar product 


is 0 
VU, + V2 := Wy: BY vo. 
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Using this scalar product, we can identify the Hermitian form 8 with iy’. There- 
fore in the rest of this section, 3 will denote the operator iy°. The adjoint of A 
w.r.t. the above scalar product will be denoted as usual by A*. 

As seen in Subsect. 19.1.4, we have 


(PY =-1, GP =1, i=1,...,d; 
FP HPF =0, O<u<vLd; 

WY =- O Er i=l, gd 
Definition 19.23 Letm € R. The Dirac operator of mass m is the operator on 
CS(R!4, V) given by 

D(m) := ô, — mM. 

Definition 19.24 Let 
R!" > g m(x) €R, 
RH? 5 2+ A(x) = (A"(x)) E R? 


be smooth functions. The Dirac operator with mass m and external potential A 
is defined as 


D(m, A) := y” (3, + iA, (x)) — m(2). 


19.3.2 Lagrangian of the Dirac equation 


The Dirac equation D(m, A)¢ = 0 can be obtained as the Euler-Lagrange equa- 
tion of the following Lagrangian: 


Li (C, Ç, 06, 8C) := Ç - B( (8p +iAy) — mC. (19.24) 
It is also the Euler-Lagrange equation of the following more symmetric 
Lagrangian: 


L(G, Ç, 96, oÇ) 
1- ao E z 
= Z(E BY" uE — Ono BC) +36 BY" Au = mE: BC. (19.25) 
It is easy to see that (19.24) and (19.25) differ by a full derivative. 


Remark 19.25 In our notation Ç will always denote the complex conjugate of 
C (to be consistent with the usage of ¢ elsewhere in our work and in most of the 
literature). In a large part of the physics literature, in the context of the Dirac 
equation, Ç has a special meaning: in our notation it means BC. 


19.3.3 Green’s functions 
Note the identity 
— D(—m, A)D(m, A) = — (ð, +iA, (x)) (o" + iA” (x)) 
+7!" Fur (£) +9" Gu (2) + m(x)”, (19.26) 
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where 


1 
WY. TAM OA 
Fv (£) := ð A (£) — 0, A (2), 


Gy (2) := 0,m(a). 
(19.26) is a Klein—Gordon operator with a matrix-valued mass. It has a Green’s 


function, which can be used to express the Green’s function of D(m, A). In fact, 
let G*(a,y) be the retarded, resp. advanced Green’s function of (19.26). 


Definition 19.26 S*(x,y) := —D(—m, A)G= (x,y) is called the retarded, resp. 
advanced Green’s function of the Dirac equation. 


Theorem 19.27 Write D for D(m, A). For any f € C%(R!4,V) there exist 
unique functions C+ € C&.(R'4,V) that solve 


D =f. (19.27) 


Moreover, 


C= (x) = (57 f)(2) = S= (x,y) f (y)dy, 


Rid 


where S is a distribution in D'(R!4 x R'4, L(V)), which satisfies 


pst = s*D=1, 
supp S* C {(z,y) : ce J*(y)}, 
S™ (a, y)“ r OT Cpe) 


Definition 19.28 We set S(x,y) = S+ (x,y) — S7 (x,y). 
We have 
DS = 0, 
supp S C {(z,y) : £ € J(y)}, 
S(x,y)" = —S(y, x). 


19.3.4 Cauchy problem 


We will use the non-covariant notation introduced in Subsect. 19.2.4. We also 


set a’ := —7°7', i=1,...,d, obtaining a representation of CAR G,a',...,a%, 


that is, 
B =1, (œ)? =1, i=1,...,4; 
bai + a;b = 0, aiaj + aja, = 0, 1<i<j<d; 
B" = 6; a; = Qi, i=1,...,d. 
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We can rewrite the Dirac equation in the Hamiltonian form 
OO, = bh, (19.28) 
b(t) = —a' (D; > A; (t,x) T V(t, x) T m(t, x), 

where (x) = ¢(t,x). 


Theorem 19.29 Let 0 €C&%(R‘,V). Then there exists a unique ÇE 
Cx(R!4,V) that solves 


¢(0,x) = (x) 
It satisfies supp¢ C J(supp¥) and is given by 
Maaa Es 0, y)’ V(y)dy. 


Moreover, S(t,x;0,y)y7° is the integral kernel of the operator 
t 
Texp (:/ H(s)as) . 
0 


19.3.5 Scalar product in the space of solutions 
Definition 19.30 Let Y(m, A) be the space of smooth space-compact solutions 
of the Dirac equation, that is, ¢ E€ CS°(R'7,V) satisfying (19.23). 


Definition 19.31 Let ¢,,¢. E€ C™(R'",V). Set 


J” (Gs Ga, £) = ii (x) + BY" Ca (a). 
We easily check that 


On Jj" (x) = iD (x) - BCa(x) + iQ (x) - BDC2(z), 
where D = D(m, A). Therefore, if ¢1,¢2 E€ Y(m, A), then 
8.5! (2) = 0, 


and in such a case the flux of j” across a space-like hyper-subspace does not 
depend on its choice. This choice defines a scalar product on Y(m, A). For 
instance, if we consider the hyper-subspace (19.13), then we obtain the following 
expression for this scalar product: 


GG = f 0- BP (G-p) Gs G,a+b-x,x)dx 
In terms of the Cauchy data we have 


Q Q= i ¢1(0, x) - &2(0, x)dx. 
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19.3.6 Solutions parametrized by test functions 
Similarly as in the case of the Klein—-Gordon equation, solutions of the Dirac 
equation can be parametrized by space-time functions: 
Theorem 19.32 (1) For any f € C%(R'4,V), Sf Ey. 
(2) Every element of Y is of this form. 
(3) Sfi- Sfo =i fara Sara Fila) BS (a, y) fo(y)dady. 


For an open set O C R!“ we put 


V(O) = V(O, m, A) := {Sf : fecr(o,yv)}. 


Theorem 19.33 (1) Y= Y(R'“). 
(2) Oı C O2 implies yv(0ı) © V(Oz). 
(3) If O; and O2 are causally separated and ¢; E€ Y(O;), i = 1,2, then 


Qi Q =0. 


19.3.7 Algebraic quantization 
Let 


EAE sRel, Gy Gey: 


As explained in Subsect. 18.2.2, the Euclidean space (Vg, v) is used to define the 
field algebra of the fermionic system, the C*-algebra 


A = A(m, A) := CART” (Vr). 
More generally, we have a similar definition for any open set O C R!4: 
A(O) = A(O, m, A) := CART” (Y(O)pg). 


As explained in Subsect. 18.2.2, for the observable algebra we take CAR (VX). 


Theorem 19.34 (1) A = 2(R!“). 

(2) Oı CO» implies A(O) ie (Oz). 

(3) If O; and O2 are causally separated, and B; € A(O;) are elements of pure 
parity, then 


Bı By = (-1)!71!82! B, By. 


19.3.8 Fock quantization 
Assume that A and m do not depend on t. For Ç € Y(m, A), set 


ri¢(S,x) := C(s — t,x). 
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Clearly, 


rı : Y(m, A) > Y(m, A), 
Fi : Alm, A) > Afm, A) 
are one-parameter groups. 

Write the Dirac equation in the Hamiltonian form (19.28), where now b does 
not depend on time. If Kerb = {0}, we can apply the formalism of the positive 
energy quantization to the space Y(m, A), described in Subsect. 18.1.2 in the 
neutral case and in Subsect. 18.2.2 in the charged case. This construction leads 
to the Kahler anti-involution j, the one-particle space Z(m, A) and the positive 
one-particle Hamiltonian h on Z(m, A). We obtain a representation of A(m, A) 


on Ta (Z(m, A)) such that the dynamics 7; is implemented by the Hamiltonian 
H := dI (h): 


(B) =e" Be", BE A(m, A). 


19.3.9 Charge symmetry 
We have the action of the U(1) group 


el? : V(O, m, A) aad Y(O,m, A), 
e; A(O, m, A) > A(O, m, A). 


If m, A do not depend on time, then we can define the charge operator Q := 
dI (qz), and we have 


e9(B) = e Be Be Am, A). 


19.3.10 Charge reversal 


Recall that in Subsect. 15.3.2 we studied the existence of charge reversal in the 
context of Clifford relations. They are anti-linear operators on VY, denoted y+ or 
X-, defined by the following conditions: 


(1) x+ is called a real charge reversal if 
XX =) XE = 
(2) x+ is called a quaternionic charge reversal if 


XIX =), X4 =]; 


(3) x- is called a pseudo-real charge reversal if 
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(4) x- is called a pseudo-quaternionic charge reversal if 


x-1 =-7(y), x2 =-1. 


x+ can be lifted in an obvious way to the dual phase space Y, and then to the 
algebra XA. We obtain the operators 


X: V(O, M, A) = YO,” IEN, =A), (19.29) 
R+ : AUO, m, A) > AO, +m, —A). (19.30) 


Note that (19.29) is anti-unitary and (19.30) is a (linear) x-homomorphism. 

Recall from Subsect. 15.3.2 that in the case of an irreducible representation of 
Clifford relations, the existence and properties of x+ can be summarized with 
the following table: 


Table 19.1 
d(mod 8) x3. x- 
0 — 1 
1 1 1 
2 1 = 
3 1 -1 
4 = -1 
5 -1 -1 
6 -1 D 
7 -1 1 


If m, A do not depend on time, then we can introduce the unitary operator 


X4,2 : Z(m, A) > Z(tm, —A) 


such that 


X4(B) =T(v4,z) Bl (v4,2)7', Be Alm, A). 


19.3.11 Inversion of the sign in front of the mass 


Suppose that 7 is a unitary operator on V such that ny" = —7y"7n. In the case of 
an irreducible representation, such an operator exists only if d is odd. It is then 
proportional to w, whose definition (15.10) we recall: 


wa Pot t. 


If d is even, such operators exist only in reducible representations. Note that 
n: V(O, m, A) = V(O, —m, A), 
N: AUO, m, A) > AO, —m, A). 
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If m, A do not depend on time, we can introduce the unitary operator 
nz: Z(m, A) => Z(—m, A) 
such that 


(B) =T(nz)BI(nz)~!, Be Ulm, A). 


19.3.12 Covariance under the Poincaré group 


Recall that in the case of spinors the role of the Poincaré group is played by its 
double cover, APin(R!“). We first describe its representations on spinor-valued 
functions that may seem the most natural from the mathematical point of view. 
It is not, however, the standard choice in quantum field theory. Then we describe 
another representation, which is preferred in standard textbooks. 

Recall that in Subsect. 19.2.10 for A = (a, L) € AO(R!“) we defined an oper- 
ator ua acting on C°(R'7). Let us define the analog of ua for spinor-valued 
functions. 

The group Pin(R!“) will be treated as a subgroup of L(V) by the Pin rep- 
resentation. Let A = (a, L) € APin(R!“). Let A = (a, L) be the corresponding 
element of the Poincaré group AO(R'“). A acts on ¢ € C®(R'4, V) by 


uj G(2) = LE(A“*2), 
or uj¢ = o A~!. We obtain the unitary map 
ux : V(O, m, A) > Y(AO, det L uam, uy A). (19.31) 
Actually, the standard choice for the action of the Poincaré group is different. 


It involves additionally the charge reversal operator x+ and the operator 7 that 
inverts the sign of the mass. We set 


Uj, for even orthochronous A, 
NU, for odd orthochronous A, 
ae 
A : 
xX+ux, for even anti-orthochronous A, 


nX+u,, for odd anti-orthochronous A. 
We obtain the transformations 


wx : Y(O,m, A) = YV(AO, uam, paua A), (19.32) 
wz : UWO, m, A) > AAO, uam, paur A). (19.33) 
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(Recall that pa denotes the temporal parity of A.) (19.32) is unitary and (19.33) is 
a linear homomorphism for orthochronous A. (19.32) is anti-unitary and (19.33) 
is an anti-linear x-homomorphism for anti-orthochronous A. In irreducible repre- 
sentations the operator x+ exists only if d 4 0 (mod 4), and the operator 77 exists 
only if d is odd (one can then choose 7 = w). Thus in irreducible representations 
the definition of wx is possible if d= 1,3 (mod 4), which includes the physical 
case d = 3. 

Assume now that m(x) and A(x) do not depend on time, so that one can con- 
sider the Fock quantization. Consider an element A = (a, L) such that uam and 
ua, A do not depend on time as well. As before, this is the case if A or TA belong to 
R'4 x O(R¢). Note that O4 (R?) c OL(R!“) and TOx(R“) c OF(R!“), where 


T is the time reversal. From this we deduce the existence of operators 
wa z : Z(m,V,A) > Z(moA7',VoAg', pa LAo A") 
satisfying 
Wy (A) =T(wa.z)AT(wy,z)*. 


The operator wa,z is unitary for orthochronous A; otherwise it is anti-unitary. 


19.3.13 Parity reversal 
Consider the parity reversal operator P := diag(1,—1,...,—1). This operator is 
even if d is even and odd if d is odd. Let P be an element of Pin(R'“) or 
Pin(R@') covering P (which equals +7 -+ - ya). 
The standard operator implementing the parity reversal (which works in any 


dimension) is 7 := wp = nuş. We have 
m:V(O,m,V,A) = V(PO,moP,VoP,—-A oP), 
7: A(O, m, V, A) > A(PO,moP,VoP,—AoP). 


Therefore, if V o P = V, A o P = —A and m o P = m, then the system is invari- 
ant w.r.t. m. Note that 7? = —1. 
If m, A do not depend on time, then we can introduce the unitary operator 


Tz: Z(m,V,A) — Z(moP,VoP,—AoP) 
such that 
it(B) =T(rz)BI (rz) !, Be A(m, A). 


19.3.14 Time reversal 


Recall that T := diag(—1,1,...,1) denotes the time reversal operator. It is an 
odd anti-orthochronous operator. Let T be an element of L covering T (which 


equals +7). 
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The operator ur is the so-called Racah time reversal (see Subsect. 18.2.4). 
The Wigner time reversal, which is the standard choice, is T := wr = nx+ ur. 
We have 


7: V(O,m,V,A) = V(TO,moT,VoT,—-AoT), (19.34) 
7: AO, m, V, A) => A(TO,moT,VoT,—-AoT). (19.35) 


(19.34) is anti-unitary and (19.35) is an anti-linear x-homomorphism. 
If m, A do not depend on time, then we can introduce the anti-unitary operator 


Tz : Z(m,V,A) > Z(m,V,—A) 
such that 
7(B) =T (rz) BI (trz) !, Be A(m,V,A). 


Note the identity 


TXT = TEUPT. 


We thus obtain the unitary operator 


tupr : V(m, A) > Vimo PT, —Ao PT), 


which is an important ingredient of the famous PCT theorem. 


19.3.15 Dirac equation in the momentum representation 


Let us assume that m is constant and A = 0. The Dirac equation can be written 
as 


(yO, —m)¢ = 0. (19.36) 


If ¢ is a solution, then 


(-O+m*)¢ =0. 


Therefore, 


T — €(k)) LF pe ©) 


(T, k) = (27)? (e (k) a eek) 2e(k) 


defines invariantly the functions f* on the lower and upper hyperboloid of mass 
m. 

If we introduce (x) = ¢(t,x), then (19.36) can be rewritten in the Hamilto- 
nian form 


Oo, = ib, for b:=—a. D + 8m. (19.37) 


b is self-adjoint on L? (R4, V). 
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Proposition 19.35 Let Qi, i = 1,2, be two solutions of (19.386). Then we have 
Ci & 
6(r + e(k)) 


zA A : 
F S 


a = on (ro a -ro 


Proof Set b(k) = y 
( 


=y- k— iml, so that b0(k) = b(k)0(k). Note that b(k) is 
self-adjoint on (V, (-| 


-)) and b(k)? = € (k). Hence, 


1 = P, (k) + P_(k) 


for P4(k) = Ip re(xy} (O(k)). 
If J, is a solution of (19.36) with the initial condition J, then 


By (k) = #20 ĝ(k). 
Taking the Fourier transform we obtain 
(7, k) = (27)? (5(r — e(k)) Ps (k) + 4(7 + e(k)) P_()) 0). 


Therefore, 


f(k) = 2€(k) P4 (k)ô(k). (19.38) 


We clearly have 7°b(k) + b(k)y° = 2im, which implies that 


Ps(k) = tim7'e(k) P4 (k)y° P4 (k). (19.39) 


Recall that 3 = iy’. Hence, setting J*+(k) := P*(k)¥(k), 


z — e(k)) Brera ered a c)) 
> a FRO) AE (Gay ard - 5 fi r (yard 
2e(k)OF (8) dS (ak — È f 2er (ks (kak 
~ Im Rd 2m Rd 


= FF) df (aK f F 
Rd Rd 


= (k) - Oy (k)dk 
-f Ô, (k) - ĝa (k)dk v(x): v(x)dx = Q: Q. 
Ri R? 
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19.4 Partial differential equations on manifolds 


In this section we introduce basic notation and terminology for the analy- 
sis of partial differential equations on manifolds. We will be mostly interested 
in Lorentzian manifolds, especially the so-called globally hyperbolic manifolds, 
which serve as models for curved space-times. The material introduced in this 
section will be needed in Sects. 19.5 and 19.6, where we describe quantization of 
the algebraic Klein—Gordon and Dirac equations on curved space-times. 


19.4.1 Manifolds 


Let ¥ be a manifold of dimension d. We will denote by Co°(4’) the space of 
compactly supported smooth functions on ¥ and by D'(X) its dual space — the 
space of distributions on ¥. 

TX, resp. T* X denote the tangent, resp. cotangent bundle over X with fibers 
Tæ, resp. T X equal to the tangent, resp. cotangent space to X at x EX. 
Smooth sections of TX, resp. T* X are called vector fields, resp. differential 1- 
forms on X. 

Suppose that (an open subset of) 4 is parametrized by local coordinates 
x =(a',...,27) from (an open subset of) R°. Then we have a natural local 
frame in TX, traditionally denoted (0,:,...,0,«). Its dual frame is denoted 
(dz!,...,dx“). We will use the coordinate-dependent notation, tacitly identify- 
ing X (or its open subset) with R@ (or its open subset). We will use the Einstein 
summation convention. 

By a (parametrized) curve in X we will mean a continuous piecewise C! map 
from an interval in R into ¥. A curve is called ineztensible if none of its piecewise 
C? reparametrizations can be continuously extended beyond its endpoints. 

Let V be a finite-dimensional vector space. In the rest of the section we will 
discuss differential operators acting on C™(4,V) — the space of smooth func- 
tions ¥ — V. Of course, our discussion can be easily generalized to differential 
operators on smooth sections of a vector bundle (E, æ) with base ¥ and fibers 
isomorphic to V. Using local trivializations of Æ, one can locally reduce the 
analysis to the trivial bundle Y x V considered here. All the objects introduced 
below have natural definitions covariant under change of coordinates and of local 
frames, which a reader with a little familiarity with vector bundles can easily 
guess. 


19.4.2 Integration on pseudo-Riemannian manifolds 
A manifold ¥ is called pseudo-Riemannian if it is equipped with a smooth 
pseudo-Euclidean form, called the metric tensor X > x> g(x) = [guv(x)] € 
@2T# X. It equips T,X with a scalar product, so that guv = (Oru |Ox” ). We will 
set |g|(x) := | det[gur («)]].- 
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The inverse of [g,,,(x)] will be denoted by [g”” (x)]. Clearly, it induces the dual 
scalar product in Tý ¥: (da |dx”) = gi”. 

Let dx denote the Lebesgue measure on R’ transported by a local chart to the 
manifold ¥. dv will denote the measure |g|7dx on Æ. It does not depend on the 
coordinates. Thus if f is a function on X, its integral over ¥ is denoted f fdv. 
We equip C.(4) with the scalar product 


(flg) = fT. (19.40) 


Let S be a smooth hypersurface of X (that is, a sub-manifold of co-dimension 
1). We can find local coordinates such that 


Sata wate) t SOL. (19.41) 


We define a measure on S by ds := |h|? da! ...dx4—!, where |h| = det[h;;] and 
[hij] is obtained from [g;;] by discarding the last column and the last line (so 
that i,j = 1,...,d — 1). The measure ds does not depend on the coordinates. If 
f is a smooth function on S, then we write f s fds for its integral over S. 

We say that S has an ezternal orientation if for any x E€ S a unit normal 
vector has been chosen, which depends continuously on x. A hypersurface given 
by (19.41) has a natural external orientation: in the direction of the coordinate 
ax. The co-vector |g““|~7 da restricted to S is called the normal co-vector. It 
will be denoted n,,. In the coordinates that we use we have 


Note that |g] = |h||g?7|~1. 
If x + [f"(x)] is a vector field, then we define its flux across S as 


f tras, (19.42) 


Again, (19.42) does not depend on coordinates. To shorten the notation, we will 
write ds, instead of n,,ds. 

The Stokes theorem says that if Q is an open subset of ¥ with a sufficiently 
regular boundary 0Q, then 


f tvnlalt grav = f fPdsy, (19.43) 
Q dQ 


where V, = ôr. is the uth partial derivative. 


19.4.8 Lorentzian manifolds 


We will use the terminology for vectors in the Minkowski space introduced in 
Def. 19.1. 
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Definition 19.36 A pseudo-Riemannian manifold X is called Lorentzian if the 
signature of its metric tensor is (—1,1,...,1). 

We say that X is time-orientable if there exists a global continuous time- 
like vector field on X. If v is such a vector field and x € X, a time-like vector 
v €T,X is future, resp. past oriented if tu(x)-g(x)v' > 0. The manifold X 
equipped with such a continuous choice of future/past directions is called time- 
oriented. 


In the remaining part of this subsection, ¥ is a time-oriented Lorentzian man- 
ifold. 


Definition 19.37 A curve in X is called time-like, causal, resp. light-like if all 
its tangent vectors are such and all pairs of tangent vectors at break points are in 
the same causal cone. A curve in X is called space-like if all its tangent vectors 
are such. 


Definition 19.38 Let x € X. The causal, resp. time-like future, resp. past of 
x is the set of ally E€ X that can be reached from x by a causal, resp. time-like 
future-, resp. past-directed curve, and is denoted J*(x), resp. I= (x). Foru c X, 
its causal, resp. time-like future, resp. past is defined as 


J+*U) = Nae u) = ea): 


«eu «eu 


We define also the causal, resp. time-like shadow: 


U)=ItUUI-U), IU) =I+U)Ur u). 


Definition 19.39 A Cauchy hypersurface is a hypersurface S C X such that 
each inextensible time-like curve intersects S at exactly one point. 


If S is a smooth space-like Cauchy hypersurface, it will always be equipped 
with the external orientation given by the future directed normal vector at each 
point of S. 

Let us quote the following result from the theory of Lorentzian manifolds: 


Theorem 19.40 Let X be a connected Lorentzian manifold. The following are 
equivalent: 


(1) The following two conditions hold: 
(1a) for any x,y E€ X, J* (x) N J7 (y) is compact, 
(1b) (causality condition) there are no closed causal curves. 

(2) There exists a Cauchy hypersurface. 

(3) X is isometric to R x S with metric —Gdt? + gı, where 3 is a smooth positive 
function, g, is a Riemannian metric on S depending smoothly on t € R, and 
each {t} x S is a smooth space-like Cauchy hypersurface in X. 
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The above theorem is quoted from Bar—Ginoux-—Pfaffle (2007) except for (1b), 
where in this reference the so-called strong causality condition is given. The fact 
that the strong causality condition can be replaced by the causality condition is 
a recent result of Bernal—Sanchez (2007). 


Definition 19.41 A connected Lorentzian manifold satisfying the equivalent 
conditions of the above theorem is called globally hyperbolic. 


We recall that a Riemannian manifold (S,h) is geodesically complete if all its 
geodesics can be infinitely extended. By the Hopf—Rinow theorem, this condition 
is equivalent to the condition that S, equipped with the Riemannian distance, is 
complete as a metric space; see Sakai (1996). 


Example 19.42 Let (S,h) be a Riemannian manifold and I C R an open inter- 
val. Let f : I ]0,0co[ be a smooth function. Then X =I x S with the metric 
—dt? + f(t)*h is globally hyperbolic iff (S,h) is geodesically complete. 


Example 19.43 Let (S,h) be a Riemannian manifold and T : S —]0,+00[ a 
smooth function, v E€ T*S a smooth 1-form. Then X = R x S, equipped with the 
Lorentzian metric —r(x) (dt — v;(x)dx!)? + hjx(x)dx/dx*, is called a stationary 
space-time. If v = 0 it is called static. It is called uniformly static if there exists 
c > 0 such that c < T(x) < c}. A uniformly static space-time is globally hyper- 
bolic iff (S,h) is geodesically complete; see Fulling (1989) . 


It is straightforward to generalize the notion of space-compact functions from 
the Minkowski space (see Def. 19.2) to a Lorentzian manifold. 


Definition 19.44 A function f € C(X) is called space-compact iff there exists 
a compact K C X such that supp f C J(K). It is called future, resp. past space- 
compact iff there exists a compact K C X such that supp f C J*(K). 

The set of smooth space-compact functions will be denoted CX (X). The set of 
smooth future, resp. past space-compact functions will be denoted C&,.(4). 


TSC 


Finally, let us give the definition of the causal dependence. 


Definition 19.45 Let X be globally hyperbolic and O C X. We say that x € X 
is causally dependent on O if there exists a neighborhood U of x and a smooth 
Cauchy surface S such that every causal curve starting from U intersects S 
in O. 

If 01, O2 C X we say that O; is causally dependent on O2, if every x € O; is 
causally dependent on O2. 


19.4.4 First-order partial differential equations 


We assume that the manifold ¥ is equipped with a measure, which in local 
coordinates equals |g|?(a)dz. (In this subsection, |g|? does not have to come 
from a metric tensor.) 
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Let V be a finite-dimensional vector space over K = R or C. To simplify nota- 
tion we will assume that K = C. The formulas in the real case are obtained from 
the complex case by dropping the bars and replacing the Hermitian conjugation 
* with the transposition *. 

In this subsection we study first-order differential equations for functions with 
values in V. With a large class of such equations we will associate a locally defined 
vector-valued sesquilinear form J“ whose divergence vanishes. In physics J" is 
often called a conserved current. 

This construction has a special importance for hyperbolic equations on hyper- 
bolic manifolds, where it leads to an invariantly defined bilinear or sesquilinear 
form on the space of solutions. In the case of the Klein—Gordon equation (which, 
of course, can be reduced to a first-order equation) this form is symplectic for 
K = R and charged symplectic for K = C. The Klein—Gordon equation on curved 
space-times will be considered in Sect. 19.5. In the case of the generalized Dirac 
equation, which on a curved space-time we will consider in Sect. 19.6, this form is 
a positive definite scalar product. In both cases these forms play a fundamental 
role in the quantization of the classical equation. 

In many textbooks on quantum field theory the conserved current J” is derived 
from the Lagrangian by the Noether theorem using the invariance w.r.t. the 
charge symmetry C — eÇ, 6 € U(1). In the derivation that we give, complex 
numbers do not enter at all. 

Let us consider a first-order linear equation for ¢ € C%(X, V). Every such 
equation can be written in the form 


ae peat L 
al (2)V ule) + 5 (lgl? (@)Vulgl? (e)a (x)) C(x) +0) (z) =0, (19.44) 
where ¥ 3 2+ a (x), O(a) € L(V, V*), and u enumerates the coordinates of X. 


The following theorem describes conditions that guarantee the existence of a 
conserved current for (19.44). 


Theorem 19.46 Suppose that either Condition (19.45) or Condition (19.46) is 
satisfied: 


a” (x)* =a" (x), O(x)* = —0(x), (19.45) 
or a(x)" = —a" (x), O(x)* = O(a). (19.46) 
Define 


J" (C1, C2, 2) = & (x)-a" (2) C2 (2). 
Let Qi, Co be solutions of (19.44). Then 
Valgl? (2)J" (61,0, 2) = 0. (19.47) 


Proof 


=i Diy 1 tt L * i 
lal EValgl? J" = (amv, + 5l Valgla)" — O°) GG 


-= 1 
+0: (aV, +3 (l9l7?Valgl a") +8) = 0. 
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Note that in the complex case one can pass from Condition (19.45) to (19.46) 
by multiplying a” and @ by i. 


19.5 Generalized Klein—Gordon equation on curved space-time 


Throughout this section we assume that ¥ 3 x > g(x) = [guv (x)] is the metric 
tensor on a pseudo-Riemannian manifold ¥. In the first two subsections only we 
allow ¥ to be an arbitrary pseudo-Riemannian manifold. Starting with Subsect. 
19.5.3, we will assume that ¥ is globally hyperbolic. 

Y will be a real or complex finite-dimensional vector space. For simplicity, most 
formulas will be given for the complex case. We will consider a vector bundle 
with a base ¥ and fiber V. For simplicity, we will always assume that the bundle 
is trivial and trivialized to ¥ x V. 

In this section we describe algebraic quantization of a large class of second- 
order equations on ¥ with values in V. We will always assume that the principal 
term of these equations is given by the metric tensor. In the case of Lorentzian 
manifolds, such equations will be called generalized Klein—Gordon equations. 
Solutions of these equations propagate causally. 

Generalized Klein—Gordon equations possess a conserved current, which is 
symplectic in the real case and charged symplectic in the complex case. Therefore, 
it is natural to quantize these equations using the CCR. The bosonic algebraic 
quantization leads to a net of algebras satisfying the Einstein causality. 

This section is to a large extent a generalization of Sect. 19.2 to a curved space- 
time. Unlike in Sect. 19.2, we limit our discussion to the algebraic quantization. 
We do not discuss the positive energy quantization on a bosonic Fock space, 
which is possible for the Klein—Gordon equation on a stationary space-time; see 
Kay (1978). 


19.5.1 Klein—Gordon operators 
Let X > aT, (x) € L(V), w=0,1,...,d, be smooth functions. 
Definition 19.47 


Vi = (Va + PiJGs ¢ = GN (AV); 


is called the covariant derivative of ¢ with the connection P. 
Let ¥ > x= p(x) € L(V) be a smooth function. 
Definition 19.48 The operator 


= OP, p) = -|g 7? VE | gl? 9%” VE + p, (19.48) 


acting on C®(X, V), will be called the generalized Klein—Gordon operator with 
the connection I and the mass-squared term p. 
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We will study the equation 


C=0. (19.49) 


Remark 19.49 The name Klein—Gordon equation is usually associated with 
the Lorentz signature. Its analog for the Euclidean signature has the traditional 
name of the Helmholtz equation. 


Let us fix a smooth map 1 32+ A(x) € L(V, V*) with values in positive 
definite forms on V. One can then introduce a scalar product on C™®(4,V) by 


ance f. G(@)-Mat)o(e)dv(«). (19.50) 


Remark 19.50 Jn the literature, a complex vector bundle X x V — X equipped 
with a scalar product A(x) is often called a Hermitian bundle, which is not quite 
correct, since it is equipped with a positive definite Hermitian form. A connection 
satisfying (19.51) is also called Hermitian. 


We will assume the following conditions: 
Và =A, AD = pA. (19.51) 


If (19.51) holds, for any smooth open set Q C 4, Green’s formula is valid: 


[ (TEADE) - BEE}. atw)eala)) ao(e) (19.52) 


=- f gle) (GAWE) - GEA) ds, (0). 
(eke) 


This formula follows easily from (19.43). 
In the following theorem we describe a conserved current associated with equa- 
tion (19.49): 


Theorem 19.51 Assume (19.51). Let Çı, C2 be solutions of (19.49). Then 


J" Cis C2, x) 
= Q (£) Alx) g” (x) Vi G(x) — VEG (2) Alx) g” (2) Q(@) 


satisfies 
Vulgl? (x) J" (G, &, £) = 0. (19.53) 


Before we prove the above theorem let us remark that we can always assume 
that A(x) does not depend on x. Then we can drop A(x) from our notation 
altogether and replace the condition (19.51) with 


T, are anti-self-adjoint and p is self-adjoint. (19.54) 


544 Quantum fields on space-time 


In fact let us first fix a scalar product (-|-) on V so that A(x) > 0 becomes a 
self-adjoint operator on V. We have 


VEG =AFVEARC, for By = ATAT? - (Vat) TF. 


From (19.51), we obtain that i, is anti-self-adjoint for (-|-). In fact, we can 
rewrite (19.51) as 


(VpAF)AZ + ATV AP = TA HAL, 


which gives i = —Î,. Moreover, f = Az pA~® is self-adjoint for (-|-). Consider- 
ing the function = A7, we obtain (19.54). 


Proof of Thm. 19.51. The theorem follows by direct computation. However, it 
is perhaps instructive to give a proof that reduces it to a special case of Thm. 
19.46. 

As remarked above, we can assume (19.54). Let us now introduce Ç;, := vee ; 
The equation (19.49) yields 


1 


uv 1 =i l UV ee L UV V 
(Vp + 5I? (Vull) = 06 + (5 (Valat g) - Ta) G 


-(V, + |g? ; (Vulg? 9”) Ne = (-lol-# Erlo) + oT) 6 ng Ge 
This can be rewritten as 
V, he + lgt Valgla) H +6 a =0, (19.55) 
for 
3 | -p lol? Ealo g) ara 
ll? (Vulg? g”) — gT, g” í 


oA 0 git” 
o= Ee ; i 


Identifying V with V* using the scalar product (-|-), we obtain an equation of the 
form (19.44) with V replaced by V 6 V4. Clearly, 6* = @ and a”* = —a”. Thus 
(19.55) satisfies the condition (19.46). Hence, 


p- [6] [E] -ara -Eere 


is a conserved current. 
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19.5.2 Lagrangian of the Klein—Gordon equation 


The equation (19.49) can be obtained as an Euler-Lagrange equation, where the 
Lagrangian is 


1 L 1 i eae: 
16,86) = =E (0; +E u)6-9" lal! (Op + PudG— 5C-lal# p$, in the real case, 


L(6,C, 06, 00) =—(8, +T, C g"” |g]? (On + Tp) — Clg]? oC, in the complex case. 


(For simplicity, we have assumed that A does not depend on x and that (19.54) 
holds.) 


19.5.8 Green’s functions of hyperbolic Klein—Gordon equations 
From here until the end of the section we assume that X is globally hyperbolic. 
The following theorem is a classic result from the theory of hyperbolic equa- 
tions. Its proof can be found e.g. in Bar-Ginoux—Pfaffle (2007). 


Theorem 19.52 For any f €C&(#,V), there exist unique functions C= € 
CS.(X,V) that solve 


CSC 


Moreover, 


+(e) = (GFP) = | G> lenad), 


where GF? € D'(X x X, L(V)) satisfy 


G G 1, suppG* c {(a,y) : ce J*(y)}. 


If in addition (19.51) holds, then G=* = GF. 


Note that by duality G* can be applied to distributions of compact support. 


Definition 19.53 Gt, resp. G~ is called the retarded, resp. advanced Green’s 
function. 


G:=Gt - G7 


is called the Pauli-Jordan function. 


In what follows, until the end of the section, we assume (19.51). Note that 
G* = —G or, in other words, 


U1 Alx)G(z, yuz = —G(y, x)vr Aly)v2, v, v2 E€ V. 
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19.5.4 Cauchy problem 


Theorem 19.54 Let S be a smooth Cauchy hypersurface. Let s, € CXV (S, V). 
Then there exists a unique Ç E CX (X, V) that solves 


¢=0 (19.56) 


with initial conditions cls =¢, n VC =. 
It satisfies supp C J(supp s U supp 9) and is given by 


C(x) = - fv G(a,y) — G(x, y) u (y))s(y)g"” (yds, (y) 
+ [ Gla.nowasty) (19.57) 


Proof The existence and uniqueness of solutions are well known. 2 us prove 
(19.57). We apply Green’s formula (19.52) to (2 = Ç and to & =GTf, fe 
CL(X, V), Q = J=(S). We obtain 


[gh en fs pv (CF f-AVEC = VGT: AÇ) ds, (19.58) 


f 7-dcau = f g” (- Gp AV C+ VIGT J: ac) ds,. (19.59) 
J~(S) S 
Adding (19.58) and (19.59) we get 


[F xa= f gi” (- GF AVEC + VE VEGF- AC) day. 


This can be rewritten as 


[T OROLOLIO 


s Te seine Gly, 2) F(a) Ay) VEC(y) 9" (y)ds (y) 


a i. do(a) [ WT Ga) FE) - Au) Clu) (ds, (y) 


2 f TE) - Ma)do(e) f Gla, y) VE C(u)o"” (y)dsy (y) 
x S 


F | KOROLO I (Vyr Gl, y) — Gle, uP u(y) C0) (y)ds.(y), 
X S 


where in the last line we use G* = —G. Thus (19.57) is true. 
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19.5.5 Symplectic space of solutions of the 
Klein—Gordon equation 


Let Y = Y(T, p) denote the set of solutions of (19.56) in CX (¥, V). 
Theorem 19.55 Let ¢,,¢2 E€ V. Define J“ (Q, 62,2) as in Thm. 19.51. Then 


Qw = | Faaal) (19.60) 


does not depend on the choice of a Cauchy hypersurface S and defines a charged 
symplectic form on Yy. 


Proof Let S,, S2 be two Cauchy hypersurfaces. We can find a third Cauchy 
hypersurface So that lies in the future of supp G; N Sj, i = 1,2, j = 1,2. Applying 
the Stokes theorem and (19.53) to the domain between Sp and S1, we show that 
the integrals (19.60) on Sp and Sı coincide. By the same argument, the integrals 
(19.60) on So and S2 coincide. 


Note that in terms of the Cauchy data we have 
Twe = | (Tre = TAs) ds. 
s 


19.5.6 Solutions parametrized by test functions 


Theorem 19.56 (1) For any f € C%(4,V), Gf EY. 
(2) Every element of Y is of this form. 
(3) GfiwG f = f fi(x)-A(2)G(a, y) f2 (y)dv(z)dv(y). 


Proof Gf is a solution of (19.56), since G is a solution of (19.56) in its first 
variable. The fact that Gf is space-compact follows from the support properties 
of G=. Hence, (1) is true. 

Now let ¢ € V. Since Ç is space-compact, we can find cutoff functions y* € 
C&..(¥) such that yt + ~~ = 1 on supp Ç. Moreover, it follows from Condition 


(1a) of Thm. 19.40 that supp Vy= N supp Ç is compact. Setting 


C= XG, f= 0e =e, 
we see that f € C (X). Hence, by Thm. 19.52, Cf = +G*f, and ¢ = Gf. This 
proves (2). 

Let fi, fo E€ CX(X, V). In a sufficiently far future we have Gf; = Gt fi, i = 
1,2. Hence, for a Cauchy surface S in a far future we have 


GhwGh = fo! (WE HAG" fy - FF H-AVEC" fa) ds, 
S 


=f (IGF FAG fo — GF F-ADG+ fa) du 
= I (FAG+ fp - FH-Af) dv 
= [Gere f -TAG fy) dv. 
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In the first line we use the definition of w, in the second Green’s formula, in 
the third the fact that f; are compactly supported, and in the last the fact that 
Gr*=G. 


Let O be an open subset of X. We define 


V(O) := {Gf : f € CL(0,V)} 


Theorem 19.57 (1) V(X) =V. 
(3) If O, and Oz are causally separated and ¢; € Y(O;), i = 1,2, then 


G ‘wC =0. 


(4) If O, is causally dependent on Oz, then Y(O,) C V(O2). 
(5) w is non-degenerate on Y. 


Proof (1) follows from Thm. 19.56 (2). (2) is obvious. (3) follows from the defini- 
tion of w and the support properties of G* in Thm. 19.52. To prove (4), it suffices 
to show that if ¢= Gf for f € C°(O,), then ¢ = Gg for g € CV (O2). Using a 
partition of unity of O,, we can assume that there exists a Cauchy hypersurface 
S such that any causal curve starting from O; intersects S in O2. If ¢ = Gf for 
f €Co(O1), we set s = Ç| o, V = n“ Vi C|- By Thm. 19.52, the Cauchy data 
(J,¢) are supported in a compact set N C S, and by Thm. 19.54 we obtain 
that supp¢ C J+ (N) U J- (N) c Of U O3, where OF = Op US* and S are 
the future, resp. past of S. Hence, we can find cutoff functions y* supported in 
OF such that Ç = xt C+x7¢ =:¢+ + C7. Setting 


g := çt =-O¢"," 


we obtain that supp g C OF N OF = Oy. Moreover, since ¢* is past, resp. future 
space-compact, we see by Thm. 19.52 that ÇF =+G*g. Hence, ¢ = Gg. This 
completes the proof of the theorem. 


19.5.7 Algebraic quantization 


Let A := CCR! (V). More generally, if O is an open bounded subset in 2, let 
A(O) be the sub-algebra of A generated by W (Gf + Gf), where f € CY (0). In 
other words, A(O) = CCR*’!(Y(O)). 

The family of algebras A(O) satisfies the following properties, which express 
the Einstein causality: 


Theorem 19.58 (1) AUX) = A. 
(2) O1 C Og implies A(O1) C A(O2). 
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(3) If O, and Oz are space-like separated and B; E€ A(O;), i= 1,2, then 
B, B, = B: B}. 


(4) If O, is causally dependent on Oz, then A(O1) C A(O2). 


19.6 Generalized Dirac equation on curved space-time 


The setting of this section is similar to that of Sect. 19.5. Again, we assume that 
X is a pseudo-Riemannian manifold. Starting with Subsect. 19.6.3, we assume 
in addition that ¥ is globally hyperbolic. 

Similarly, as in the previous section we consider also a finite-dimensional space 
Y and the vector bundle ¥ x V > X. 

The goal of this section is to describe the algebraic quantization of a large class 
of first-order equations on a curved space-time. We will always assume that the 
principal term of this equation is of the form y(x)0,, where q” (x) satisfy the 
Clifford relations given by the metric tensor [g,,(x)]. Such an equation will be 
called a generalized Dirac equation. In the case of Lorentzian manifolds, solutions 
of this equation have causal propagation. 

We will see that generalized Dirac equations possess a conserved current. In 
the case of globally hyperbolic manifolds, this current defines a scalar product 
on the space of solutions. Therefore, it is natural to quantize this equation using 
the CAR. Its algebraic quantization leads to a net of algebras satisfying the 
fermionic version of the Einstein causality. 

This section is to a large extent a generalization of Sect. 19.3 to a curved space- 
time. Unlike in Sect. 19.3, we limit our discussion to the algebraic quantization. 
We do not discuss the positive energy quantization on a fermionic Fock space, 
which is possible for the Dirac equation on a stationary space-time. 


19.6.1 Dirac operators 


Recall that ¥ is a pseudo-Riemannian manifold. V can be a real or complex 
space. For simplicity, we will consider only the complex case. 


Definition 19.59 A map ¥ 34% 4” (x) E€ L(V) satisfying 
ly" (x), y (@)]4 = 29" (a) (19.61) 
is called a spinor structure on X. 
Definition 19.60 Let X 5 x> 8(x) € L(V). The operator on C@(X,V) 
D = D(0) := y"(a)V, + (a) (19.62) 


is called a generalized Dirac operator. 
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We will study the equation 
D¢ = 0. (19.63) 


Let us fix a smooth map Æ 3a œ A(x) € L(V, V*) such that A(x) is non- 
degenerate for all x € X. We will often assume that 


A(x)” (x) is self-adjoint, (19.64) 
1 1 1 
A(x)O(x) — slat? @)Vulgl? (A) (x) is anti-self-adjoint. (19.65) 


Using Thm. 19.46 and the Stokes theorem, we obtain the following version of 
Green’s formula: 


| G-Ne\DG(a) -DEEA e)ta) 
= f Ci (a)-A(a2) 9" (@) G2 (w) ds, (2). (19.66) 
02 


For ¢1,¢2 E€ C®(X, V), we define 


J" (G, &, 2) = GAl) (a) (2). (19.67) 
If ¢,,¢2 are solutions of the Dirac equation, by Thm. 19.46, we have 
Vulgl? (2) J" (G1.,¢2,2) = 0. (19.68) 


Note also that if we have another Dirac operator Dı := y"(x)V,, + 61(z), then 


A= DD, 


is a second-order operator of the form considered in Subsect. 19.5.1. 


19.6.2 Lagrangian of the Dirac equation 


(19.63) can be obtained as the Euler-Lagrange equation for the following 
Lagrangians: 


Li (6,6, 06, 80) := -g| ÇA 3, +0), or 
= = As. sg ee os 
L(G, Ç, 86, 86) = —Slgl? (CAM AnC + O,6-A7"C) 


~E-(Ig]209 — 5 (Gull? v")) 6 


19.6.8 Green’s functions of hyperbolic Dirac equations 


Until the end of the section we assume that ¥ is globally hyperbolic and D is a 
generalized Dirac operator on œ. 
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Theorem 19.61 For any fE C(X,V), there exist unique functions Ç= € 


CRel( X, V) that solve 
D = f. (19.69) 
Moreover 
C= (a) = (S*f)(a) := f ento), (19.70) 
where St € D' (X x X, L(V)) satisfy 
DS*=S*D=1, supp SË C {(x,y) : ce J? (y)}. (19.71) 
If in addition (19.64) and (19.65) hold, then 
A(x)*S* (x,y) = — S7 (x, y)“ Aly). (19.72) 


Proof By the remark in Subsect. 19.6.1, D? is a generalized Klein—Gordon oper- 
ator. Let G* be the retarded, resp. advanced Green’s functions of D?. Clearly, 
¢* = DGF f are solutions of (19.69). To prove the uniqueness, we note that if 
D+ = 0 and supp¢* C J*(K) for some compact K, then D?¢* = 0. Hence, 
¢* = 0 by Thm. 19.52. We set then S* = DG*. This proves (19.70) and (19.71). 
Let us prove (19.72). We need to show that 


[TNS haw = - [Frs Ahae. (19.73) 


It is enough to set f; = DG; for ¢; = S* fi. Now, AD is anti-Hermitian for the 
scalar product (19.40), hence 


e DQ-A* StD dv = i. ADG -StD dv 


= - [Tans Ddu = - [GAD av 


= - | DG Cidu = — f BG-s** ADgde. 


Note that by duality S* can be applied to distributions of compact support. 


Definition 19.62 S*, resp. S~ is called the retarded, resp. advanced Green’s 
function. We also set 


S:=St-S. 
Note that 
Alx)“ S(x,y) = S(x, y“ A(x). (19.74) 


19.6.4 Cauchy problem 


Until the end of the section we assume that VY 5 x > A(x) has been chosen so 
that (19.64) and (19.65) hold. We also assume that A(x) is non-degenerate for 
any r EŬ. 
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Theorem 19.63 Let S be a smooth Cauchy surface. Let 0 € C&°(S,V). Then 
there exists a unique Ç E€ C2(4X,V) that solves 

D¢ =0 (19.75) 
with initial conditions Gls = V. It satisfies supp¢ C J(supp¥) and is given by 


((e) =- [ S(e, yy 8(u)asy(y). (19.76) 


Proof The existence and uniqueness is well known. Let us prove (19.76). 
We apply Green’s Formula (19.66) to & =¢ and & = SF f, fe C&(¥X), Q = 
J~(S), obtaining 


y f-rA*Cdu = r S- fA" dsp, (19.77) 
J+ (8) S 

J f:X*Cdu = -f St fA" dsp. (19.78) 

J~(8) S 
Adding (19.77) and (19.78), we get 
f Fxcav=— f SFA cdsn: 
x S 

This can be rewritten as 


[ Tae caa 1 do(z) i O OA 
X X S 
ea | FEA dula) i sea e, 
i S 


where in the last line we use (19.74). 


19.6.5 Unitary space of solutions of the Dirac equation 


Let V denote the set of solutions of the Dirac equation in CX (&, V). To equip Y 
with a scalar product an additional positivity condition is required. We assume 
that for alla € X 


Alx)” (x)v, > 0, if v € Ta X is time-like and future directed. (19.79) 


By Lemma 19.9, it suffices to assume that there exists a time-like future directed 
vector field v such that 


Alz)” (x)v (£) > 0, TEX. 


Theorem 19.64 Let Q, C2 E€ Y. Define J” (Qı, C2, x£) as in (19.67). Then 


E i J" (C,,2,2)ds, (2) 


does not depend on the choice of a Cauchy hypersurface S and defines a positive 
definite Hermitian form on Y. 
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Proof To show that ¢, - G is independent of S we apply the Stokes theorem as 
in Thm. 19.55, using (19.68). The fact that it is positive definite follows from 
the positivity condition (19.79). 


19.6.6 Solutions parametrized by test functions 
Theorem 19.65 (1) For any f E€ CY(&, V), Sf EY. 
(2) Every element of Y is of this form. 
(3) Sfi- Sf2 = f file) : A2)" S(x, y) fa (y)dv(z)dv(y). 
Proof (1) follows from the fact that S solves (19.75) in its first coordinate. 
(2). Let ¢ € VY. We can write ¢ = Ct + ¢7, where C+ € CXR.. Set 


f := DÖ =—Dc-. 


Then f € CY(X, V), CF = SF f, and hence ¢ = Sf. 
(3). Let fi, fo € CY (X, V). In a sufficiently far future we have Sfi = ST fi, 
i = 1,2. Hence, for a late Cauchy surface S, 


Shi - Sh = | SFR S+ hats, 
S (DS+ fi -A*S* fo — S+ fi - ADS* fo)dw 
J-(S) 


= f (fi -A*S* fo — S+ fi -Afe)dv 
x 


=) (fi -A*S* fo — fi -A*S™ fo) dv. 
x 


Let O be an open subset of X. We define 
Y(O) := {Sf : fecer(o,yv)}. 


Theorem 19.66 (1) Y(X) =). 
(2) Oı C Oo implies V(O1) G V(Oə). 
(3) If Oı and O2 are space-like separated and ¢; € Y(O;), i = 1,2, then 


Q&Q =0. 
(4) If O, is causally dependent on Oz, then YV(O1) C V(O2). 


19.6.7 Algebraic quantization 
Set A := CAR@ (Y). Note that it is a graded algebra. More generally, if © is an 
open bounded subset in ¥, let A(O) be the C*-sub-algebra of A generated by 
Y(Sf), where f € C(O). In other words, A(O) = CAR? ((O)). The family 
of algebras A(O) satisfies the following properties: 
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Theorem 19.67 (1) AUX) = A. 

(2) Oı CO» implies A(O) E (Oz). 

(3) If O, and Oz are causally separated, and B; E€ A(O;) are elements of parity 
|B;|, then 


Bı Bo = (—1)!711122! B, By. 
(4) If O, is causally dependent on Oz, then A(O1) C A(O2). 


19.7 Notes 


The material of the first three sections is discussed in essentially all textbooks on 
quantum field theory, such as Jauch—-Rohrlich (1976), Schweber (1962), Weinberg 
(1995) and Srednicki (2007). 

Mathematical aspects of quantum field theory on curved space-time were stud- 
ied by Dimock (1980, 1982). A review of this subject can be found in monographs 
by Wald (1994) and Fulling (1989). 

A short and readable monograph on wave equations on Lorentzian manifolds 
is Bar-Ginoux—Pfaffle (2007). 
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Diagrammatics 


The diagrammatic method is one of the most powerful tools of theoretical 
physics. It allows us to efficiently organize perturbative computations in statis- 
tical physics, quantum many-body theory and quantum field theory. The main 
feature of this method is a representation of individual terms of a perturbative 
expansion as diagrams (graphs). Diagrams consist of vertices representing terms 
in the perturbation, lines representing pairings between vertices and, possibly, 
external legs. 

There exist several kinds of diagrams. We will try to present them in a sys- 
tematic way. 

In Sect. 20.1 we present a diagrammatic formalism whose goal is to organize 
integration of polynomials with respect to a Gaussian measure. This formalism 
is used extensively in classical statistical physics. It also plays an important role 
in quantum physics, especially in the Euclidean approach, since many quantum 
quantities can be expressed in terms of Gaussian integrals over classical variables. 

We use the term “Gaussian integration” in a rather broad sense. Beside com- 
muting “bosonic” variables, we also consider anti-commuting “fermionic” vari- 
ables, where we use the Berezin integral with respect to a Gaussian weight. Even 
in the case of commuting variables, the “Gaussian integral” is not necessarily 
meant in the sense of measure theory. It denotes an algebraic operation per- 
formed on polynomials (or formal power series), which in the case of a positive 
definite covariance coincides with the usual integral with a Gaussian weight. 
However, we allow the covariance to be complex, or even negative definite, and 
do not insist that the operation have a measure theoretic meaning. 

We distinguish two kinds of spaces on which we perform the integrals: real and 
complex. As in many other places in our work, we treat these two cases in parallel. 
Of course, the difference between the real (i.e. neutral), and the complex (i.e. 
charged) formalism is mainly that of a different notation. In particular, charged 
lines need to be equipped with an arrow, whereas neutral lines need not. 

The terminology that we use is inspired by quantum field theory. Therefore, the 
variables that enter the integral are associated with “particles”; they are divided 
into “bosons” and “fermions”, each subdivided into “neutral” and “charged” 
particles. 

In the main part of the chapter we describe the diagram formalism used in 
quantum many-body physics and quantum field theory. As a preparation, we 
include a brief Sect. 20.2 devoted to the basic terminology of perturbation theory 
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for quantum dynamics. We focus on the concept of the scattering operator and 
of the energy shift of the ground state. 

We discuss first the situation of a time-dependent perturbation of a fixed free 
Hamiltonian. In this case, the usual scattering operator is guaranteed to exist, 
e.g. if the perturbation decays in time sufficiently fast. 

If the perturbation is time-independent, one can still try to use the usual 
definition of the scattering operator. It is well known that this definition works 
well in quantum mechanics, where the free Hamiltonian is the Laplacian and 
the perturbation is a short-range potential. However, in quantum field theory 
the standard definition of the scattering operator is usually inapplicable, even 
on the level of formal expressions. This is related to the fact that the interacting 
Hamiltonian has a different ground state than the free Hamiltonian. 

There exists a different formalism for scattering theory, which has more 
applicability and in some situations can be used in quantum field theory. The 
main idea of this formalism is the so-called adiabatic switching of the interac- 
tion. More precisely, we multiply the interaction with a time-dependent coupling 
constant e~‘!!! and introduce the scattering operator depending on the parame- 
ter e. Then we take the limit of the scattering operator as e N 0, dividing it by 
its expectation value with respect to a distinguished vector (typically, the non- 
interacting vacuum). This procedure is associated with the names of Gell-Mann 
and Low, and is usually (more or less implicitly) taken as the basic definition of 
the scattering operator in quantum field theory. 

This procedure works, at least on the perturbative level, for sufficiently regular 
perturbations localized in space. If we assume that the perturbation is translation 
invariant, which is the usual assumption in quantum field theory, the situation 
becomes more complicated. In particular, one needs to perform the so-called 
wave function renormalization. We will not discuss this topic. 

Starting with Sect. 20.3, we describe diagrams used in many-body quantum 
theory and quantum field theory. Our main aim is the computation of the scat- 
tering operator and the energy shift of the ground state. 

It seems natural to divide diagrams into two categories. The first are the so- 
called Friedrichs diagrams and the second Feynman diagrams. 

Friedrichs diagrams appear naturally when we want to compute the Wick 
symbol of a product of Wick-ordered operators. An algorithm for its computation 
is usually called the Wick theorem. It can be given a graphical interpretation, 
which we describe in Sect. 20.3. 

In this formalism, a vertex represents a Wick monomial. It has two kinds of 
legs, those representing annihilation operators and those representing creation 
operators. We draw the former on the right of a vertex and the latter on the left. 

A typical Hamiltonian in many-body quantum physics and in quantum field 
theory can be written as the sum of a quadratic term of the form dI (h) for 
some one-particle Hamiltonian h and an interaction given by a Wick polynomial. 
One can use Friedrichs diagrams to compute the scattering operator for such 
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Hamiltonians, as we describe in Sect. 20.4. A characteristic feature of this for- 
malism is the presence of time labels on all vertices and the fact that diagrams 
with different time orderings are considered distinct. 

Naively, this formalism seems very natural and physically intuitive. In fact, 
Friedrichs diagrams would provide natural illustrations for typical computations 
of the early years of quantum field theory (even though diagrams were apparently 
not used in that time). Weinberg calls a formalism essentially equivalent to that 
of Friedrichs diagrams the old-fashioned perturbation theory. 

Since the late 1940s, a different diagram formalism has been developed. Since 
then it has dominated the calculations of quantum field theory. It originated 
especially in the work of Feynman, and therefore is called the formalism of Feyn- 
man diagrams. Again, the main goal is to compute the scattering operator for a 
Hamiltonian of the form dI (h) perturbed by a quantization of a Wick polyno- 
mial. It is convenient to express this perturbation using the neutral or charged 
formalism. 

In Sect. 20.5. we describe Feynman diagrams used to compute the vacuum 
expectation value of the scattering operator. They can be essentially interpreted 
as a special case of the diagrams described in Sect. 20.1 used to compute Gaus- 
sian integrals. In this formalism, the order of times associated with individual 
vertices does not play any role. This allows us to cut down on the number 
of diagrams, as compared with Friedrichs diagrams. In the case of relativistic 
theories, each Feynman diagram is manifestly covariant, which is not the case 
for Friedrichs diagrams. Therefore, Feynman diagrams are usually preferred for 
practical computations over Friedrichs diagrams. 

Feynman diagrams used to compute the Wick symbol of the scattering opera- 
tor have in addition external legs. These legs are either incoming or outgoing. The 
former are then paired with creation operators and the latter with annihilation 
operators. Again, the temporal order of vertices is not relevant. 

The main goal of this chapter is a formal description of the diagrammatic 
method. We will disregard the problems of convergence. We will often treat 
vector spaces as if they were finite-dimensional, even if in applications they are 
usually infinite-dimensional. 

We try to describe the graphical method using a rigorous formalized language. 
This is perhaps not always the most natural thing to do. One can argue that an 
informal account involving a more colloquial language is more convenient in this 
context. Nevertheless, some readers may appreciate a formalized description. 
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In this section we present a diagrammatic formalism used to describe the inte- 
gration and the Wick transformation w.r.t. a Gaussian measure. 

We start with a description of purely graphical and combinatorial elements of 
the formalism. We will introduce the analytic part later. 
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We will freely use basic terminology of set theory. In particular, we will always 
include the possibility that a set can be empty. #X will denote the number of 
elements of the set X. Recall also the following definition: 


Definition 20.1 Let {A;};c; be a family of sets indexed by a set J. The disjoint 
union of the sets A;, j € J, is defined as 


|_| A; = { (ja) : jE J, a€ Aj}. 


jEJ 


Let us stress that the notion of a disjoint union of sets does not coincide with 
the notion of the union of disjoint sets. 

At some places in this section it will be convenient to totally order sets that 
we consider. In the case of bosonic particles, the end result does not depend on 
this ordering. For fermions, however, some quantities may depend on the order, 
but only modulo even permutations. In order to express this dependence, we 
introduce the following definition: 


Definition 20.2 Let A be a set of n elements. Let p,q be bijections {1,...,n} —> 


lop is an even permutation. There are 


A. We say that they are equivalent if q7 
precisely two equivalence classes of this relation. 

We say that the set A is oriented if one of these equivalence classes is chosen. 
This equivalence class is then called the orientation of A. We say that a total 


order of A is admissible if it is given by an element of the orientation of A. 


Let {A;}ier be a finite family of oriented disjoint sets, each with an even 


number of elements. Then |J A; has a natural orientation. 
iel 


20.1.1 Vertices 


Definition 20.3 Let Pr be a set. Its elements are called (species of) particles. 
Pr is subdivided into disjoint sets Pr, and Pra, whose elements are called (species 
of) bosons, resp. fermions. We assume that the set Pr, is oriented. For p € Pr, 
we set €, = 1, and for p € Pr, we sete, = —1. 


Definition 20.4 Pr,, resp. Pra are subdivided into disjoint sets 
Prs = Pr? UPrg, resp. Pra = Pri U Pré. 
We set 
Pr c= Pry U Prin Pros= Pre U Pre. 


Elements of Pr", resp. Pr° are called (species of) neutral, resp. charged 
particles. 
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Definition 20.5 A multi-degree is a triple of functions 
Pr” DP mpE U E by 
Prf 3q | mi”? € {0,1,2,...}, 
Prf >q |> m € {0,1,2,...}. 


For brevity a multi-degree is typically denoted by a single letter, e.g. m. 
We say that m is fermion-even if 


5 Mp + So (mO +m) is even. (20.1) 


pEPri qePre 


Definition 20.6 A vertex, denoted F, is a finite set Lg(F) equipped with a 
map 


Lg(F) 31 pr(l) € Pr (20.2) 
and a partition into three disjoint subsets 
Lg” (F), Le (F), Le (F) 


such that the image of Lg” (F) under (20.2) is contained in Pr" and the images 
of Le) (F) and Lg (F) are contained in Pr°. 

Elements of Lg"(F) are called neutral legs of the vertex F. Elements of 
Le) (F), resp. Lg (F) are called charge creating, resp. charge annihilating 
legs of the vertex F. 

We set 


Lg, (F) — {1 €Lg"(F) : pr(l) =p}, pE Pr’, 
Lg (F) := {LE Lg™® (F) : pr) =q}, qE Pr’. 


We assume that the sets Lg (F), p € Prà, and Lg (F), q € Pri, are oriented. 
The multi-degree of F is defined by 


mp(F) := #Lg,(F), p € Pr”, 
mP (F) := #LgP (F), qE Pr. 


Graphically a leg is depicted by a line segment attached to the vertex at one 
end. The shape or the decoration of a leg corresponds to the particle type. 
For example, traditionally, photon legs are represented by wavy lines, while 
electron legs are represented by straight lines. Moreover lines corresponding to 
charge creating, resp. charge annihilating legs are decorated with an arrow point- 
ing away, resp. towards the origin of the line. Neutral legs have no arrows at 
all. 

A vertex F is depicted by a dot with the legs of Lg(F) originating at the dot. 
Each kind of a vertex is represented by a different dot. 
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Figure 20.1 A vertex with four neutral legs. 


Figure 20.2 A vertex with two electron legs and two photon legs. 


20.1.2 Diagrams 


Vertices are linked with one another to form diagrams. A rigorous definition of 
a diagram (used in the Gaussian integration) is given below. 


Definition 20.7 Let {F;}jez be a finite family of vertices. Set 
Le( 1 F) = || Le(F)). 
cee jed 
Elements of Le( Il F;) are called legs of TI Fj. For1= (j,l) € La( Il F;) we 
JEJ jes JEJ 
define nr(1) := j and pr(l) := pr(l). 
La( uf F;) is the union of disjoint sets 
jes 


te" ( 0 Fi) =| Le), r =n, (+), (-) 
= jeJ 


Elements of Le" (1 Fj) are called neutral legs of II Fj. Elements of 
jet JES 


La? ( Il F;), resp. Le” ( Il Fj) are called charge annihilating, resp. charge 
je jeJ 
creating legs of II Fj. 

JEJ 


A labeled diagram over II Fj is a pair D = (Lg( D), Ln (D)), where 
jes 


(1) Lg(D) is a subset of La( I Fj), whose elements are called legs or external 
jeJ 
lines of D; 
2) Ln(D) is a partition of Lg| IL F; )\Lg(D) into pairs such that, if 41, V} € 
8 jEJ 1 
Ln(D), then 
(i) pr() = pr(I’); 
(ii) ifle Le” (1 Fj), then € Le? ( Ul Fj). 
jEJ jeJ 


Pairs in Ln(D) are called links or internal lines of D. 
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DO 
soe D 


Figure 20.3 Various diagrams. 


We set 
Lg" (D) = Le(D) N Le" ( T F), == n, (4), (>). 


We define Ln"(D) to be the set of links consisting of neutral particles and 
Ln°(D) to be the set of links consisting of charged particles. Sometimes we 
will treat charged links as ordered pairs, writing (1,1) € Ln°(D) with I® € 
Le (1 Fy): 

jEJ 
We set 


Lg, (D) = {1 €Lg"(D) : pr(l) = p}, pe Pr’, 
Lg (D) := {le Lg (D) : pr) =q}, qe Pr’. 


The multi-degree of D is defined by 


My (D) = #Lg,(D), pe Pr", 
mi,” (D) := #Lg,(D), q€ Pr°. 


The number of vertices of D is denoted by 
vert(D) := #J. 
The set of all labeled diagrams over ( II F;) will be denoted Da( II Fy). 
JET eT 


Thus to draw a diagram over vertices {Fj}je7, we first draw the vertices 
themselves, then join some of the legs. We are allowed to join only pairs of legs 
that belong to the same particle species. In the case of charged particles, we are 
only allowed to join a charge creating with a charge annihilating leg. Neutral 
lines have no arrow, whereas charged lines are decorated with an arrow. 


Definition 20.8 Let D be a diagram over {F;}jez. We say that D has no self- 
lines if {1,1'} € Ln(D) implies nr(1) 4 nr(l’). The set of all labeled diagrams over 
{Fi}je7 without self-lines will be denoted De( 1 Fj). 

JE 
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Figure 20.4 A diagram with a self-line. 


Thus, in a diagram without self-lines, there are no lines that start and end at 
the same vertex. 
Diagrams can be multiplied: 


Definition 20.9 Consider two diagrams D € Da( II Fi) and D' € Da( Il F): 
iel jEJ 


Clearly, Lg(D) and Lg(D') can be considered as subsets of Le( 1 F xi F;). 
tel vices 
Likewise, Ln(D) and Ln(D’) can be considered as sets of pairs in 
Le( 1 F; x OF). 
ie. fed 
The product of D and D’, denoted DD’ = D' D, is defined as the diagram over 


Il F; x IL Fj such that 
iI J&J 


Lg(DD') :=Lg(D)ULg(D’), Lna(DD'’) := Ln(D) ULn(D’). 

Thus, graphically, multiplication of diagrams consists simply in their juxta- 
position. Clearly, a product of diagrams with no self-lines is a diagram with no 
self-lines. 

A vertex is an example of a diagram with no self-lines. The diagram whose set 
of legs equals Lg (1A , and whose set of lines is empty equals a Fj. This 


explains the notation used in Def. 20.7. 


20.1.3 Connected diagrams 


The following concepts have self-explanatory names. 
Definition 20.10 A diagram D € Da( Ul F;) is called connected if for all 
jet 
j, j! € J there exist 
{ln Uy,..-, {l,l} € Ln(D) 
such that ur(1,) = j, ur(lj,) = nr(k_-i1), k = n,...,1, nr(}) = 9’. 


For AC Da( II Fj), we set 
jEJ 


Acon >= {DEA : D is connected }. 
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Figure 20.5 A disconnected diagram. 


Clearly, each diagram can be decomposed into a product of connected dia- 
grams. This decomposition is unique up to a permutation of factors. 


II 


Definition 20.11 We say that a diagram D has no external legs if Lg(D) = @. 


IfAC Da( II F;), then we set 
jel 
An := {DEA : D has no external legs}, 
Acnl = (Ant)con; 
Alink = (A\ Ani) con: 


20.1.4 Particle spaces and Gaussian integration 
Now we introduce the analytical part of the diagram formalism. 


Definition 20.12 (1) For any p € Pr", let Vp be a real vector space equipped 
with a form op E€ L(V} , Vp), where op is non-degenerate symmetric if p € Pry 
and non-degenerate anti-symmetric if p € Pri. We set 


on a Vp» a ehh, a" := ® Op. 
pePr® pePr® 


(2) For any q E€ Pr‘, let V, be a complex vector space equipped with a form 
oy E€ Livi ,Vq), where oq is non-degenerate Hermitian if q € Pr? and non- 
degenerate anti-Hermitian if q € Prg. We set 


V= Wh, E= © ely, i= @ oy. 
` ` q n 
qePr° qePr° qePr° 


(3) Set 
v=" pvr ey", c= OE OE. 
We will treat V", V° and V as super-spaces (see Subsect. 1.1.15). In particular, 


we can define the set of holomorphic polynomials over V, denoted Pol(V). As 
usual, if G € Pol(V), then G(0) denotes the zero-th order component of G. 


Definition 20.13 For G € Pol(V), we define 


f Gis (= y Tuae +> vier¥,)) (0). (20.3) 


pePr® qePr° 
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Applying respectively the identities (4.15), (4.16) and (2) of Prop. 7.19, we 
obtain the following interpretation of (20.3): 


(1) If pe Pr}, G € Pol,(CY,) and øp is positive definite, then (20.3) coincides 
with the usual integral over V, w.r.t. the probability Gaussian measure with 
covariance op, that is, 


[e- c f Gy) en >’ doy. 


(2) If q € Pro, G € Pol (V; ® V4) and a, is positive definite, (20.3) coincides with 
the usual integral over V} r ~ Re(V, 6 V,) w.r.t. the probability Gaussian 
measure with covariance gq, that is, 


[eae fale mee "anan, 


(3) If p € Pr, , Ge Pol, (CY,), then (20.3) coincides with the Berezin integral 
with the weight eo?’ oY that is, 


f G=C [ee Glu 2A vp dvp. 


(4) IE q € Pr$, G € Pola (V; @ V4), then (20.3) coincides with the Berezin integral 
with the weight e~% 74 t ”a that is, 


[eae fale te WF "anan, 


In all these cases, C is the normalizing constant. 


Definition 20.14 Define the Wick transform of G € Pol(V) by 


GS i= exp ( — 5 a OpVo, — 5o Vr, oq V DE : (20.4) 


pep A qePre 


If G = :Gı:, then Gi will be sometimes called the Wick symbol of G. 


Note that Def. 20.14 generalizes the Wick transform from Def. 9.18, where it 
was a construction closely related to the Gram-Schmidt orthogonalization. 
Clearly, 


1 
G= exp ( 5 5% OpVv, + = Vz, ETa KeS (20.5) 


pePr qePr° 


fe = G(0) 
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20.1.5 Monomials 
Let m be a multi-degree. 


Definition 20.15 Set 


a" (V):= Q B™(CY,)@ 8 8 Ve 8 @™ V), (20.6) 
pePr™ qePr° qePr° 
m(t) — mE 
MV) = 8 TEr(CY)®@ @ Te" Va) 8 @ Te," (Va); (20.7) 
pePr™ á qEPr° qEPr° 


mAT mto?) 
Pol” (V) := @ Pol™(CV,)® @ Pole’ P, 8 @ Pole.’ (VY). (20.8) 
pE Pr? P qePr° qePr°e 


Elements of Pol” (V) are called complex polynomials of multi-degree m. 
Clearly, T™ (V) c @”(V) and Pol” (V) =I" (v)*. 

Definition 20.16 

mr) mo?) 


Eq 


o” := 9 Og @ © 
pePpr ? qePr° 


denotes the usual projection of 8™ (V) onto T™ (V). Therefore, O"* is the usual 
projection of ®(V)* onto Pol” (V). 
Let F be a vertex with multi-degree m. With every leg of the vertex we 

associate a space 

V S= Vps LE Lg, (F), pE Pr”, 

Vk = Vg, k € Lef (F), q € Pr®, 

Vk S Va, k € Lgi (F), q E€ Pr°. (20.9) 
Within each family 


Lg (F), p € Pr”, 
(+) c 
Lg, (F) q E Pr’, 
Lg (F), q E€ Pry 
we label the legs by consecutive integers. For fermionic particles we assume that 
the numbering is admissible. Note that apart from this condition, the numbering 
is arbitrary and plays only an auxiliary role. Thanks to this numbering, we have 


a natural bijection between the set of legs of the vertex F and the factors of 
(20.6). Thus &™ (V) can be identified with 


® NS @ VS 8 W, (20.10) 
leLg" (F) keLg(+) (F) keLg(—) (F) 


and an element of @™(V)* can be viewed as a multi-linear function on 


Tt Xx W Ùx Mh. (20.11) 
leLg" (F) keLg(+) (F) keLg(—) (F) 


566 Diagrammatics 


In this way we can associate with a monomial in Pol” (V) a vertex F of 
the same multi-degree. Therefore, we will use the same letter F to denote a 
monomial and its associated vertex, and we will usually not distinguish between 
them. 

It is convenient to adopt natural names of the corresponding generic variables: 


vı for the generic variable in VY, 1 € Lg"(F), 
Tk for the generic variable in Vk, k € Lg‘) (F), 
vx for the generic variable in W, k € Lg (F). 


20.1.6 Evaluation of diagrams 
Let {F)}j;e7 be a family of fermion-even monomials. Let D € De( II F;), that 
jet 
is, let D be a diagram over II Fj. 
jed 


Definition 20.17 The evaluation of D is an element of Pol” P) (V) denoted by 
the same symbol D and given by 


D:= em (D)# II Voe Vo, 
t={1,/}ELn” (D) 


- lI Vao On Voc) JI Fi. (20.12) 


k= (k(+) ,k(-) )ELn®(D) jel 


Here, if L= {1,} € Lg" (D) and p = pr(1) = pri’), then o¢ denotes op. 
Likewise, if k = (kP, k) € Lg° (D) and q = pr(k®) = pr(k'””), then op 
denotes oq. 


(20.12) should be interpreted as follows: 
1) We treat II Fj as a multi-linear function depending on the variables 
j 8 
jEJ 
nev, 1eLg( 1m Fj), 
jEJ 
Tk E Vk, kE Le ( II iy) 
JEJ 


% E Vo kels™( n F) 
jet 


(2) We perform the differentiation indicated in (20.12), which produces a multi- 
linear function depending on 


v EV, 1E Le"(D), 


Tk € Vk, k € Lg't)(D), 
vk E W, k € Le (D). 
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(3) We label the set J by consecutive integers in an arbitrary way. This gives an 
obvious ordering of the legs in each family 


La, ( TI F),p € Pr”, 
jet 
Le,” (I Fi).9€ Pr®, 


Le (15) E Pr’, (20.13) 


(4) We order the set of particles. The ordering of fermionic particles should be 
admissible. 

(5) The ordering determined in the previous two points allows us to identify the 
result of differentiation with an element of @”(?)(V)*. 

(6) We symmetrize/anti-symmetrize, obtaining an element of Pol” P? (V). 


Note that if D,,...,D, are diagrams and D = D,--- Dn, then the evaluation 
of D equals the product of the evaluations of D;, i = 1,..., n. 

Remark that if D has no external legs, then as a monomial it is a number, 
hence : D := D. 

Note that the group of permutations of J leaves invariant the monomial asso- 


ciated with diagrams in De( II F;) because all monomials Fj are fermion-even. 
je 


20.1.7 Gaussian integration of products of monomials 


The following theorem shows that diagrams can be efficiently used to compute 
the Wick symbol and the Gaussian integral of products of monomials. In the 
bosonic case, for a positive definite ø, (20.15) and (20.17) are graphical interpre- 
tations of Thm. 9.25. 


Theorem 20.18 Let {F,,...,F,.} be fermion-even monomials. Then 


F,- F= 5 :D:, (20.14) 
DEDg(F, ,..., Fi 
eS. PY. aD (20.15) 


[Pook = 5 D, (20.16) 


(20.17) 


= 
5 
> 
II 
M 
S 


DEDg(Fn -Fi )ni 


Proof (20.14) is a restatement of (20.5) applied to Fn --- Fi, where we repeat- 
edly use the formula (3.36). 
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(20.15) follows from (20.5) applied to :F,,:--+-:F1: and (20.4) applied to F;. 
(20.16), resp. (20.17) follow from (20.14), resp. (20.15) by (20.3). 


In Fig. 20.6, we illustrate the above theorem by the diagrams needed to eval- 
uate the identities 


0t: pt: = 168: + 4:65: + 72:61: + 96:67: + 24, 
(2m figh: pte"? do = 24. 


o> 
<> 96 
Cc) 7 


Figure 20.6 Diagrams for :ġ*: :':. 


20.1.8 Identical diagrams 
Let {F,,..., Fi} be a certain finite set of vertices. For brevity, this set will be 
denoted by U. 
Recall that S, denotes the group of permutations of n elements. 
Suppose that n,,...,n, E€ {0,1,...}. The group an Sn; acts in the obvious 
way on De( 1 i) 


Definition 20.19 We set 


Dg{U} := Dg (11 pri yi ae (20.18) 
nyp=l1 E g 


TU EE 


Elements of (20.18) will be called unlabeled diagrams with vertices in %9. 
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In other words, Dg{%9} consists of classes of diagrams made with vertices 
from %, which differ just by a permutation. Typically, we will write [D] for an 
unlabeled diagram, D being a labeled diagram and the square bracket denoting 
the equivalence class. 


20.1.9 Gaussian integration of exponentials 


Let Y = {F;,..., Fp} be a set of fermion-even monomials and A a coupling con- 
stant. Set G := F, +---+ F,. Our main aim is to compute the Gaussian integral 
and the Wick symbol of exp(,:G:). 

As indicated before, with each monomial F;, i = 1,...,1r, we associate a vertex 
of the same multi-degree, denoted by the same symbol F;. 


Let D € Dg( IF" The evaluation of the diagram D (see Def. 20.17) does 
i=1 


not depend on the action of the group ll Sni- Hence, it is well defined for 
i=1 


unlabeled diagrams. 


Theorem 20.20 


exp(A:G:) = 5 Aet). D., (20.19) 
[D]ED8{%8} 
Proof Clearly, 
exp(\:G:) = > ant Frys) oe Bt 
onr = 
a ee 


n,! 
n n Es 
N1,- nr =O DEDg(Fi 1 Fi") 


5 rere) D., 


[D]EDg(F}! F?" )/ Th Sn 


II 
wy 


Theorem 20.21 (Linked cluster theorem) 


exp(à:G:) =: oo 5 yanao) P (20.20) 


[CleDg{B}con 
tos( f exp(à:G:)) = 5 ROME, (20.21) 


[(C]eDg{B}em 


exp(A:G:) ( vert(C) 
————_ = : exp a A C]: (20:22) 
J exp(à:G:) [C]EDg{V}ink 
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Proof Let us prove (20.20). Let C} € Dg( 11 He j=1,...,p, be dis 
i=1 

tinct connected labeled diagrams. Let k; € {0,1,...}, j=1,...,p. Let D := 

Gitai iC. TE Ds( 1 Il a); Clearly, n; = >> mji and 


=| [m #1] = [[ mail. 
i=1 i=1 


An elementary combinatorial argument shows that each diagram in [D] repre- 


r p 
sents [] ni! [[ (mji!)~* (kj!)7! times the same diagram in the Cartesian prod- 
i=1 j=l 


p 
uct |] [C;]*’. Therefore, 
j=l 


i=1 D'e[D] 

r p 
- [fioo aT] ee 
i=1j=1 l= 1CheE Ci] 
p 
= [6D c} 

j=1 


Now (20.21) and (20.22) follow from (20.20). 


20.2 Perturbations of quantum dynamics 


In this section we recall the terminology used in quantum physics in the context 
of a dynamics and its perturbations. We will consider first the case of time- 
dependent, and then time-independent perturbations. 

We recall in particular the basic concepts of scattering theory. Its central 
notion is the scattering operator. There are several varieties of scattering opera- 
tors. We recall the standard definition, which is successfully used in the context 
of Schrödinger operators with short-range potentials. Note, however, that the 
standard definition usually does not apply to quantum field theory, even on a 
formal level. We introduce also the adiabatic scattering operator, which is often 
used to develop the formalism of quantum field theory in standard textbooks. 

Our presentation throughout this section will be rather formal. In order to 
make rigorous some of the formulas we give, one needs to make relatively com- 
plicated technical assumptions — we refrain from describing them. 

Throughout the section H is a Hilbert space. 


20.2.1 Time-ordered exponentials 


Let R>t Bi(t)€ B(H), i=1,...,n, be time-dependent families of 
operators. 
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Definition 20.22 Let t,,...,t, ER be pairwise distinct. We define Dyson’s 
time-ordered product of Bn (tn),..., Bi(ti) by 


T (Bn (tn) +++ Bi(ti)) = Bi, (ti, ) +++ Bi, (ti), 


n 


Sey 


in Z a: 


where (in,...,%1) is the permutation of (n,...,1) such that t 
Consider now a single family of operators R > t+ B(t). 


Definition 20.23 For t, > t_, the time-ordered exponential is defined as 


Co 


Texp r aioe) EN. fej B(ty) +++ B(ti)dtn + dti 


n=0 4 >t, >t Dt_ 


= S ef LT (Blin) + B(t1)) dta =- dt. 


Ift} <t_, then we set 


Texp a Boar) = (1 [ Boar) r 


For brevity, let us write 


U(ty,t_) == Texp y Boar) l 


Note that 
EE = o E 
dt, 
d 
—Ui(t.,t_)=- t_)B(t_ 
dt. ( vt ) U(ts, ) ( J 


U (t2,t1)U (ti, to) = U (t2, to). 


If B(t) = B, then U(t,,t_) = e@+—*-)8, 


20.2.2 Perturbation theory 


Let Ho be a self-adjoint operator. Let R 3 t— V(t) be a family of self-adjoint 
operators. Set H(t) := Ho + AV (t). Consider the unitary evolution 


Ge ete (= f 4 moar) 


Let R 5 t+> A(t) be an operator-valued function. 
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Definition 20.24 The operator A(t) in the interaction picture is defined as 
Ay(t) := ef Po A(t)e" #40, 
The evolution in the interaction picture is defined as 
Vite yee et je 


Note that 


Ui (t,,t-) = Texp (= i voar) ; 


In some cases we can take the limit t- — —oo or t} — oo. In particular this 
is the case if V(t) decays in time sufficiently fast. 


Definition 20.25 The Møller or wave operators, resp. the scattering operator 
(if they exist) are defined as 


S*:=s -lim U, (0, t), 


cages. 


Theorem 20.26 (1) If S* exist, then they are isometric. 
(2) S:=w — lim Ur(t4,t_). 


(t4 ,t_) (4+ 00,—00) 


(3) If Ran St = Ran ST, then S is unitary. 

Note that the operators U;(t,,t_), S~, resp. St* can be viewed as special 
cases of the scattering operator, if we multiply V(t) by Iy_ +, )(¢), Uj—.o,0((t), 
resp. T oo,0[ (t). 


20.2.3 Standard Møller and scattering operators 


Until the end of the section, Hp and V are fixed self-adjoint operators and H := 
Ho + AV. We have U (t},t—) = e i+ —t-)Ħ and V(t) = eto Ve“ ito, 
Clearly, the Møller and scattering operators (if they exist) are 


= AAEE : itH a—itH 
S57 = s — lim ee s 


t— +00 


Cae lim eit+ Ho g—i(t+ —t-)H omit- Ho 


(t+ ,t_)—(4+ 00,—00) 


e 


Definition 20.27 In what follows, we will call S and S defined as above the 
standard Møller and scattering operators. 


Theorem 20.28 Suppose that the standard Moller operators exist. 


(1) The standard Møller operators satisfy S* Ho = HS=. 
(2) The standard scattering operator satisfies Ho S = S Ho. 
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We have, at least formally, 


0 

S+ = Texp (-/ iavi(oat) ; 
+00 
0 

S~ = Texp (- | aviat) 


+00 
S = Texp (- / aviat) ; 


20.2.4 Stone formula 
For e > 0, set 


ðe (8) (ie) =: 


which is a family of approximations of the delta function. For any a < b, we have 
the Stone formula, 


€ 
T 


We will formally write 


6(€— Ho) for lim (€l — H), 


; -1 ; : = 
((€+i0)1— Ho) ~~ for lim ((é +ie)1— Hy). 
These limits do not exist as bounded operators, but can sometimes be given a 


rigorous meaning as operators between appropriate weighted spaces. 


20.2.5 Stationary formulas for Moller and scattering operators 
We have the identities (see e.g. Yafaev (1992)): 


st = fo (Epwi H) AV) a(n — Hy)dé 


a: ips A” ((( FiO) — Hy) "V)"6(€ — Hy ae, 


n=0 


S-1= -2r f aen > Hy) (AV +V((E+i0)1— H) V) — Hy)dé 


- -2r f aen — Ho) XO A" V (((E + io) — Ho)’ V] AEN — Hy ae. 
n=0 


20.2.6 Problem with eigenvalues 
It is easy to show the following fact: 


Theorem 20.29 If the standard Moller operators exist and HọoY = EW, then 
AW = EW. 
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In practice, the standard formalism of scattering theory is usually applied to 
Hamiltonians Ho which only have absolutely continuous spectra. In such a case, 
Thm. 20.29 is irrelevant. 

Thm. 20.29 becomes relevant in models inspired by quantum field theory. 
Suppose that the starting point of a model is a pair of Hamiltonians Hp and H 
(possibly defined only on a formal level). In typical situations both Hamiltonians 
have a ground state, and these ground states are different. Thm. 20.29 then shows 
that the standard scattering theory is not applicable. Instead one can sometimes 
try other approaches, such as the adiabatic approach developed by Gell-Mann 
and Low, which we describe below. 


20.2.7 Adiabatic dynamics 


Definition 20.30 The adiabatically switched on interaction, or simply the adia- 
batic interaction, is defined as V.(t) := e™“ltIV, e > 0. The adiabatic Hamiltonian 
is H,.(t):= Ho + AV: (t). The corresponding dynamics is denoted by U-(t+,t_) 
and the corresponding dynamics in the interaction picture by Ua(t,,t_). We 
also define the adiabatic Møller and scattering operators 


SF =s — lim Ua(0,t), 


S.:= ST So". 


Note that if the standard Møller operators exist and, if some mild additional 
assumptions hold, we have 


S~=s — lim SF, 
€\0 
S=w-limsS,. 
€\0 
As we argued in Subsect. 20.2.6, in quantum field theory the standard scatter- 
ing theory usually fails. One needs to use non-standard definition of scattering 
operators. (Analogs of Møller operators are rarely used in quantum field theory 
anyway.) One possible modification of the definition of the scattering operator 


is given below. In this definition, ®p is a distinguished unit vector, typically the 
ground state of Ho (e.g. the free vacuum in quantum field theory). 


Definition 20.31 The Gell-Mann—Low scattering operator (if it exists) is 


Se 
SoL := w — lim ————_.. 
e N0 (G15. o) 
20.2.8 Bound state energy 
Suppose that o and Eo, resp. ® and E are eigenvectors and eigenvalues of Ho, 


resp H, so that 


Hoo = Foo, Hd = Eð. 
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We assume that ®, E are small perturbations of ®), Eo when the coupling 
constant is small enough. 
The following heuristic formulas can be sometimes rigorously proven: 


d . : 

E- Ep = lim ‘i T log(®ole”” e7". Go), (20.23) 
d . A é 

E- Ey = lim (2i)! T log (Bp Je 77 etH et Ga), (20.24) 


To see why we can expect (20.23) to be true, we write 
(Bole e- d0) = |(Go|®) Pe") + C(t). 


Then, if we can argue that for large t the term C(t) does not play a role, we 
obtain (20.23). (20.24) follows by essentially the same argument. 

Note that (20.23) involves e/“e7#0, which can be called an approximate 
Moller operator, and (20.24) involves e~#0 ẹi?tH 
ing operator. 

Still heuristic, but a little more satisfactory, are the formulas that give the 
energy shift in terms of the adiabatic Møller and scattering operators: 


e 40. an approximate scatter- 


E — Ey = an icAO, log(®o|.9* Bo), (20.25) 
E — Ep = li AS (Bo |S. Bo) (20.26) 
0 aD 5) à 10820 [>e 20). . 


(20.26) is called the Sucher formula. 


20.3 Friedrichs diagrams and products of Wick monomials 


The main aim of the remaining part of this chapter is to describe the perturbation 
theory for the dynamics of the form dI (A) plus the quantization of a (possibly 
time-dependent) Wick polynomial. We will describe two distinct formalisms for 
this purpose. In this and the next section we discuss the formalism of Friedrichs 
diagrams. The characteristic feature of these diagrams is the fact that the vertices 
are ordered in time. 

One can argue that the formalism of Friedrichs diagrams was implicitly used 
in quantum field theory since its birth. Strangely, however, before the late 1940s 
it was not common to draw pictures to keep track of terms in the perturbation 
expansion. Apparently, the first to use pictorial representations of the perturba- 
tion theory was Stueckelberg and, on a larger scale, Feynman. Their diagrams, 
however, are different, and will be discussed in Sects. 20.5 and 20.6 under the 
name Feynman diagrams. In Feynman diagrams the order of the time label does 
not play a role, which usually is a serious advantage. Thus Feynman’s inven- 
tion is not limited to the use of pictorial diagrams. The idea of making pictures 
when one tries to do computations in perturbation theory is actually quite easy 
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to come by. What was more important and less obvious was to group together 
various time orderings. 

Even though Feynman diagrams dominate, especially in relativistic computa- 
tions, Friedrichs diagrams are also useful in some situations. In particular, they 
can be used to compute leading singularities of certain terms of the perturbation 
expansion. 

We divided the discussion of Friedrichs diagrams into two sections. In this 
section, the goal is to explain how to represent pictorially the symbol of the 
product of Wick monomials. In the next section we discuss how to compute the 
scattering operator using Friedrichs diagrams. 


20.3.1 Friedrichs vertices 


Just as in Sect. 20.1, we start with a description of purely graphical and com- 
binatorial aspects of the formalism. It is quite similar to that of Sect. 20.1, 
and we will often use the same terms, sometimes with a slightly different 
meaning. 
We assume that we have a set Pr = Pr, U Pr, describing particles, which are 
bosonic or fermionic, as in Def. 20.3. We assume that the set Pr, is oriented. 
We adapt the definition of the multi-degree to the context of this section. 


Definition 20.32 A multi-degree is a function 


Pr 5 pr mp E {0,1,2,...}. 


Definition 20.33 A Friedrichs vertex, denoted W, is a pair of disjoint sets 
(Lg*(W), Lg7(W)), each equipped with a function 


Le*(W) 31 pr(l) € Pr. 


Elements of Lg~(W) are called outgoing, resp. incoming legs of the vertex W. 
The sets Lg, (W), p € Pra, are oriented. 
The outgoing, resp. incoming multi-degree of W is given by 


m, (W) := #{1 € Lg (W) : pr(l) =p}, pe Pr. 
We say that W is fermion-even if 


5 (m (W) + m, (W)) is even. (20.27) 
pEPra 


A Friedrichs vertex W is graphically depicted by a dot with legs of Lg(W) 
originating at the dot. Incoming legs are on the right and the outgoing legs 
are on the left. Again, legs for different particle types are depicted by different 
graphical styles. 
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Figure 20.7 Various Friedrichs vertices. 


time 


Figure 20.8 A disconnected Friedrichs diagram. 


20.3.2 Friedrichs diagrams 
Definition 20.34 Let (Wn,..., W1) be a sequence of Friedrichs vertices. Set 
Lge(Wn,..., W1) := || Le(W;), 
n>j>1 


Lg*(Wn,.-.,Wi):= || Le*(Wj). 


n2j2l 


Clearly, Lg(W,,,...,W1) is the union of disjoint sets 


Lie” (Wayseeg W1), Le (Wn, ..., W1). 


Elements of Lg~(W,,,...,W1) are called incoming, resp. outgoing legs of 
(Wn, , W1). Forl= (j,k) € Le5 (Wn, ..., W1) we define nr(1) = j and pr(1) = 
pr(k). (Note that j € {n,...,1} and k € Lg(W;); see Def. 20.1.) 

A Friedrichs diagram B over (Wn, =- ,Wı) is a triple 
(Lg (B),Lg* (B), Ln(B)), where 
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Lg (B) is a subset of Lg” (W,,...,Wi); 
(2) Lg? (B) is a subset of Lgt(Wn,...,W1); 
Ln(B) is a partition of 


(Le* (W,,...,Wi)\Lg* (B)) U (Lg (Wn, ..., Wi)\Lg" (B)) 


into two-element sets such that 
(i) {1,,1-} € Ln(B) implies nr(1,) 4 nr(1_), 
(ii) if {14,1-} € Ln(B) and nr(l,) >nr(l_), then 1, € Lg (B), le 
Lg" (B), 
(iii) {1,,1-} € Ln(B) implies pr(l}) = pr(1_). 


The incoming and outgoing multi-degree of B is defined by 


m, (B) := #{1€ Lg*(B) : pr(l) =p}, pe Pr. 


The number of vertices of B is denoted by vert(B) =n. The set of all 
Friedrichs diagrams over (W,,,...,W 1) will be denoted FDg(W,,,...,W,1). 


Thus, to draw a Friedrichs diagram we first put the Friedrichs vertices in the 

correct order, and then we join some of the outgoing legs with later incoming 
legs of the same particle species. 
Remark 20.35 Note that the vertices in a Friedrichs diagram are ordered, con- 
trarily to those appearing in Subsect. 20.1.2. Typically each vertex is associated 
with a time and vertices are ordered according to increasing times. To our knowl- 
edge, in the literature one can find three conventions concerning the time arrow 
in a diagram: time flows to the left, right or upwards. We adopt the convention 
that time flows to the left, because it agrees with the order of multiplication of 
operators. 


20.8.3 Connected Friedrichs diagrams 


The following definitions are very similar to the analogous definitions of Sect. 
20.1. 


Definition 20.36 A Friedrichs diagram B is called connected if for all j, 7’ € 
{n,..., 1} there exist 


{hin ’ ahs SEY {lili} € Ln(B) (20.28) 


such that nr(lm) = j, nr(l) = nr(lk—1), k = m,...,2, nr(I}) = 7’. 
If AC FDg(Wn,..., W1), then we set 


Acn := {BEA : B is connected }. 


Note that the sequence of lines in (20.28) does not have to be ordered in time. 
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Definition 20.37 We say that a Friedrichs diagram B has no external legs if 
Lg*(B) = Lg” (B) = 0. 
If AC FDg(Wn,..., W1), then we set 
An :={BEA : B has no external legs}, 
Acnl = (Antcon; 
Alink = (A\Ant)con- 


20.3.4 One-particle spaces 


Definition 20.38 With each p € Pr we associate a complex Hilbert space Zp. 
Zp is called the one-particle space of p. We set 


We treat (Z, €) as a super-space. 
Let Q € B'"(Z). Its Wick quantization, denoted as usual Op* (Q), is an 
operator on the Fock space 


@ Te, (Zp) ~ T(z). 
pEPr 
20.3.5 Incoming and outgoing diagram spaces 
Let m be a multi-degree. 


Definition 20.39 We set 


@" Z:= @ &™ Zp, (20.29) 
pePr 
T™(Z):= @ I™(Z,), (20.30) 
pePr ? 
Pol” (Z):= @ Pol (Zp). (20.31) 
pePr i 


I’ (Z) is called the m-particle space. Let ©™ denote the usual projection from 
@"Z onto T™(Z). 


Let (m*, m7) be a pair of multi-degrees. An important role will be played by 
B(T™ (Z), P (2)). (20.32) 
(20.32) will sometimes be interpreted as a polynomial in 
Po” (Z) & Pol” (Z). 
More precisely, with W that belongs to (20.32) we associate 


W (Aiea ich ct spePr? Caner, 


my my 
=(@ a nap eg 8 4-9). 
pEPri=1 qEPr j=1 
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We will sometimes view (20.32) as a subspace of B(@” Z,&9™" Z): an ele- 
ment of W of (20.32) is extended to an operator on 8™ Z by setting 0 on the 
orthogonal complement of T'™ (Z). 

Let W be a vertex of multi-degrees (m 
we associate a space 


+ m~). With every leg of the vertex 


Zi Zp, l€ Lg; (W), pe Pr. (20.33) 


Within each family Lg, (W) we order the legs by consecutive integers. For 
fermionic particles we assume that the numbering is admissible. Note that apart 
from this condition, the numbering is arbitrary and plays only an auxiliary role. 
Thanks to this numbering, we have a natural bijection between Lg~(W) and the 
factors of &™ Z. Thus @” Z can be identified with 


Zi. (20.34) 
lELg+ (W) 


Consequently, B(@” Z,&™" Z) can be identified with 


B( e Z ® zx). (20.35) 
lELgt (W)  keLg—(W) 


Elements of (20.35) can be viewed as multi-linear functions on 


I Bye, E Z (20.36) 
lELgt (W) keLg-(W) 
Indeed, consider an element of (20.35), denoted also by W. We associate with it 
a function 


W (ahere omy (aners-w)) z 


alw 


(20.37) 


hela W ana) 
leLg* (W) keLg-(W) 


where z% € Zp, 2% € Ze. 


20.8.6 Evaluation of a Friedrichs diagram 
Let W; € B(I™ (Z), 0% (Z)), i=n,...,1, be a sequence of Wick monomials. 
Let B be a Friedrichs diagram over W, ---W, with m* = m=(B). 


Definition 20.40 The evaluation of the Friedrichs diagram B, usually denoted 
by the same letter B, is defined by 


1 
TEO 
B:=07 o+  J[ — Va Va- [wW (20.38) 
{1+ 1-}eLn(B) j=n 


The above definition uses the polynomial interpretation of a Friedrichs vertex. 
W; are treated as polynomials, as in (20.37). 
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(20.38) thus defines a multi-linear function with variables 7, € Z}, 1€ 
Lg*(W,,---,Wi), 2 € Zi, LE Le (W,,...,W1). The differential operator kills 
some of the variables; only those in Lg*(B) survive. Then we apply the 
symmetrization/anti-symmetrization operators. 

It is also possible to give an equivalent definition that uses a purely operator 
language. 


Definition 20.41 For j =1,...,n, we set 


Li(B) = {1€ Lg*(B) : j >nr()} 
U{l € Lg (B) : nr(l) >j} 
U{(l,,1_) € Ln(B) : nr(l4) > 7 > nr(_)}. 
L/(B) is called the set of lines bypassing the vertex Wj. 
Note that 


Lg (B) =L'(B)ULg-(W), 

Lg” (B) = L” (B) ULg* (Wn). 
Definition 20.42 For each £= {l,,1-} € Ln(B) with nr(1,) > nr(l-), let Ze 
denote the space Z_ ~ Z, . Let 1% denote the identity on 


Q Za. 
LELI (B) 


Let W; be interpreted as operators in 


B( ® Z 8 Zi): 
leLe-(W:)  l€Lgt(W;) 


In the operator language, the diagram B can be computed as 


pa en" (Wn Q 1%) PEA (w Q 1p) ee". 


20.3.7 Products of operators 
Theorem 20.43 


Opt (Wp) Opm) = = SD Op™(B), 
BEFDg(Wn ,...,W1) 
(2|0p"™"(Wn)- opw E B 


BEFDg(Wn ,...,W1)n1 


Proof This is essentially a restatement of Thm. 9.36. 


This theorem describes a method of computing the Wick symbol of a product 
of operators. We first draw the Friedrichs vertices in the appropriate order. Then 
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we draw all possible diagrams by joining the legs. Next we evaluate the diagrams, 
pairing the external legs with creation and annihilation operators. Finally, we 
sum up all the contributions. 

To compute the vacuum expectation value, we do the same steps, except that 
we consider only diagrams without external legs. 


20.4 Friedrichs diagrams and the scattering operator 


In this section we describe how to use the formalism of Friedrichs diagrams to 
compute two quantities useful for many-body quantum theory and quantum field 
theory: the scattering operator and the energy shift. From the point of view of 
diagrams, the new feature is the time label that will appear on each vertex. We 
will always demand that the order of vertices is consistent with the order of time 
labels. 

Throughout the section we keep the terminology and notation of the previous 
section. 


20.4.1 Multiplication of Friedrichs diagrams 


Definition 20.44 A pair consisting of a Friedrichs vertex and t € R will be called 
a time-labeled Friedrichs vertex. It will be typically denoted W(t). A sequence 
(Wn(tn),-..;Wi(ti)) of time-labeled Friedrichs vertices is time-ordered if tn > 
oe > ti. 


We will consider only time-ordered sequences of time-labeled Friedrichs ver- 
tices. 


Definition 20.45 Consider two sequences of time-labeled Friedrichs vertices 
(Wn (ta), Wy (t1)) and (Wy, (ae eee Wi(t))- Assume that none of tn,..., ti 
coincides with t),,...,t,. Let (Smin,---,81) be the union of 


{tn tih {tno Hh} 


in decreasing order. Let (Qn+m(Sm+n),---,Q1(S1)) be the time-ordered union of 


(Wa(in)s.--,Wi(ts)), (Win (Em) Wi(é.))- 


Note that we obtain an identification of Lg~ (Wn (ta), W1 (t1)) and 
Lg” (WY (tn), ---, WI (t1)) with complementary subsets of 
Lg~ (Qrim (Sm+n), taia Qı (s1)) : 


Consider two Friedrichs diagrams 


B € FDg(Wn (tn), ---, W1 (t1)), B’ € FDg(W,, (th) WIED) 
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BB' = B'B is defined as the Friedrichs diagram in 
FDg(Qnim (Sminke Qi (s1)) such that 


Lg*(BB') = Lg*(B) ULg*(B’), Ln(BB') = Ln(B) ULn(B’). 


20.4.2 One-particle dynamics 
Let h, be a self-adjoint operator on Z,. Set h:= © hp as an operator on Z. 


pePr 
Let 
Ho = al (h). (20.39) 
Note that if W is a Wick monomial, then 
eÏ Ho Opte (W)e™ Ho = Op? (eit Ħo We HAD) , (20.40) 


where on the right we interpret W as a Wick operator. 

Let B be a Friedrichs diagram and 1 € Lg*(B). Then h will denote hp), 
understood as an operator on Z. Similarly, if £ = (1,1) € Ln(B), and p = 
pr(1®) = pr(l'~), then he denotes h, understood as an operator from Z,-) to 

We will sometimes use the symbol Họ in a meaning slightly different from 
(20.39). 


Definition 20.46 Let L be a subset of Lg*(B)ULg (B)ULn(B). Then Ho, 


understood as an operator on the space & Ze, will denote the operator X` he. 
LEL LEL 


20.4.3 Time-dependent Wick monomials 


Suppose that RStr W;(t), j =1,...,r, are fermion-even Wick monomials 
depending on time, each with a fixed multi-degree. We represent each W; with 
a vertex, independent of the time t but distinct for distinct indices j. 

We modify the prescription (20.38). 


Definition 20.47 The evaluation of the diagram B at times t,,...,t; ER is 


itar(i)h —itnar(1) h 
B (tryst) = II evar II ei arli) H 


leLg, (B) leLg_(B) 
1 
x II Ve: eara, tara) heg II W; (t;). 
l={l, l_}eLn(B) =ñ 
In the operator language we have 


B(tny.--t1) = Ofe Ho (W, (tp) @ 1 Jone t -DH 
xeTilt2—tı)Ho (Wi (ti) 8 Ie O3. 
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The following identity follows immediately from Thm. 20.43 and (20.40). 
Theorem 20.48 


etn Ho Opte (Wn (tn) Je Stn -1)Ho ,, , gilts -t1) Ho Op** (Ww, (ti))e = Ho 


_ y Op? “(BGaaewh)): 
BCFDeg(W,,,...,W1) 


20.4.4 Diagrams for the scattering operator 


Set 


Q(t) = Wilt) +--+ W, (t), 
H(t) := Ho + AOp°™ (QH), 
where W,(t) are self-adjoint Wick monomials. Our main goal is to describe a 


method of computing the scattering operator S for Ho and {H(t)}ier (see Def. 
20.25). Recall that 


S= Texp(—ià / Op" (Q(0) at), (20.41) 
where 
Op°™ (Q(t), =e" Op?" (Q(t))e = Op?" (Qrt), 


with Qr(¢) = r(e" JQ (e). 

We denote by W; the Friedrichs vertices in the sense of Def. 20.33 correspond- 
ing to the Wick monomials W; (t). We also often need to use the corresponding 
time-labeled vertices, which we denote W; (t). 

For brevity, we will denote by W the set of vertices {W1,...,W,}. 


Definition 20.49 We introduce the notation 


FDg,, {W} := U FDg(W;, --- Wj, ). (20.42) 
(jn s+ 51 ELL, }" 
Note that FDg(Wj, ---W,) are disjoint for distinct sequences (jn,...,71) € 
{1,...,r}”. Therefore, the union in (20.42) involves disjoint sets. 
Note also that when we evaluate a diagram in (20.42) on the monomials W; (t;), 
we obtain a function that depends on t,,...,t; E R. 


The following theorem follows easily from (20.41) and Thm. 20.43: 
Theorem 20.50 


s=) 5 (ie f [Opt (Bln ..t))dty dti, 


n=0 BEFDg, {W} tn >see > ti 
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The above theorem is an analog of Thm. 20.20 about the Gaussian integration. 
Recall that Thm. 20.20 implies Thm. 20.21, the linked cluster theorem for the 
Gaussian integration. Thm. 20.50 has an analogous consequence: 


Theorem 20.51 (Linked cluster theorem for Friedrichs diagrams) 


S = Op** | exp (> ` (—ià)” 


n=0 BEFDg, {W}con 


x fos Blt nesta 


ty > >t 


log (Q|SQ) = > S > (=id)” os f Blt stan dt, 


n=0 BEFDg, {When th >> ty 


S a*a ~ iv)” 
= Op’ “ | exp 5 5 (—id) 
SM) 
n=0 BEFDg,, {Whink 
x Bites tı )dtn an ) 
ty >- >ti 


20.4.5 Stationary evaluation of a diagram 


Let us now assume that the monomials W; (t) = W; do not depend on time and 
Q=W,+---4+W,. Let H := Ho + AOp? (Q). 
Let € € C\spec (Ho). 


Definition 20.52 For a diagram B € FDg(Wn,..., W1) and £ E€ C we define 
its stationary evaluation as 


Big] := O$ (Wn @ Wp) (E1 - Ho)" ++ (E1 -— Ho)™’ (Wi 8 15) OF. 


20.4.6 Scattering operator for a time-independent Hamiltonian 


The Gell-Mann-Low scattering operator 
Sau = im (ASOS, 


is often used as the starting point for computations in quantum field theory. In 
the following theorem we give two expressions for this operator: a time-dependent 
one and a stationary one. Note that the division by (Q|S*Q) removes diagrams 
without external legs, which if non-zero would give a divergent contribution. 
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Theorem 20.53 


Sct = Op*”? o0 (3 5 (ie fo f Ben. stats a 


n=0 BEFDg, {Whink ty > > ty 


= Op"? | exp (-2 > 5 dr” 


n=0 BeFDg,, {W hink 
x famn — E1) BE + i0]ô( Ho — eae) ) : 
Proof The first identity follows from Thm. 20.51. Next we compute the inte- 


grand using the operator interpretation of B(t,,...,¢1): 


BG aig) = Obe P (Wp 8 1g) e h0)... 
xeTitt)E (W) @ 15) e 9 o3 


J / S(Ho — €1)dgO} (Wn @ Wy) e™™ 8D... 


xe i2 (Ho —€1) (Wi Q 15) eiti (Ho =D) 07, 


where 
Un Sty Ig ge ee WS te te 
Now 
B(tn,...,t1)dty +--+ dty 
tn >> ty 


= feof dun - f du: T dti ô(Ho — ENO} (Wn @ Th) ets Ho-E) 
x Sante —é1) ce Ip) oit e-8)@- 

= 2r (—i)” 7! fasam — £1)0} (Wn ® Ig) (Ho — (€ — i0)1) a 
x (Ho — (£ — i0)1) ~" (W1 @ 1) 6(Ho — E195, 


where we have used the heuristic relations 


+00 
i eit (Ho -ED du, = i( Ho — (E+ i0)1) 7}, (20.43) 
0 
0 
/ eit(Ho-£) dy, = —i(Hy — (€ —i0)1)~", (20.44) 


1 elt (Ho -8D dt = 2rô( Ho — Ell). (20.45) 
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Figure 20.9 Goldstone diagram. 


20.4.7 Goldstone theorem 


Recall that E denotes the ground-state energy of H, that is, E := inf spec H. 
We assume that we can use the heuristic formula for the energy shift 


E= lim i < log(Q\e*# e—# #0), (20.46) 


which follows from (20.23) if we note that Ey = 0. Then we can derive the fol- 
lowing diagrammatic expansion for the energy E: 
Theorem 20.54 (Goldstone theorem) 
E=) 5 à” B[0]. 
n=0 BEFDg, {When 


Proof As explained at the end of Subsect. 20.2.2, e’“e-"#0 for t < 0 is the 
scattering operator for the time-dependent perturbation s +> Alp o (s)Op° ° (Q). 
Applying Thm. 20.51, we get 


log(Q\et# e~*#o Q) 


> 5 (-id)” fof B(tn,---,ti)dtn dti. 


n=0 BEFDg, {When eS ecuse 


So 
j7! qd log(Q\e*# eo 0) 
dt 


a 5 i(—iA)” fof B(tn,.--,t2,t)dty «++ dt2. 


n=0 BEFDg, {Wheni O>ty > >to >t 


Now introduce 


U2 I=. — bas. g Un := th_1 — tn- 
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Then u2,...,Un < 0, t < u2 +---+un <0, and 
Blas suit t) = Wee OED (Wp 1 BIR") -e 
x (Ws & 1%) eTil =t) Ho Wi 
= W, ett Ho (Wn Q i”) ae 
x (We Q 15) OW. 


Then we replace t by —oo and evaluate the integral using the heuristic relation 
(20.44). 


Note that an identical expansion can be derived from Sucher’s formula, 


. ied 
E= im z OA log(Q|.S.Q). (20.47) 


20.5 Feynman diagrams and vacuum expectation value 


We continue to study diagrammatic expansions of many-body quantum physics 
and quantum field theory. Until the end of this chapter we will, however, use 
diagrams different from those of the previous two sections: the so-called Feyn- 
man diagrams. They are closely related to the diagrams discussed in Sect. 
20.1. The main topic of that section was integration w.r.t. a Gaussian mea- 
sure. This includes in particular the Euclidean quantum field theory. We will 
see that the formalism of Sect. 20.1 can be adapted to compute scattering 
operators in many-body quantum theory and quantum field theory. In prac- 
tice, Feynman diagrams are usually preferred over the Friedrichs diagrams of 
Sects. 20.3 and 20.4. Their main advantages are a smaller number of diagrams 
and, in the case of relativistic theories, manifest Lorentz covariance of each 
diagram. 

The main idea in passing from Friedrichs diagrams to Feynman diagrams con- 
sists in combining the evolution going forwards and backwards in time in a single 
line. It is done in a different way for neutral and charged particles. The starting 
point of the formalism is usually a classical system, neutral or charged, described 
by its dual phase space Yp. The one-particle space Zp is introduced in the stan- 
dard way, as explained in Chap. 18. In the case of neutral particles, the lines 
with both time directions are combined into one unoriented line. In the case 
of charged lines, one combines particles going forwards and anti-particles going 
backwards in a single line decorated with an arrow pointing forwards. Similarly, 
one combines particles going backwards and anti-particles going forwards in a 
single line oriented backwards. 

Our discussion of Feynman diagrams in many-body quantum physics and 
quantum field theory is divided into two sections. In this section we will show how 
to compute the vacuum expectation value of scattering operators. This method 
can be interpreted as a special case of the formalism described in Sect. 20.1 on 
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the Gaussian integration. In Sect. 20.6 we will describe how to compute scat- 
tering operators. Diagrams needed for scattering operators have some features 
of Friedrichs diagrams, since their external legs are divided into incoming and 
outgoing ones. 

Throughout this and the next section we will use the terminology and notation 
of Sect. 20.1. In particular Pr will denote the set of particles, divided into four 
parts Pr = Pr? U Pr‘ U Pr; U Prf, as in Defs. 20.3 and 20.4. We will often write 
Tı(Z) instead of T,(Z) and T_;(Z) instead of T,(Z). 

Let us first describe the constructions related to the free dynamics. As usual, 
it is convenient to describe separately the neutral and charged cases. 


20.5.1 Free neutral particles 


We assume that for every p € Pr" we are given a real dual phase space YV, 
equipped with a dynamics {rp t }rer. More precisely, 


(1) for p € Pry, Vp is a symplectic vector space and {rp t}rer is a stable sym- 
plectic dynamics on Vp; 

(2) for p € Pry, Yp is a real Hilbert space and {rp t}rer is a non-degenerate 
orthogonal dynamics on Y,. 


We use the constructions described in Sect. 18.1. In particular, we write rp = 
et% , and construct the corresponding one-particle spaces Zp and the one-particle 
Hamiltonians h, > 0. Recall that we have a natural decomposition CY, = Zp ® 
Zp, and apc = ihp ® (—ihp). On the Fock space T., (Zp) we have the Hamiltonian 
dI (hp) and the fields VY, Ə Ç ++ ¢,(¢). We write p (C) := Op (Tp,-2¢). 


20.5.2 Free charged particles 


We assume that for every q € Pr® we are given a complex dual phase space YV; 
equipped with a dynamics {r,:}:er. More precisely, 


(1) for q € Pr‘, V; is a charged symplectic vector space and {r4 t }rer is a stable 
charged symplectic dynamics; 

(2) for q € Pri, V; is a complex Hilbert space and {r,}:er is a non-degenerate 
unitary dynamics. 


Following Sect 18.2, we write rg, = el 


one-particle spaces Z, and the one-particle Hamiltonians h, > 0. We have a 
natural decomposition VY; = ye SV, with by = be ® (—b m). Then ZP = 
Yr, Z =F], so that Z, = ZY Z, hy = WY bp. On the Fock 
space I’,,(Z,) we have the Hamiltonian dr (hq) and the field Y; Ə Ç +> ¥7(¢). 
We set Wi elC) = Vi (Tq,-46): 


, and construct the corresponding 
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20.5.3 Full Hilbert space 


Definition 20.55 Sometimes, for brevity, we will write 


Z= © Z 
pEPr 


for the total one-particle space. 


Clearly, Z can be treated as a super-space with the grading e= © e Iz. 
pEPr 


p 


The Hilbert space of the system will be 


The free Hamiltonian is 


Ho = X` dI(hy). 


pEPr 


20.5.4 Wick’s time-ordered product 


In the presence of fermionic degrees of freedom, it is convenient to modify the 
definition of the time-ordered product. The so-called Dyson’s time-ordered prod- 
uct, defined in Def. 20.22, will be replaced by Wick’s time-ordered product, which 
takes into account the fermionic nature of some operators. 


Definition 20.56 An operator B on T(Z) is called bosonic, resp. fermionic if 
B=T(e)BI(e), resp. B = -T (e)BT (€). 


Definition 20.57 Let R5 t— B,(t),...,Bi(t) be time-dependent operators, 
each either bosonic or fermionic. Let t,,...,t; E R be pairwise distinct. We 
define Wick’s time-ordered product of Bn (tn), Bi (tı) by 


T(Bn (tn) Bi (t1)) := sgn, (7)Bz, (to, )+** Bo, (to); 


where On,...,01 is a permutation of n,...,1 such that to, >: > to, and 
sen,(o) is the sign of the permutation of the fermionic elements among 
Bn(tn),-- ., Bi (tı). 


20.5.5 Feynman 2-point functions: general remarks 


An important ingredient of Feynman’s diagrammatic approach to quantum field 
theory is the so-called Feynman’s 2-point functions. They are given by the vac- 
uum expectation values of time-ordered products of fields. They will be discussed 
in Subsects. 20.5.6—20.5.9. We will consider separately the neutral and charged 
cases, which are very similar. 

In practice, in the bosonic case one uses two kinds of 2-point functions: 
the phase-space and the configuration space 2-point functions. We start with 
a description of the phase space 2-point functions, since they can be discussed in 
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a parallel way for bosons and fermions. However, in the bosonic case, one usu- 
ally prefers to use 2-point configuration space functions. They will be discussed 
separately in Subsects. 20.5.8 and 20.5.9. They are used in particular when the 
interaction depends only on configuration space, which is often the case. 

As usual, we will use t € R to denote the time variable. The variable Æ € R 
will have the meaning of energy. 


20.5.6 Feynman’s phase space 2-point functions for 
neutral particles 


Let us start with neutral particles, bosonic or fermionic. 


Definition 20.58 For p€ Pri, resp. p € Pr, the corresponding Feynman’s 
phase space 2-point function is the function with values in operators on Cy), 
defined as 

S,(t) = O(t)e!” Mz, + O(-t)e”” tz 


p Zp” 


Note that if &, C2 € Ygs then 
G WHL = (QUT (44 (61) G0 (C2)) Q) . 


The Fourier transform of Sp is 


(E) = (ihp —iE)~'Izg, F (—iħ, —iB)~'Iy . 


If p € Pri, this simplifies to 
Sp(E) = (ap — iE). 


On the space C3 (R, CY,) we obtain a symmetric, resp. anti-symmetric form 


fi-Sp fo = fS [terse — to) fo (t2 )dtı dt. 


20.5.7 Feynman’s phase space 2-point functions for 
charged particles 


Next we consider bosonic and fermionic charged particles. 
Definition 20.59 For q € Pr, resp. q € Pr‘, the corresponding Feynman’s phase 


space 2-point function is the function with values in operators on Yı defined as 


italt) —itb(—) 
S,(t) = O(t)’ Lyi.) £0(—te Me ly- 


Note that if ¢1,¢2 E€ Yy, then 
Q + Sq (t)C2 = (QIT (y (C1) 05 (C2)) Q) - 
The Fourier transform of Sy is 


Â (E) =i (oo) — Bye FUP — BY ys. 
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If q € Pr‘, this simplifies to 
ô (E) = i™! (b, — BE)". 


On the space C3 (R, Y,) we obtain a Hermitian, resp. anti-Hermitian form 


fi Safe = | | FS: — t2) fo (t2 )dtıdt2. 


20.5.8 Feynman’s configuration space 2-point functions 
for neutral bosons 


Consider a neutral boson whose phase space is split into a configuration and 
momentum space. 
More precisely, suppose that p € Pr and 7, € L(),) satisfies 


(TpY1) Wp Tp Y2 = —yY1 Wp Y2, Yı Y2 E V, 
TpQ@p = —Tpûp, T = 1y,. 
Set 
Xp := {Y E Vp : PY =Y}, 
Ey := {y E Vp : my=—y}, 


and lx, := $(lly + 7). 

In other words, 7, is a time reversal in the terminology of Def. 18.13, the 
dynamics is time reversal invariant and Æp, resp. =, is the corresponding con- 
figuration, resp. momentum space according to Subsect. 18.3.1, and lly, is the 
projection onto ¥, along =,. Following our standard notation, lly, ¢ denotes the 
linear extension of ly, to the projection onto CA, along C=,. 


Definition 20.60 The configuration space Feynman’s 2-point function is the 
function with values in operators on CX, defined as 


Dy (t) := 1x, cSp(t)1x,,c, 
where S(t) was introduced in Def. 20.58. 
Define 


To := Iz, Ix, C 


as a map T, : CX, — Zp. Note that 7),c is a unitary map transforming Zp onto 
Zp and such that Tp, CRpT, ¢ = hp. Therefore, 


DOs Teh 7, . 


The Fourier transform of D, is 
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On the space C3 (R, CX) we obtain a symmetric form, 


I: Dp G2 = f [tery — ty) go (t2 )dtı dt. 


20.5.9 Feynman’s configuration space 2-point functions 
for charged bosons 
Consider now a charged boson whose phase space is split into a configuration 
and momentum space. 
More precisely, let q € Pr; and suppose that «, is a linear map on J, satisfying 


Rg Yl Wg kg ¥2 = Y1 Wy, Y1, Y2 E Y, 


Kiqbg = —Kaqby, Ka = lp,- 
Set 
Xp = {Y E Vp : Kpy =Y}, 
Ep := {y E Yp : ky = —y}, 
and Ix, := (ly + xp). In other words, «4 is an involutive Racah time reversal 


in the terminology of Def. 18.38, the dynamics is Racah time reversal invariant 
and %,, resp. =, is the configuration, resp. momentum space in the terminology 
of Subsect. 18.3.4, and Ix, is the projection onto ¥, along =p. 


Definition 20.61 The configuration space Feynman’s 2-point function is the 
function with values in operators on X, defined as 


D,(t) = Ix, Sit) lx, 
where S(t) was introduced in Def. 20.58. 
Define 


Ty = Lyi) Ix, 


as a map T} : X > V. Note that «q is a unitary map transforming Yj*) onto 


V and such that KgbÇP «7! = b. Therefore, 


D,(t) = Treille T. 
The Fourier transform of D, is 
3 2b) 


Zz * q 
Ô B) = ayi 


On the space C° (R, X4) we obtain a Hermitian form, 


gı: D492 = J [nD — t2)g2(t2)dtı dea. 
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20.5.10 Wick quantization of Feynman polynomials 


In the Feynman formalism, perturbations are described by polynomials on the 
phase space. 


Definition 20.62 We set 
v= © Vy, V= P Vy 


pePr™ qePr° 


A polynomial on Y := CY” OY @ y will be called a Feynman polynomial. 


Definition 20.63 We set 


ZB= @ 2, Z®:= @ 2, 
Tq 
pEPr™ qEPr° 


Clearly, CY" = 2” ẹ Z°, VW = ZP a Zo, ye = Z @ Z. Therefore, we 


can identify Z © Z with y, where Z is defined in Def. 20.55. It is convenient to 
introduce a special notation for this identification. 


Definition 20.64 p: Z © Z — y denotes the map 


n H) y) on H n sn gh) (-) 
P(24521 42, 522,29 Z2 ) = (2p OZ, a  @z, 523 z) 


Definition 20.65 Given a Feynman polynomial G € Pol(Y), we will write 
Gop:=T(p*)G, which is a polynomial in Pol(Z @ Z). Its Wick quantization, 
which is an operator on T(Z), will have a special notation: 
G(¢, 0", Y): = Opt (G o p). (20.48) 
We will use the concept of the multi-degree introduced in Def. 20.5. The fol- 
lowing definition is parallel to Def. 20.15: 


Definition 20.66 Given a multi-degree m, we define 
Pol” (2) = (_@ , Pol (Z,)) 
pePr™ g 
m(t? mF 
e( @ Polk,’ (Z5)) @ ( Q Pok,’ ca 
qePr° c ! 
r"(Z):= s rz) 
pePr ? 
met) me, 
e( g r (Zi) @ ( @ Ts 2p): 
ir q'ePr 
We also define 


Hm := 5 dr”? (h +5 arms’ ( hi?) +> ars” (WD), 


pePr®™ qEPr° q'€Pr° 
(+) (~) 
Oo” := @ Og @ O% 8 @ OM 
pePr™ qePr° q’ePr° 


as operators on T™ (Z). 
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20.5.11 Evaluation of Feynman diagrams with no external legs 
Let RS tr F\(t),..., F(t) be time-dependent Feynman monomials, each of a 
constant multi-degree. Set 

GE) = F(t) + + F(t), 
H(t) := Ho + A:G(t, 6, Y*, Y): 


Our aim is to compute the scattering operator 
s= Texp(—ià f ei! 0G (t,b, w*, p):e to dt). (20.49) 


We use the terminology of Section 20.1. We will denote by F,..., F, distinct 
vertices of the same multi-degree as the Feynman monomials F\(t),..., F(t). 
For brevity, we will write U for the set {F,,...,F;}. 

Let (Fj, ,...,F),) be a sequence of Feynman vertices in Y and let D be a 
Feynman diagram over Mae Fj, with no external legs. 


Definition 20.67 The evaluation of the diagram D at times t,,...,t, E R is 
D(tn,---;t1) 


= JL Vuelio —tr09) Vn 
é={1,l/}eLn, (D) 


x lI Vyeo) Sr (tar) = tne Vien IE 
K={k(+),k(—) }eLn, (D) 


Remark 20.68 If for some particle p € Pr, the polynomials F; depend only on 
the configuration space, and not on the momentum space, which is often the case 
for bosons, we can replace the phase space 2-point function Sp by the configuration 
space 2-point function Dp. 


20.5.12 Vacuum expectation value of the scattering operator 


Feynman diagrams with no external legs can be used to compute the vacuum 
expectation value of scattering operators. The following theorem is closely related 
to Thm. 20.21. 


Theorem 20.69 
log (Q|SQ) = (—id)” f f oo, nye ++; t1)dty +++dty. (20.50) 
1=0 DeDg,, a 


Proof We first obtain 


(QSA) = D 5 (ie fio f Dita. sti)dty at. (20.51) 


n=0 DEDg, {V} 
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Following the arguments of Thm. 20.21, (20.51) equals 


=T 5 ay foo [Dlg rtitty at 


n=0 DEDg, {Bheni 


Here is a reformulation of (20.50) in terms of the Fourier transforms of the 
diagrams: 


log (Q|SQ) = S XO (-id)" DO,...,0). 


n=0 DeDg, {Bhent 


20.5.13 Energy shift 


Assume now that F;(¢) = F; do not depend on time. Then the Fourier transform 
D(tm,---,71) is supported in Tn +---+7, = 0 and one can write 


D(Tn,... 7) = 2170(T +n) Dim, n], 


where Dim, ...,7] is defined on 7, +--+ 7, = 0. 

Let E be the ground-state energy of H. The (partly heuristic) arguments that 
gave Thm. 20.54 can be used to give a formula for the energy shift in terms of 
Feynman diagrams: 


Theorem 20.70 


E=ŅX i(i)" X.  Dp,...,0. 


n=0 DEDg, {Bheni 


Proof The function D(t,,...,t1) is translation invariant; therefore it can be 
written as 


D(tn,...,t1) = d(ty —ti,...,t2 — tı), 


for some function d. We compute 


D(th,--- 
2. ie —itn Tame ATE T hn, ty dt, -- -dti 
= fo gie +189 T2 BELLI) Go. Belge nant ds1 


= 270 (Tr + ++71)d(t,...572); 


where we have used the substitution 
sj =t) -—h, n=j > 2, SiS Ts 
Thus, with 7, = -mn —-:-— 7, 


D(t,-+-,71) = A(T, ..+572): 
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Now we would like to use Sucher’s formula, (20.26). Terms in the expansion for 
FieXDy log(Q|.S-Q) are of the form i(—id)” times 


1 
gre foes feel Dy. ti)dta dl 
1 


= ane fe ells tsn Hts DACs., s2)dsn -+ dsa. 
We perform the integral in sı: 
ane fe €([$1+5n |+-+|s1+59/4 Isı Dds 
1 / —(lutesn |+---+lutess|+|ul) 
ea) la oa i du 


1 
= sn f "du = 1. 


1 
lim ane feel HID (ty, yt en -- -dti 


Therefore, 


= f dsns sa)dsn ds 
=d(0,...,0) = D(0,...,0). 


20.5.14 Polynomials on path spaces 


The formalism of Feynman diagrams can be interpreted to some extent as a 
special case of the formalism described in Sect. 20.1. With this interpretation 
we say that to obtain the vacuum expectation values of scattering operators we 
need to integrate over various paths (trajectories). 

Paths are functions of time with values in the phase space or the configuration 
space. We equip path spaces with an appropriate (bilinear or sesquilinear) form 
defined with the help of the Feynman propagator. In this way we obtain one of 
the basic ingredients of the formalism of Gaussian integration described in Sect. 
20.1: the family of spaces V, equipped with a form øp. 

We can distinguish two kinds of paths: phase space paths and configuration 
space paths. Their names are quite awkward; therefore we will abbreviate them: 
ph-paths for the former and c-paths for the latter. 


Definition 20.71 (1) Let p€ Pr” (p is a neutral particle). For the space of 
corresponding smooth ph-paths we can take C9 (R, Yp). It is equipped with 
the form 


Fo = fros (t= t) f’(t’)dtdt’. 


Note that S, is symmetric, resp. anti-symmetric for p € Pry, resp. p € Pry. 
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(2) Let q € Pr® (q is a charged particle). For the space of corresponding ph-paths 
we can take CS (R, Y,). It is equipped with the form 


F519 = | IESE- tg ata 


Note that S, is Hermitian, resp. anti-Hermitian for q € Pry, resp. p € Pri. 


In the bosonic case, one often prefers to use paths with values in the configu- 
ration space X,, rather than in the dual phase space Vp. 


Definition 20.72 (1) Let p € Pry (p is a neutral boson). For the space of cor- 
responding c-paths we can take CS (R, %,). It is equipped with the form 


fD, f = [ro (t — t) f(t )dtde’. 


Note that D, is symmetric. 
(2) Let q € Pre (q is a charged boson). For the space of corresponding c-paths 
we can take C3 (R, X4). It is equipped with the form 


FDig = | Dt- OAA. 
Note that D; is Hermitian. 


Remark 20.73 Note that most textbooks start their exposition of the path inte- 
gration formalism from what we call configuration space paths for neutral bosons. 


For a neutral particle p, the spaces (Co°(R, Vp), Sp) or (CS (R, Xp), Dp) can be 
treated as (Vp, p) of Def. 20.12 (1). A similar remark applies to charged particles. 
We introduce the space V as in Def. 20.12 (3) and note that V = CS (R, YV), 
where J is defined as in Def. 20.62. We introduce the Wick transform, denoted 
by double dots, the Gaussian integral, etc. 

As discussed in Sect. 20.1, we would like to integrate “monomials of degree 
m”, that is, m-linear symmetric or anti-symmetric functions on V™. The space 
of such monomials was denoted by Pol” (V). In Sect. 20.1 we assumed that the 
spaces V are finite-dimensional, which allowed us to ignore questions about their 
topology. Path spaces are necessarily infinite-dimensional and difficulties arising 
from various possible topologies show up. We will keep the notation Pol” (V) for 
monomials of degree m, but we need to make precise what we mean by this. To 
reduce the complexity of notation, let us assume that we have a single species of 
particles, which are neutral. They can be bosonic or fermionic. For definiteness, 
we will use phase space paths. 

A reasonable and sufficiently broad definition of Pol” (V) is the following. We 
say that P € Pol” (V) if it is given by a family of distributions 


alm 


P(.,...,-) € D’(R”, (®" Y)*) 
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with the appropriate symmetry or anti-symmetry properties, and its action on 
fi € CS(R,Y), i =1,...,m, is 


(Plfi,.--)fm) =f- firi tms- -t1 )|fm (tm) +++ fi (tr))dtm +++ dti. 


We will see that Pol” (VY) is large enough to contain objects that we need to 
integrate when computing the scattering operator. 

Note that our choice of spaces of the form C% (R, V) for path spaces is to some 
extent arbitrary. One could try to replace C° by some other class of functions. 
Nevertheless, one really needs Pol” (V) to be quite large, which is made possible 
with this choice. 

When we compute the scattering operator, a special role is played by the time 
variable. In fact, in this context we often deal with monomials whose associ- 
ated functions depend on a single time variable, as explained in the following 
definition. 


Definition 20.74 Let 
R dtr F(t) € Pol” (V) 


be a function. We will still denote by F the element of Pol” (V) whose associated 
distribution F(ti,...,tm) is 


F(ti,..., tm) j= [FOX (ti — t) --- Eltm — t)dt, 


that is, 


(F| fis- -3 fm) = f PORO fadt 


20.5.15 Feynman formalism and Gaussian integration 
Let F\(t),..., F(t), G(t) be as in Subsect. 20.5.11. Note that the function t + 
G(t) takes values in Pol(V). We will denote by G its interpretation as an element 
of Pol(V), using the convention in Def. 20.74. 

We define the scattering operator S as in (20.49). The following theorem shows 
that one can reduce computations in quantum field theory to Gaussian integrals 
on appropriate path spaces. The theorem follows from a comparison of the for- 
mulas for the evaluation of diagrams in Defs. 20.17, 20.67, using the covariance 
of Defs. 20.71 or 20.72. 


Theorem 20.75 We have the following identity: 


(Q)SQ) = fon (20.52) 


where the right hand side is given by the formalism of Sect. 20.1. 
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20.6 Feynman diagrams and the scattering operator 


In this section we describe how to modify the formalism of the previous section 
to compute the scattering operator. Diagrams for the scattering operator will 
have external legs of two kinds: incoming and outgoing, similarly to Friedrichs 
diagrams. Vertices, however, will be typical for Feynman diagrams — diagrams 
with a different order of time labels will not be distinguished. 

Throughout this section we keep the terminology and notation of the previ- 
ous section. In particular, let RS tr F\(t),..., F, (t) be time-dependent Feyn- 
man monomials, each of a constant multi-degree with the corresponding vertices 
denoted by F\,..., Fp. Y denotes the set {F\,..., Fp}. We set 


G) = Fi(t) +--+ F, (8), 
and perturb Ho by :G(t, ¢, w*, w):. Our aim is to compute the scattering operator 
S= Texp(—ià f eH Gt, Q, Y” p): dt). (20.53) 


20.6.1 Feynman diagrams with external legs 
We assume that Fj, i=n,...,1, is a sequence in Y. Let D be a Feynman 
diagram over [],_,, Fj. 


Definition 20.76 Let i=n,...,1. The multi-degree of D at the ith vertex, 
denoted m;(D), is defined as 


mp (D) := #Lg,(D) N Lg, (Fj), P E Pry, 


m=? (D) = #Lg"(D) nL (Fj), q € Pre. 


The detailed multi-degree of D is the sequence m(D) = (m,(D),...,m(D)). 


Note that the diagram has no legs iff all entries of m(D) are zero. 

Recall that in Def. 20.67 we defined the evaluation of a Feynman diagram 
without external legs. We would like to generalize this definition to all Feynman 
diagrams. In the literature one can find two conventions for evaluation of such 
diagrams: either one includes the propagators for external legs or not. In the 
definition below we adopt the latter convention. 


Definition 20.77 The amputated evaluation of the diagram D at times 
1 
tn,-.-,t, ER ts an element of & rr (P) (Y) given by 


1 
:= (-id)” ® Qmi(P)# II Vy, Selta — tare) Vy, (20.54) 
= (={ll/}eLn" (D) 


1 
X% JI Va) Sx (tark) = tnr(k(—))) Vy, (4) II F; (t;). 
K={k(+),k(~) }eLn*(D) i=n 
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Figure 20.11 Scattering-type Feynman diagram. 


Note that if D has no legs, then (20.54) coincides with D(t,,...,t1) defined 
in Def. 20.67. 

The precise interpretation of (20.54) is similar to that of (20.12); see the dis- 
cussion after Def. 20.17. The main difference is that we symmetrize or anti- 
symmetrize only within each vertex. 


20.6.2 Feynman diagrams with incoming and 
outgoing external legs 


Let m be a multi-degree. Recall the identification p : Z @ Z — Y defined in Sub- 
sect. 20.5.10. Clearly, we have the identification 
T'(p)* : Pol” (V) — Pol” (Z $ Z) 
~  @  Pol™ (Z)@Pol” (2). 


mt+m-=m 
If m = (mı,..., Mn) is a sequence of multi-degrees, then this yields 


© T(p)* : ® Pol” (Y) > ® Pol” (Z @ Z) 


i=l i= 


1 He ae = 
~ ©  ® Pol" (Z)@Pol™ (Z). (20.55) 


mt+m~=m i=n 
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Let D®™P(t,,...,¢:) be the evaluation of a Feynman diagram with external 
legs, which, following Def. 20.65, is an element of Q Pol” (V). By (20.55), we 
i=1 
have a unique decomposition 


STD ean A APS Me toe ths (2086) 
2 mtm 


i m*t+m-=m(D) 


Here, Dpt m- (tn,---,t1) are elements of 


1 + h TEn 
® Pol”? (Z) @ Pol™: (2), 


i= 


m(D) is the detailed multi-degree of D and m*,m 7 sum up to the detailed 
multi-degree of D. In other words, 


my, ;(D) = mt + Mpi , pe Pr’, 
+) (+)4 (=) 
mja (D) = ma tmi» 4E Pr® 


We also set 


Definition 20.78 The amputated evaluation of D with m~ incoming and m* 
outgoing legs at times tn,...,tı E€ R, denoted DY? _(tn,..-,t1), is defined by 
(20.56). 


Note that Dat m- (tn, ---,t1) can be interpreted as an operator in 


B(@ r™ (2), @ P 


=n 
In what follows we stick to this interpretation. 


Definition 20.79 The scattering evaluation of D with m~ incoming and m* 


outgoing legs at times t,,...,t, ER is an operator in B(T™ |(Z), Ti’ |(Z)) 
defined by 


Remark 20.80 The fact that a single Feynman diagram gives rise to many 
terms in the scattering operator and each of them is an analytic continuation of 
the others is called the crossing symmetry. 


20.6.3 Scattering operator and Feynman diagrams 


Here is the analog of Thm. 20.51 in the formalism of Feynman diagrams: 
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Theorem 20.81 


s=) X ("On 


"=0 Neng {V} 


m*+m~=m(D) 


DeDg, {V}con 


m* +m~=m(D) 


DeDg, {Whent 


m* +m~=m(D) 


Here is a reformulation of the last formula in terms of Fourier transforms of 
the diagrams: 


S a*a 
OEOD = Op (=( 


D 5 ciae f f agt aeta -agi 


n=0 
DeDg, {Ghink 


m*+m~=m(D) 


1 Aam = a 
xon" @ (Har -E DDE (E -Et -&) 


x © 5(Hy- — enom) ). 


Note that if the ith vertex has no incoming lines, then H,„„- = 0. Therefore, the 


delta function 6(H,,- — &; 1) sets & = 0. Hence, we can drop the variable €y 
altogether from the formula. A similar remark concerns outgoing lines. 


20.6.4 Gell-Mann-Low scattering operator for 
time-independent perturbations 


Assume now that F;(t) = F; do not depend on time. Then the Fourier transform 


of D*™P(7,,...,71) is supported in Tn +---+7, =0, and one can write 


BP”? (T... 7) = 208 +o nÂ lta TH 


where D®™P[7,,...,71] is defined on 7, +--- +7 = 0. 
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Usually, the standard scattering operator does not exist; instead one can define 
the Gell-Mann-—Low scattering operator: 


Ser = Op" (= (> 5 (—iA)” 


n=0 
DeDg, {Whink 


m* +m~=m(D) 


x fo f Aet etae ag anal ge +--+ et Bie eke) 


+; 1 Aam } } 
xol l & ÔH n -Et Ip £ lE E RA -4 ] 


: mt nm 
i=n E a 


20.6.5 Friedrichs diagrams as Feynman diagrams 


It is possible to interpret Friedrichs diagrams as a kind of Feynman diagrams. In 
fact, suppose we use the framework of Sects. 20.3 and 20.4. All the particles from 
Pr we interpret as charged particles, renaming Z4, q € Pr, as Y,. In the bosonic 
case, we use the charged symplectic form equal to i times the scalar product. 
In the fermionic case, we just keep the scalar product. Note that there are no 
anti-particles: Y, = y . Therefore, the Feynman propagator is zero for negative 
times. We write the scattering operator using Wick’s chronological product. 

Note that the above trick, even if somewhat artificial, can be used to reduce 
the theory of Friedrichs diagrams to Feynman diagrams, which gives in particular 
a convenient way to show the linked cluster theorem in the context of Friedrichs 
diagrams. 


20.7 Notes 


A description of some elements of the diagram formalism can be found in any 
textbook on quantum field theory, e.g. Schweber (1962), Weinberg (1995) or 
Srednicki (2007). 

A mathematical exposition of what we call the Friedrichs diagrams is contained 
in the books by Friedrichs (1963) and by Hepp (1969). Hepp describes and proves 
the linked cluster theorem. 

The diagram formalism is also one of the basic tools of non-relativistic many- 
body quantum theory. Therefore, its exposition can be found in many textbooks 
on this subject, such as the monograph of Fetter—-Walecka (1971). 

A book that specializes in the topic of Feynman diagrams was written by 
Mattuck (1967). 
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Euclidean approach for bosons 


One can distinguish two basic approaches to quantum field theory. In the more 
traditional approach, one views the underlying physical Hilbert space equipped 
with the self-adjoint generator of the dynamics — Hamiltonian or Liouvillean — 
as the basic object. There also exists a different philosophy, whose starting point 
is paths (trajectories). The physical space and the physical Hamiltonian or Liou- 
villean are treated as derived objects (if they can be defined at all). 

The second approach is often viewed as more modern and useful by physicists 
active in quantum field theory. Also from the mathematical point of view, the 
method of paths has turned out to be in many cases more efficient than the 
operator-theoretic approach. This chapter is devoted to a brief description of a 
certain version of this method, called often the Euclidean approach. 

Let us first explain the origin of the word Euclidean in the name of this 
approach. Originally the Euclidean approach amounted to replacing the real time 
variable t by the imaginary is, an operation called the Wick rotation. Under this 
transformation, the Minkowski space R! becomes the Euclidean space R!*4. 
After the Wick rotation, the unitary group generated by the Hamiltonian e¥# 
becomes the self-adjoint group of contractions e~*”. One can then study e7 
from the point of view of the so-called path space. In particular, it is sometimes 


sH 


easier to construct or study interacting models of quantum field theory on the 
Euclidean space than on the Minkowski space. 

In the literature the term “Euclidean approach” seems to have acquired a wider 
meaning, going beyond quantum field theory on a Euclidean space. It sometimes 
denotes a method for obtaining a unitary group e'” by first constructing the 
self-adjoint semi-group e~*” for s > 0. In some cases one can try to represent the 
integral kernel of e~*” by a measure on the so-called path space. This allows us to 
use methods of measure theory, which are sometimes quite powerful. In particu- 
lar, one can treat very singular perturbations with little effort, provided they fit 
into the framework — essentially, they need to be representable as multiplication 
operators. 

This approach also works in ordinary quantum mechanics. For example, it can 
be used to construct Schrödinger Hamiltonians H = —4A, + V(x) on L? (R?), 
where V is a real potential. In the absence of the potential, ers ig simply the 
well-known heat semi-group. Its distribution kernel Ko(t, x, y) can be interpreted 
as the probability that a Brownian path starting from y arrives at x at time t. 
The perturbed heat kernel K(t,2,y) can now be explicitly expressed in terms 
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of Ko(t,x,y) and the integral of the potential along Brownian paths by the 
so-called Feynman-Kac formula. We will briefly describe this construction in 
Sect. 21.1. 

In this chapter we describe the Euclidean method for bosons in an abstract 
framework. We describe the construction of a class of interacting Hamiltonians 
starting from free ones, using the Feynman—Kac(—Nelson) formula. 

In the usual version of the Euclidean approach one assumes that the gener- 
ator of the physical dynamics, called the Hamiltonian, is bounded from below. 
Physically, this corresponds to the zero temperature, which is typical for most 
applications of quantum field theory. There also exists a version of the Euclidean 
approach for bosonic quantum fields at positive temperatures. Its aim is to con- 
struct an interacting KMS state and a dynamics at inverse temperature 8. The 
dynamics is now generated by a self-adjoint operator L, the Liowvillean, which 
is not bounded from below or from above. This leads to some additional techni- 
cal difficulties. However, the system can be described in a way similar to zero- 
temperature path spaces. There is an important difference: as a consequence of 
the KMS condition, the path space is now (-periodic. Thus, the Euclidean space 
is replaced with a cylinder of circumference /. 

One of the interesting features of the Euclidean approach is the use of various 
non-trivial tools from functional analysis. One of them is the concept of local 
Hermitian semi-groups (see Thm. 2.69). They are indispensable in the positive 
temperature case. They are also sometimes useful at zero temperature, which 
happens if the perturbation is unbounded and destroys the positivity of the 
generator. 

To motivate the reader, let us briefly discuss Gaussian Markov path spaces, 
which are usually the starting point for applications of the Euclidean approach. 
Let Z be a Hilbert space equipped with a conjugation T. As we have seen in 
Subsect. 9.3.5, in such a case the bosonic Fock space ['s(Z) can be unitarily 
identified with L? (Q, du) for some probability space (Q, ©, u). In the Euclidean 
approach we study operators on L?(Q,dj) using the space of paths, that is, 
functions from R with values in Q. 

A typical situation where Euclidean methods apply arises when we consider a 
real (commuting with 7) self-adjoint operator a > 0 on Z. Recall that the semi- 
group etd? (a 
see that for such operators the expectation value (F|e"“!(G) can be written 
in terms of a measure on the set of paths. Field operators for real (7-invariant) 
arguments can be interpreted as multiplication operators on L?(Q, dy). There- 
fore, operators of the form P(¢), where P is a polynomial based on Z7, the real 
subspace of Z, can be interpreted as multiplication operators in the Q-space 
representation. The Euclidean approach gives a powerful tool to study operators 
of the form dr (a) + P(¢). 

Throughout the chapter, we will use the terminology of abstract measure 
theory discussed in Chap. 5. Recall, in particular, that if T;, i€ I, is a 


) is then positivity improving as an operator on L?(Q, dj). We will 
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family of subsets of a set Q, we denote by \/ 


View Ti. 
Throughout the chapter, we will use ¢ as the generic variable in R denoting 


icr Zi the o-algebra generated by 


time. 


21.1 A simple example: Brownian motion 


In this section we illustrate the Euclidean approach by recalling the well-known 
representation of the heat semi-group e™*#°, t > 0, for Hy = -4A on L? (R?), 
using Brownian motion. 

From Subsect. 4.1.8 we obtain that the distribution kernel of e~'”° is 


oH (x, y) = (Qt) 4/29“) 2, (21.1) 


Consider the real Hilbert space ¥ = L?([0,00[, R“) ~ L? ([0, co[, R) @ R? and the 
Gaussian measure on 4 with covariance ll. Let ¢ denote the generic variable 
in Æ. The associated Gaussian L° space L?(X,e72% d@) can be realized as 
L? (Q, ©,dp). Following Remark 5.66, we still denote by ¢ the generic variable 
on Q. For a Borel subset J C R, the function 1; ® 1 is a projection in VY. The 
corresponding conditional expectation of a measurable function F on Q will be 
denoted E;[F]. In particular Eg[F] = f F(¢)du(¢). 


Definition 21.1 The Brownian motion in R? is the family {Bi }i>o of R° -valued 
measurable functions on Q defined by 
E- Bi(d) = (ollo QE), EER?, > 0. 
The Wiener process in R is 
Xi(x,$) = £ + Bd), t2 0, cE R°. 


We will often drop ¢ from B;(¢) and X: (x, ¢). 
The following lemma expresses the Markov property of the Wiener process: 


Lemma 21.2 For t;,t2 > 0 and almost all (a.a.) x E€ RÊ 


Ejo,t:] [F(X +t (x))| = [i (X (Xi, (x), 6) )du(d), 
for all bounded measurable functions f : R? — C. 


Proof We first prove the lemma for f(x) = e'§'*, € € Rt. Indeed, for such a func- 
tion both sides equal e7% t?/2ei Xn (*)$, By Fourier transformation, this proves 
the lemma for f € CY (R). By the usual argument, the identity extends to all 
bounded measurable functions f. 


Proposition 21.3 Let f € L? (R?) N L®(R°). Then 


eM f(x) = / F(Xi(a))dp, t20, for a.a. z ER. 
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Proof Let f € C&(R") and f be its Fourier transform. Then 
J fw) au = e f Fe f e2 anag 


= (en) | flere tag = 0% a), 


If f € L? (R?) A L®(R?), we choose a sequence fan € CS (R?) such that fh — f in 
L?, fa > f a.e. and sup, || fn|lo < oo. From (21.1) we obtain that e~"”° fa (x) > 
eo f(x) for a.a. x. The convergence of the r.h.s. to f f(X:(x))du follows from 
the dominated convergence. 


We end this section by proving the celebrated Feynman-Kac formula in a 
simple situation. We denote by Ch (R?) the space of bounded continuous functions 
on Ri. 


Theorem 21.4 Let V € C (R°) be a real potential, f € L? (R?) N L®(R?) and 


t>0. Then, for all x € R¢, e7 hy (x. (2))as p(x, (x)) is a bounded measurable 
function on Q and 


e tHotV) f(g) = fe Jo V(Xs(2))4s F(X, (x))du, for a.a. £ € RË. (21.2) 


Lemma 21.5 Let gı,...,gn-1 E L®(R?), h € L? (R2). Let s1,...,Sn > 0 and 
t= hiar si t) = Si Then 


e= Ho gemah... g, 1e- Ho h(a) 
= f TL ae, A ay. (21.3) 
¿=f 


Proof We prove (21.3) for n = 2; the general case follows easily by induction. 
We have 


e75 Ho ge °2 #0 h(a) 


= f g(Xa (E) h(X,, (a) du 
= f (Xs 0) f hX (Xe, (0, 42}61)) dy(a)du(or) 
= f (Xs (2) Epo,s1) [A(Xsi +s: ()) |e 


= f g(Xs (2))h( Xs, 52 (£))dy, 
by Lemma 21.2. 


Lemma 21.6 For V € O, (R?) and all x € R? the map 
[0, +o0[> tre V(X;(2)) € LQ) 


as continuous. 
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Proof For t > 0,6 > 0, we have 
/ |V (Xt4.5(2)) 7 V(Xi(2)) |’ du 


= y (Xi+5(x)) dp + I V? (Xi(2))du — 2 f VRV (Kase) 
= eT (49) Hoy? (gz) + eto y? (x) — 207% Ve V(x), 


where in the last line we use (21.3). From (21.1) we see that e~'”° is a semi-group 
of contractions on C, (R). Moreover it is easy to see that, for G € C, (R?) and 
all x € R, the map 


[0, too[a t = e™™ G(x) € R 


is continuous. This proves the right continuity at all t > 0. The proof of the left 
continuity at all t > 0 is similar. 


Proof of Thm. 21.4. By Lemma 21.6, f} V(X,(x))ds is a bounded measurable 
function on Q. Hence, the integrand in the r.h.s. of (21.2) is bounded measurable 
on Q. 

Let f € L? (R?) A L® (R°). By Trotter’s product formula (see Thm. 2.75) we 
have 


e™t(HotV) f = lim (e— G/M) Hog EMYN EE FA L (RI), 


n00 


and after extracting a subsequence we can assume that 


e™to +V) f(g) = lim (e70 Ho e(H/™V)" f(x), for aa. z. 


n—cCo 


Applying (21.3) to h = e/V f, gj = e/V for 1 < j <n—1, we get 
EEN F(a) = f eNO (a) i 


for F(a) = £ X V(Xij/n(a)). Set F(x) = fi V(X,(a))ds. We claim that 
j=l 


eF (2) _, e-F(2) in EO). for a.a. z, (21.4) 


which will complete the proof of the theorem. Since Je~*"| ,|e~" | < elv Ile, it 
suffices to prove that F,(x) > F(x) in L? (Q) for a.a. x. Since Fa is a Riemann 
sum for the integral defining F, this follows from Lemma 21.6. 


21.2 Euclidean approach at zero temperature 


Most of this section is devoted to a description of the Euclidean approach at zero 
temperature in an abstract setting. We start with the definition of an abstract 
version of Markov path spaces. We will restrict ourselves to path spaces with a 
finite measure, which is sufficient for most applications to quantum field theory. 
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Given a Markov path space there is a canonical construction of a positivity 
improving semi-group {P(t) brejo,ooj possessing a unique ground state. Its gen- 
erator is sometimes called the Hamiltonian. It acts on the so-called physical 
Hilbert space. A converse construction is also possible: every contractive positiv- 
ity improving semi-group with a ground state can be dilated to a Markov path 
space. 

The concept of a Markov path space is closely related to unitary dilations 
of contractive semi-groups. Indeed, each Markov path space involves a unitary 
group {U;}:eR of measure preserving transformations of the underlying space 
which is a dilation of the physical semi-group {P(t) }ie[o,0o[- 

The most important class of examples of Markov path spaces are Gaussian 
Markov path spaces, which can be used to describe free bosonic quantum field 
theories in a Euclidean setting. They can be viewed as the real-wave quantization 
of a dilation of a contractive semi-group. 


21.2.1 Markov path spaces 
Definition 21.7 A generalized path space (Q, ©, Go,U;, R, p) consists of 


(1) a complete probability space (Q, ©, u); 

(2) a distinguished sub-c-algebra Go of ©; 

(3) a one-parameter group R 5 t> U; of measure preserving *-automorphisms 
of L~(Q, 6, u), strongly continuous for the o-weak topology; 

(4) a measure preserving *-automorphism R of L~(Q,G6,) such that RU; = 
UR, R =1. 


Moreover, one assumes that 
6 = \/ U.S. (21.5) 
tER 


In what follows, (Q, 6, Go, U+, R, 4) is a generalized path space. By Prop. 5.33 
(2) (iii) and (2)(iv), U, extends to a strongly continuous group of isometries of 
Lr (Q, ©, n), and R extends to an isometry of L” (Q, S, u), for 1 < p< oo. 
Definition 21.8 We set G; :=U;,Go, G; := Vier Si, for I C R, and denote by 
Er the conditional expectation w.r.t. Gr. 


Definition 21.9 The generalized path space (Q, ©, o, U:, R, u) is a Markov 
path space if it satisfies 


(1) the reflection property: REo = Eo, 
(2) the Markov property: Ejo, +œ|F]-%,0] = Eo. 


21.2.2 Reconstruction theorem 
Let (Q, ©, Go, Ur, R, p) be a Markov path space. 
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Definition 21.10 The physical Hilbert space associated with 
(Q, 6, So, Ui, R, u) is 


H := L’ (Q, Go, u). 


The function 1€ H will be denoted by Q. The Abelian x-algebra A:= 
L®(Q, So, u) acting on H is called the algebra of time-zero fields. 


Theorem 21.11 (1) P(t) := EoU:Eo, t> 0, is a strongly continuous semi- 
group of self-adjoint contractions on H preserving Q. 

(2) P(t) is doubly Markovian. 

(3) P(t) is a contraction semi-group on LP (Q,©o,u) for 1<p<o. It is 
strongly continuous for 1 < p < œ. 

(4) Let A; € L” (Q, Go, u), i=1,...,n and tı < +++ < tn. Then 


(QJA1 P(ti — te) Ag -+ P(tn-1 — tr) An®) = f TL U, (4;)du. 


i=l 
Proof P(t) is clearly a contraction. It is self-adjoint: 
P(t)* = EU Eo = BU RE = E) RU, Eo = EU; Eo = PO: 


Let us prove the semi-group property. Note that U;E)U_; = E. The Markov 
property implies, for t, s > 0, 


E-+EoEs = E-H -%,0] Ef, +0|Es = EEs. 
This yields 
P(t)P(s) = Eg Ut Eo Us; Eo = U,E_,; Ey) E,U_, 
= U;E_,E,U_, = EguiUs Eo = P(t +8). 


Finally, since t +> U; is strongly continuous, so is t + P(t). 

U, Eo are clearly positivity preserving. Hence so is P(t). U;, Eo preserve 1. 
Hence so does P(t). This proves (2). (3) follows from (2) by Prop. 5.24. We leave 
(4) to the reader. 


Definition 21.12 The unique positive self-adjoint operator H on H such that 
P(t) =e" is called the Hamiltonian. 


Clearly, HQ = 0. 


Remark 21.13 Often instead of Markov path spaces one uses more general OS- 
positive path spaces, named after Osterwalder and Schrader, where Def. 21.9 is 
replaced by the condition that Eio +œ| RE, +œ| 2 0. The OS-positivity condition 
is one of the Osterwalder-Schrader axioms; see Osterwalder-Schrader (1973, 
1975). They are Euclidean analogs of the Gårding- Wightman axioms. 

In space dimensions 2 or higher it is believed that sharp time interacting fields 
do not exist, hence the Markov property cannot be used. Results similar to those 
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in this chapter can be established in the framework of OS-positive path spaces, 
with similar proofs. 


21.2.3 Gaussian path spaces I 


Let ¥ bea real Hilbert space with a self-adjoint operator e > 0. (All the construc- 
tions of this subsection have their complex counterparts; we assume the reality 
to simplify the exposition and in view of the application in the next subsection.) 
Consider the real Hilbert space 


L’ (R, X) ~ L?(R,R)@X (21.6) 
and the positive self-adjoint operator 
C= (D? +ê) 


on (21.6). Introduce the real Hilbert space Q := C7? L? (R, X). Its dual Q* can 
be identified with C7 L? (R, X). Note that the operator C is orthogonal from Q 
to Q*. 


Definition 21.14 Fort €R let us define the map 
jer Ce) X 3gH 5 @GEQ. (21.7) 


Lemma 21.15 We have 
ew lt —tə |e 


(je g1 lit 92)o = (nl) 
In particular jų is isometric. 
Proof We use the identity 
itk 2€ —|tle 
e” ———_dk = 27e , teER, (21.8) 
R k? + e 


which follows from Fourier transform and functional calculus. 


Definition 21.16 Fort € R we set Q, := ji (2€)? X. Let e, denote the orthogonal 
projection onto Qi. 

For I C R we set Qr := Oo Q)”. The orthogonal projection onto Qr will 
be denoted er. 

Note that e; = jj}. 

For explicit formulas, in the following proposition we prefer to use the space 
Q* rather than Q, by transporting operators with the help of the operator C. 


Definition 21.17 We write et, resp. e! for Ce,C7!, resp. CepC'. 
Definition 21.18 We define 
(rfs) :=f(-s), (uf\(s)=f(s—t), FEQ, s,tER. 
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Definition 21.19 e™*‘, defined originally on X, determines in an obvious way 
a contractive semi-group on (2€)?X, which will be denoted by the same symbol. 
We set p(t) := joe “jj , which is a contractive semi-group on Qo. 


Proposition 21.20 (1) Lett, ti < t2, f E€ OF. We have 


et f(s) := el f(t), 
(8) = Ie oof lS) f(s) + e7 h_ oo, (8) FO), 
D o O f(s) + eT PM, OOT 
(s) = Th, (9) f(s) + e75 os (F) Fem Plea, f(s) f(t2)- 


© (]tı,t2[, Dome) is dense in Qe, tal 
5 tr ù is an orthogonal Co-group on Q. 


eG 


is an orthogonal operator satisfying ru, = u_y~r and r? = 1. 
ter UtQo is dense in Q. 

reg = €o. 

E[0,c0[&]—00,0] = €0- 


on 
Ss SHH we a Ral 


Remark 21.21 Let [0,co[D t + p(t) be a contractive Co-semi-group on a Hilbert 
space Qo. We say that (Q,u;,e0) is a unitary dilation of {p(t)}iefo,.of if Q is a 
Hilbert space, eo is an orthogonal projection from Q onto Qo, {ut her is a unitary 
Co-group on Q and p(t) = eouteo, t > 0. We say that the dilation (Q, uw, eo) is 
minimal if X peg utQo is dense in Q. 

Clearly, what we have constructed in this subsection is a minimal dilation of 
the contractive semi-group {p(t) }rE{0,00- 


21.2.4 Gaussian path spaces IT 


In this subsection we describe the main example of Markov path spaces — Gaus- 
sian path spaces. They are used to describe free quantum field theories. They 
are obtained by second quantizing the Markov path system constructed in the 
previous subsection. 

Let ¥ be areal Hilbert space and e > 0 a self-adjoint operator on ¥. Let C, Q, 
{ji fier, {ur }rer, r be constructed as in the previous subsection. Let us consider 
the Gaussian L? space with covariance C. According to the notation introduced 
in Subsect. 5.4.2, it will be denoted 


L?(17(R, ¥),e*C tdo), (21.9) 


where we use ¢ as the generic variable in L?(R, ¥). 

As we discussed in Chap. 5, there are many ways to realize this Gaussian L? 
space as a space L?(Q, u), where (Q, u) is a probability space. (Note that the 
notation Q for such a measure space is traditional in a part of the literature, 
hence the name “Q-space representation” .) A class of possible choices, which is in 
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fact our favorite, is Q := B? L? (R, Vv), where B > 0 is any self-adjoint operator 
on L?(R,#) such that B~?CB™> is trace-class. Thus the Gaussian L? space 
(21.9) becomes the concrete space L? (Q,du), where u is a Borel probability 
measure on Q such that 


f POE a T R E (21.10) 
Q 


Following Remark 5.66, we now use @ as the generic name for an element 
of Q = Br L?(R, X). ¢(f) denotes the pairing of ¢€ B? L?(R,¥) with f € 
-=> L? (R, ¥). 
By Prop. 5.77, we can extend the definition of 
Q>¢= df) (21.11) 
to f € C7? L? (R, ¥). The function in (21.11) in general needs not to be contin- 
uous; however it still belongs to L’ (Q, p) for all 1 < p < œ. 


Definition 21.22 Since the maps js defined in (21.7) are isometric, we can 
define for s € R, g € (26)? X, the functions 
(9) = 4(5,@9)€ [N] L(Q.n), 
1<p<oo 

which are called the sharp-time fields. 

We can now define the associated path space. We lift r and {wu Jer to L? (Q, u) 
by setting first 

RAPD = HON, Tell) = elo), f € BTT 1? (R, X), (21.12) 


extending then R and U; to L?(Q, p) by linearity and density. In particular we 
have 


R$5(9) = $-s(9), Uids(9) = bs-(9), 9 € (2074. (21.13) 


Proposition 21.23 Let G be the completion is the Borel o- algebra on Q, So 
be the o-algebra generated by the functions &%(9) for g € (2€)? X. Let R,U, be 
defined in (21.12). Then (Q, S, 0, U+, R, u) is a Markov path space. 


Definition 21.24 (Q, ©, Go, U+, R, p) described in Prop. 21.23 will be called the 
Gaussian path space with covariance C. 


We will later need the following lemma, which follows directly from the results 
on complex-wave representation in Subsect. 9.2.1. 


Lemma 21.25 Let Z be a Hilbert space, Ts(Z) the associated bosonic Fock space 
and b a self-adjoint operator on Z. Then 


(EOD NeT eitla) 9) = eT zla l? e77 lll? e791 e7’ 92 9), 


whenever the r.h.s. is finite. 
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Proof of Prop. 21.23. Using that r and u; preserve C, formula (21.10) and the 
density of exponentials in L? (Q, p) (see Subsect. 5.2.5) we see that R is unitary on 
L? (Q, u) and that t + U; is a strongly continuous unitary group on L? (Q, p). R 
and U; are clearly *-automorphisms. By Prop. 5.33, t + U; is strongly continuous 
on L®(Q, u) for the o-weak topology. 

From (21.13) we see that the closed vector subspace generated by e'® (9) for 
gE (26)7 X is invariant under R, which implies that REọ = Ey. The fact that 
RU, = U(—t)R is obvious. 

We now check the Markov property. We  unitarily identify 
L? (L? (R, ¥),e® 07 tdo) with T,(CQ), as in Thm. 9.22. If ICR is a 
closed interval, then under this identification E; becomes I'(e;), where er is 
defined in Lemma 21.15. So the Markov property follows from the pre-Markov 
property proved in Prop. 21.20 (7). 

It remains to check condition (21.5). We note that it is equivalent to the 
property that the algebra generated by {Uf > fE L®(Q, ©, u), tE R} is 
dense in L? (Q, ©, u). It is easy to see that finite linear combinations of 6, Q gi 
for t; € R, gi € (26)? ¥, are dense in Q. It follows that if f € Q, the function e'?(/) 
can be approximated in L? by products of e'®!: (%), Since linear combinations of 
exponentials are dense in L? (Q, p), we obtain (21.5). 


Theorem 21.26 There exists a unique unitary map 
Tonci : H > T, (C(26)? X) 
such that 


Teucil — Q, (21.14) 
To ere? 9) = El taD T ac, g € (26)7 X. 


We have 
Tae T” = e tPA a t> 0. 


Proof Linear combinations of time-zero exponentials e'? (9) , for g € (2e) rx , are 
dense in L?(Q, Go, u), and 


f eto (0) du = e770 8C 89) — e77 lIla), 
Q 


by Lemma 21.15. Therefore, there exists a unique unitary map Teuci : 
L (Q, Go, u) > L? (26)? ¥,e-*** dz) such that 


Teucil = 1, 
Tuae’ (9) = Et) Tac, gE (26)? X. 


Composing Tone) With the map (T"”)~' constructed in Thm. 9.22, we obtain the 
unitary map Touci with the first two properties of (21.14). To prove the third 
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one, it suffices by density to check that, for g1, g2 € (26)? X, one has 
f eito gi dy = (DnD Q eO gila*(2)+4(9)Q), (21.15) 
Q 
The Lh.s. of (21.15) equals 
exp(—5 (6 8 g2 — 59 Q 9154 B g2 — 40 ®91)9) 
= exp(~(gol(4e)“"92) x = (MUAT g) x + (n1207) ); 


by Lemma 21.15. Applying Lemma 21.25 to the Hilbert space C(2e)? 4, we see 
that this equals the r.h.s. of (21.15). 


21.2.5 From a positivity preserving semi-group to a 
Markov path space 


Let (X,v) be a measure space and P(t) = e~” be positivity improving contrac- 
tive semi-group on L?(X,v). We assume that 0 = inf spec H and inf spec H is an 
eigenvalue. Recall that by the Perron—Frobenius theorem (Thm. 5.25) H has a 
unique positive ground state. It will be denoted by Q. 

In this subsection we present a construction converse to that of Subsect. 21.2.2. 


Theorem 21.27 (1) There exist 
(i) a Markov path space (Q, S, Go, U+, R, u), 
(ii) a unitary map T : L?(X,v) > L?(Q, Go, u) such that 


TQ =1, 
TL”(X, v) T! E L”(Q, So, u). 
(2) Denoting TAT! by A for A € L®(X,v), one has 


f TL Uy, (Aids = (OQ) Ape E Ag e7 t -OE AO), 
Q 


i=] 


for A; E L®(X,v), i=1,...,n, th Le Ltn. 


Lemma 21.28 e™# L®(X,v)Q C L®(X,v)Q, t>0. 
Proof Set vo = Q?v and consider the unitary map 
To : L(X, v) —> L (X, va) 
f= QF. 
Setting Ho := To HTG", we see that e7'#2 is positivity preserving, with 1 as 
the unique strictly positive ground state. Therefore, Ho is doubly Markovian. 
Therefore, by Prop. 5.24, it is a contraction on L®(X, vQ) = L®(X, v). Now 
e™H L®(X,v)Q = Tg ee L® (X, vo)l 
C To LX ig lk = L®(X,v)Q. 
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Proof of Thm. 21.27. By the Gelfand—Naimark theorem (Sakai (1971), Thm. 
1.2.1), L® (X, v) is isomorphic as a C*-algebra to C(Qo), where Qo is a compact 
Hausdorff space. In the sequel we will denote by the same letter A an element 
of L°(X,v) and its image in C(Qo). 

Since L®(X,v) is a W*-algebra, we know that Qo is a Stonean space, i.e. the 
closure of any open set in Qo is open (see Sakai (1971), Prop. 1.3.2). Let = be the 
set of characteristic functions on Qo. By Sakai (1971), Prop. 1.3.1, the *-algebra 
generated by © is dense in C(Q). 

Let Q := QÈ be equipped with the product topology, which is also compact by 
Tychonov’s theorem. Note that each q € Q is a function R 3 t > q € Qo. By the 
Stone-Weierstrass theorem, the *-algebra generated by functions f of the form 
f(q) = A(q) for some t € R and A € C(Qp) is dense in C(Q). By the argument 
above, the x-algebra £(Q) generated by the functions f of the form f(q) = A(q@) 
for some t € R and A € Sis also dense in C(Q). 

Now let f € £(Q). Clearly, f can always be written as 


p 
f(g = Soa; m A; jld) Aig EE, aj EC, 


for tı <--- < tn. Splitting further characteristic functions A; j, we can uniquely 
rewrite f as 


q 
=No by L Bri.) Bij €E, bj €C, (21.16) 


we 
Bb 


where B;,;Bi,, = 0 for j € k. It follows that 
q 
= X b (Q]Bi ge PP B, je eT t -DE B, jQ), (21.17) 
j=1 


defines a linear form on £(Q) with p(1) =1. Now let F € L(Q) with F > 0. 
Clearly, f can be uniquely written as in (21.16) with b; > 0, B; j > 0. Since 
e™™H is positivity preserving and Q > 0, we see that p( f) > 0 and p is a positive, 
hence bounded linear form on £(Q). We denote by G the Baire o-algebra on Q. 
Extending p to C(Q) by density and using the Riesz-Markov theorem, we obtain 
a Baire probability measure u such that 


= f fam Fe LQ) 
Q 
We now set 
Tds := q—-s, Utqs := qs—t; tER, 


and 


Rf(@:=f(ra, (Uf)(@) := flua), tER. 
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Clearly, U; and R satisfy conditions (3) and (4) of Def. 21.7. Let Go be the sub- 
o-algebra of G generated by the functions g++ A(qo), A E€ C(Qo) = L®(X, v). 
Note that G := Vier U:Go. We can rewrite (21.17) as 


fH Aatma = (Ol Ae Ay 9 A,0), (21.18) 
Q 


i=l 


for A; E€ L®(X, v), t < < ty. 

It remains to prove that (Q, ©, o, U+, R, u) is a Markov path space. Prop- 
erty (1) of Def. 21.9 is obvious. To prove property (2) of Def. 21.9, i.e. that 
Eo, +oæ|E]-%,0] = Eto}, it suffices by linearity and density to show that for 


f(a) = [[ ian), Ai € £°(Q, 60), th < Ste <0 (21.19) 
i=1 


Ejo, +æff is Go-measurable. Recall that Ejo 4.0, f = g iff g is Gjo, +o measurable 
and 


Phau = | ghan, (21.20) 
Q Q 


for all Gio, .[-measurable functions h. Again by linearity and density, it suffices 
to check (21.20) for h(q) = il B;(qs,), Bi E L” (Q, Go) and 0 < s1 < -+ < sp- 
i=l 
For f as in (21.19), we have, using (21.18), 


I Fhdy 


p 
= I Ai(q,;) IL Bi (ds; )dys 


i=l i=l 
= (Q|Aye 7t) ; er -17ta HA etrs )H B el 82) H +. e(Se-1 50) F B Q) 


= (e H A et —1—tn )H, E: et ~8)F A Ole E Bie! —s2)H ANS elr -1 — Sp E B,9) , 
By Lemma 21.28, there exists C € L®(X,v) such that 
et H Apel tt EAL sk ett) AQ = CQ, 


i Fhdy 


= (Q|Ce7®" Bye Ha) ER, Dee els-1—%)# B O) 


——= 9 
= f C h, B; (qs; dp. 


and hence 


Therefore, by (21.20) we have (Ejo, f)(4) = C(qo), which proves that Ejo, +f f 
is Go-measurable and completes the proof of the Markov property. 

To complete the proof of the theorem it remains to construct the unitary 
operator T. We first note that, since Q is a.e. positive, L°(X,v)Q is dense in 
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L?(X,v). Using (21.18), it follows that the map 
T: L(x, v) = LQ, Go, y) 
(TAQ)(q) := A(q), AE L™(X,v), qEQ, 


extends to a unitary operator. 


21.3 Perturbations of Markov path spaces 


We fix a Markov path space (Q,G6,Go,U;, R, u). Recall that this leads to a 
construction of a physical space H equipped with a Hamiltonian H. We will 
show how to perturb this Hamiltonian using the framework of Markov path 
spaces. Perturbations that can be treated by Euclidean methods are those cor- 
responding to operators of multiplication by real Go-measurable functions, i.e. 
by functions of time-zero fields. Sometimes the perturbation itself does not even 
make sense as an operator, although a perturbed Hamiltonian can be defined. 
These singular cases can be handled using the so-called Feynman-Kac-—Nelson 
kernels. 


21.8.1 Feynman—Kac—Nelson kernels 


Definition 21.29 Let ô € [0, +00]. A local Feynman—Kac—Nelson (FKN) kernel 
is a family {Fia bj }o<bo—a<s of G-measurable functions on Q such that 


1 
2 


(1) F [a,b] > 0, Fiap] € I! (Q, Sja o1); 
(2) 
(3) F 
(4) 
(5) R 


fr a E€ R, the map [a,a+ 6[D b Fra] L'(Q) eis 
Fip.e| = Figs JOP OS DS c, c—ax< ô, 
p. Fg b es Fiats, b+s] for s ER; 
(Fa, :) = F_y ay. 


If 6 = œ in the above definition, we will drop the word “local” and use the name 
“FKN kernel”. 


4 
5 


Remark 21.30 Let us mention a certain notational problem. Let F be a meas- 
urable function on Q. Ui(F) denotes the image of F under the action of U;. It 
is also a function on Q. 

The symbols F, resp. U (F) are often understood as multiplication operators. 
Using this meaning, we have the identity 


U,(F’) = U,FU;, 


where now U, on the r.h.s. is understood as a unitary operator on L?(Q, p). 
Clearly, if we use the latter interpretation of the FKN kernel, (4) of Def. 21.29 
can be rewritten as Us Fig pj UŽs = Fla+s,b+s]- 
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Remark 21.31 The simplest example of a FKN kernel is given by 
Fra] = e7 fe V Ws, (21.21) 


where V € L°(Q,Go). At least formally, all FKN kernels are of this form. 
In fact, by (3), the operators of multiplication by Fis form a two parameter 
semi-group. Their generators V(t) are also operators of multiplication by 
644}-measurable functions, commute with one another, and satisfy Us(V(t)) = 
V(t+ s) by (4). Setting V = V(0) we see that Fiq4) is formally given by (21.21). 

Properties of FKN kernels obtained from formula (21.21) are described in the 
following lemma. 


Lemma 21.32 Let 1< p< oo and V € L”(Q). Then the following hold: 


(1) fg U.(V)ds € L?(Q). 
(2) jen & UW dey], < fe“ P-OV |], = Je PO-OY I”. 
(3) Let V € L?(Q) for some p>1, and e°” € L'(Q) for some 6>0. Set 
Fra) = e7 In Us(V)ds Then {Fia,pjto<b—a<s is a local FKN kernel. 
4) Let V € L'(Q) and V > 0. Then {Fia p }o<p—acco is a FKN kernel. 
[a,b] 0< 


Proof (1) follows from the strong continuity of U, on L (Q). 
To prove (2), we apply Jensen’s inequality, 


b 
e7 SU (V)ds < — | e7 (ba). (V) ds 
b—-aja ; 

and obtain 


Lj ae canner T ee 
Jor Mo, Ef for Op ds = fo 2" Ip, 


since e~(-@)Us(V) = U, (e~’-9") and U, is measure preserving. 
To prove (3), we will use Subsect. 5.1.9. Write 


Fiare] — Fla, o) = Pied = UFieee 


Since Fia») € L§/(6-)(Q), it suffices by Hölder’s inequality to prove that 
Fb b+ > 1 in L1(Q) for q= 8/(8— b+ a). Since U, is isometric on L4, we 
may assume that b= 0. Clearly, Fjo, > 1 a.e., when e — 0. Hence, Fjo} > 1 
in measure. Using (2), we see that, for all p' > 1, ||Fio,qllp < C uniformly for 
0 < € < ĝ/p'. Hence, {Fjo} : 0 <€< ô/p'} is an equi-integrable family. By the 
Lebesgue-Vitali theorem (Thm. 5.32), Fjo} > 1 in L4(Q). 
Finally, statement (4) is immediate, since Fla») < 1 for all a < b. 


21.3.2 Feynman-—Kac-—Nelson formula 


We now describe the construction of a perturbed Hamiltonian associated with a 
FKN kernel. 
We recall that local Hermitian semi-groups were defined in Subsect. 2.3.6. 
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Proposition 21.33 Let {Fia»j}o<v—a<s, ô >0, be a FKN kernel. For 0 < t < 
6/2, set 


Dı := EjSpan U Foo, gle (Q,6 [0, aaj) , 
0<s<6/2-t 
Pp (t) = EoFoUi|p, - 


Then {Pr (t), Di}iejo,s/2] 18 a local Hermitian semi-group. 


Proof We check the conditions of Def. 2.67. Since Fjo sı belongs only to L'(Q) 
it is not obvious that D; C L? (Q, o) =H. To prove that this is the case, we 
write, for f = Eo Fio,s)9 E Di, O < s < 6/2 — t, 
IFI? = (Foo,s}9| Eo Fio,s19) = (Fo,s}9| RE Fio,s}9) 
= (Fi s,0] Rg| Eo Fi s19) = (Fi-s, 0, Rg| E -%,0] E0,+00[F10,5]9) 
= (E -,0]Fj—s,0 a 00,0] 10,+00[0,5)9) = (F{-s,0) Ral Fo,s]9) 
= (Rg| F- 8,0 2 s]9 9g)= (Rg|Fi_s,s)9) < Fis, sjllallgll2- 


(21.22) 


Since 0 < s < 6/2, Fj—s „| € L’ (Q) and the r.h.s. is finite. Since L® (Q, 60) C Di, 
D, is dense in H. We now claim that Pr(s) Di C Dis for 0 < s < t< 6/2. In 
fact, if f = Eo Fio,s,)9 € Di, for 0 < sı < 6/2 — t, we have 
Pr(s)f = Eo Fjo, Us Eo Fio, sg = EoFo,s|E¢s}Fis,s+5,|Us9 
= Eo Fo, co, 5] Ms, 400[ Fis,s+51]Us9 = Eo Flos) co, 5] Ffs,s+5:]Us9 
— Eo Foo, 5] Flos] Ffs,s+5;]Us9 => Eo Fx, 5] Ffo,s+5,|Us9 
= Eo Fjo s+s1]Us9 € Di-s; (21.23) 
where we have used the properties of Fia») and the Markov property. The identity 
(21.23) also proves that if f = Eo Fio,s,)9 E€ Di+s for 0 < sı < 6/2 — (t + 5), then 


Pr (t)Pr(s)f = Pr(t+s)f. 
Let us prove the weak continuity of Pp (t). For f = EoFjo,s,;9 € Ds and 0 < 
sı < 6/2 — s as above, we have 


(FIPO) a= (Fo,sı19|EoFjo,sı +4019) = (Rg|Fj-s: sı +4019), 


by the same arguments as in (21.22) and (21.23). Hence, 


(FIP E+ AS) - (fIPr(OF) = (Rall Fisi s1 +t+e] — Fj-er,e1 +11) Utte9) 


+(Røl Fiss +1) (Uisg z U.9)) : 


The first term tends to 0 when e — 0 by Def. 21.29. The second term tends to 0 
when e€ — 0 by the o-weak continuity of t > U, on L®(Q). 


In the next two propositions we give examples of FKN kernels obtained from 
a real Go-measurable function V as in Lemma 21.32. Note that the Hermitian 
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operators Pr(t) are now denoted by Py (t) and have slightly bigger domains. 
This choice will be convenient in the next subsection. 
The case of positive perturbations is easier: 


Proposition 21.34 Let V be a real Gy-measurable function such that V € L'(Q) 
and V(x) > 0 a.e. Then 


Py (t) = Boe OU, t20, 


is a strongly continuous semi-group of bounded self-adjoint operators on 
L(Q, So, u). 


In the case of arbitrary perturbations we need to use the notion of a Hermitian 
semi-group. 


Proposition 21.35 Let V be a real Go-measurable function such that V € 
L™(Q) for some py >2, and e°Y €L'(Q) for some 5>0. Set p(t)! := 
1/2—t/d for0 < t < 6/2, and 


Py (t) = Eye” h SON tis ca 


Then { Py (t), LP (Q, So, 4) }re40,5/9 is a local Hermitian semi-group. 


Proof It follows from Lemma 21.32 that i, U,(V)ds is well defined in L” (Q), 
and that e~ Si Vs(V)ds € Lp (Q) for 0<t<06/p. By Hölder’s inequality, Py (t) 
maps L?4)(Q) into L?(Q), so Py (t) is well defined on L?\ (Q, Go). The fact that 
Py (t) maps L?('+*) into L?) follows also from Hélder’s inequality. The proofs 


of the semi-group and weak continuity properties are completely analogous to 
those of Prop. 21.33. 


Remark 21.36 Let us write the physical Hilbert space as H = L?(X,v). We 
treat paths (elements of Q) as functions RS tr u € X. The expectation E; is 
written as 


EG(e) =: f Gladuold, GELQ a), eX, 


Let V be a real function on X. Under some conditions on V (see for example 
Thms. 21.87, 21.38) one can show that Py (t) = Eyels Us(V)dsU, = e™t H +V) for 
t > 0. This can be formally rewritten as 


e™t(Ho tV (2) f(g) = [ox(- if V(as)as) f(q)dpo.x(q). (21.24) 


Recall that in Thm. 21.4 we described the Feynman—Kac formula for the inte- 
gral kernel of et(-24+V(2)) The generalization (21.24) of the Feynman—Kac 
formula to quantum field theory was first given by Nelson. Therefore, in this 
context, (21.24) is usually called the Feynman—Kac—Nelson formula. 
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21.3.3 Perturbed Hamiltonians 


We recall that H is the positive self-adjoint operator generating the group 
{ P(t) jejo, œ constructed in Thm. 21.11. 

Let V be a real Go-measurable function. The self-adjoint operator of multi- 
plication by V on L?(Q, Go, 1) is also denoted by V. Under the hypotheses of 
Prop. 21.34 we can define a unique positive self-adjoint operator Hy such that 
Py (t) =e" . Similarly, using Thm. 2.69, under the hypotheses of Prop. 21.35, 
we can define a unique self-adjoint operator Hy such that Py (t) C e~'#"”. We 
now give without proof some results about the Hamiltonian Hy. 


Theorem 21.37 (Positive perturbations) Assume the hypotheses of Prop. 21.34. 
Then: 


(1) Hy is bounded below. 
(2) If V € L?(Q) forp>1, then Hy is a restriction of the form sum H +V. 
(3) If V € L?(Q) for p > 2, then Hy is the closure of H +V. 


Theorem 21.38 (Arbitrary perturbations) Assume the hypotheses of Prop. 
21.35. Then: 


(1) Hy is the closure of H +V. 

(2) Assume that ec” is hyper-contractive on L?(Q, Gy) and let T > 0 be such 
thate TH maps L?(Q) into L" (Q), r > 2. Then ife~°” € L! (Q) ford =r'T, 
1/r+1/r' = 1/2, Hy is bounded below. 


Remark 21.39 The main examples of models with local interaction that can be 
treated by the methods of this chapter are the (space-cutoff) P(p)2 and (e** )o 
models (both at 0 and at positive temperature). The P(y)2 model was the first 
model with a local interaction to be rigorously constructed. It will be further 
studied in Chap. 22. 

The (e°?) model is also called the Hggh-Krohn model. Although not physi- 
cal, it has the pedagogical advantage that the interaction term f g(a)er?™ dx is 
positive, even after Wick ordering. It provides an example of where Feynman- 
Kac-Nelson kernels can be used even if the formal interaction does not exist. In 
fact, one can show that the formal interaction 


[oe e°?) ; da 


for g a positive compactly supported function can be given a rigorous meaning iff 
la| < v27, although the FKN kernels 


b 
| fw :e°2(t2) ; dzdt 


are well defined iff |a| < vV 4r; see Simon (1974). 
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Another example where one has to use FKN kernels is the P(p)(0) model, 
obtained by replacing the space-cutoff g(x) with the delta function ôo; see Klein- 
Landau (1975). 


21.4 Euclidean approach at positive temperatures 


There exists a version of the Euclidean approach for bosonic fields at positive 
temperatures. The “Euclidean time”, which at the zero temperature took values 
in R, now belongs to the circle of length 8. The number 8 has the meaning of 
inverse temperature. Given a 3-Markov path space, we construct a von Neumann 
algebra equipped with a W*-dynamics and a KMS state. 


21.4.1 @B-Markov path spaces 


Definition 21.40 The circle of length 6, that is, R/BZ, is denoted by Sg, and 
is sometimes identified with | — 3/2, 3/2]. t will still denote the generic variable 
in Sg. 


Definition 21.41 Let (Q,6,6o,U;, R, u) be a generalized path space as in Def. 

21.7. The path space is called 

(1) G-periodic if Us = 1, so that Sg Jt U, is a strongly continuous unitary 
group. 

(2) G-Markov if in addition it satisfies 
(i) the G-reflection property RE 9.3/2; = F40,3/2}; 
(ii) the G-Markov property Fo, /2}/{—8/2,0] = F508 /2}- 

It is easy to show that in a G-Markov path space we have 


Eo,8/2} = Ejo,6/2)RE(0,3/2)- (21.25) 


21.4.2 Reconstruction theorem 


We assume that we are given a G-Markov path space (Q, ©, Go, U;, R, p). As in 
Subsect. 21.2.1, we now proceed to the construction of the corresponding physical 
objects. 


Definition 21.42 The physical Hilbert space is 


H := Eto gjg L (Q,6,u)= LP’ (Q, S {0,8/2} 4), 


and the vector 1 € H will be denoted by Q. The Abelian von Neumann algebra 
L*(Q, Gto}, 4) acting on H will be denoted by A. 


The construction of the generator of the dynamics on H is now more del- 
icate than in Thm. 21.11, because U; does not preserve L*(Q, 6jo,3/2], 4). In 
fact, U, sends L’ (Q, Gj,3/2), 4) into L? (Q, Gu,t+8/2) H). In the construction the 
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crucial role is played by the concept of a local Hermitian semi-group introduced 
in Def. 2.67. 


Theorem 21.43 Set, for 0 < t < 6/2, 
M: = L’ (Q, Sp,8/2-1 H), 
Dı := Epo gz Mi C H. 
Then, for any 0 < s < t < 8/2, there exists a unique P(s) : Di > Di—s such that 
P(s)Eto,8/2}f = Epo,a/23Usf, fE (Q, u), 


and {Dt P(t) } 10,872) is a local Hermitian semi-group on H preserving Q. 


Proof If s < t, one has M; C Ms, hence Di C Ds. From the definition of ©; 
as Vier U;Go and from the strong continuity of U, on L? (Q, ©, u), we see that 


M, is dense in L? (Q, Gjo,8/2]; H), which implies the density of 


U U 
0<t<f/2 0<t</2 


in H. 

We now have to check that, for 0 < t < 6/2, P(t) is well defined as a linear 
operator on D;. 

Let us fixO<r<s<t< 6/2 withr+s<t. Let f € M. We have 


|| E¢0,4/23Us fl’ = (Us FIRU; f) 
= (Us—r f|U- RU; f) = (Ue f|RUs+r f) 
= (Us—r f|Eto,8/2}Us+r f) < ||Et0,8/2}Us-r FIII (21.26) 


In the first line we use (21.25) and the fact that Us f is Gjo 8/2} measurable. In 
the second line we use the unitarity of U_, and U_, R = RU,. In the third line we 
apply (21.25) again, the Cauchy-Schwarz inequality and the fact that Eto,8/2} 
and Us+r are contractions. 

Taking r = s, we obtain that ||Eto,5/2}Us F|] < ||Ero,6/2; FIZ || fll? for 2s < t. If 
nils < t, for n € N, taking r = s/n and applying recursively (21.26), we obtain 


L i 
|| Eto,8/2}U5 fl < lE¢0,6/23Us—r fl z LFI 
= eet 
< |PeunUept lle (ier 
< lE gg f "FIO? 


This shows that Eto, 8/2} f = 0 implies E¢to,8/2}Us f = 0 for all 0 < s < t. By the 
strong continuity of Us, this extends to s = t. Thus we have proved 


Epo g/23f = 0, f eM => Epo ,3/23Urf = 0, (21.27) 


which means that P(t) is well defined. 
The semi-group property of P(t) and the fact that P(s)D, C Di—s are imme- 
diate. To prove that P(t) is Hermitian, we write, for f,g € Mz, 


(E¢o,8/23f|P(Q)E.0,/239) = (f|RUig) = (Uf | Rg) 
= (E¢0,6/23U:f\Et0,8/239) = (P()Ep0,9/2}f|E(0,8/2}9)- 
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Finally, the weak continuity of P(t) follows from the strong continuity of 
U;. 


Definition 21.44 The unique self-adjoint operator L on H such that e~'” lp, = 
P(t) is called the Liouvillean. l 


Clearly, LQ = 0. 
Definition 21.45 We denote by § C B(H) the von Neumann algebra defined by 


F:= {i Ae", AEA, tERY”. (21.28) 
Let 
Rgja = Ugj2 R = Ug;4RU_g/4 
be the reflection around s = 8/4. Clearly, 
RpjaEto,/2} = Eq0,5/2} R64- (21.29) 
Definition 21.46 By (21.29), 


JE, f = Epoa/y Rajat, FEQ, S, n), (21.30) 


defines an anti-unitary operator J on H. We also introduce a state and a 
W*-dynamics on §: 


w(A) := (QJAQ), n(A) =e’ Ae", Ac. 
The next theorem will be proven in the following two subsections. 


Theorem 21.47 w is a faithful state, it satisfies the G-KMS condition for the 
dynamics T, J is the modular conjugation corresponding to w and L is the stan- 
dard Liouvillean for the dynamics T. 


21.4.3 Proof of the KMS condition 


In this subsection we prove the part of Thm. 21.47 saying that w is G-KMS. We 
first need to introduce additional notation. For n € N, we set 


Ja(n) := enai) ER" : t;>0, SG < 6/2}, 
j=1 


Ig(n) = {(a, aes pen) EC” : Re 2; > 0, X "Rez; << 6/2}. 
j=1 
Note that Ja(n) C Ig(n). We denote by Hols (n) the space of functions (with 
values in H or in C, depending on the context) which are holomorphic in I3(n) 
and continuous in Tg (n). 
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Proposition 21.48 (1) For (t1,...,tn) E Ja(n), A,..., An E A, the vector 
1 
An IL (e"A;)Q (21.31) 
belongs to Dome", 
(2) The linear span of such vectors is dense in H. 
(3) Let (t1,...,tn) E€ Jg(n), (S1,---, 8m) E Jg(m) and Ay,..., An, Bi,...,Bn E 
A. Set to := B/2— (tn +--+ +1), 89 = B/2 — (sn +--+ +81). Then one has 
E ea bg Ds L ere 
(11 (et A;)O] T (e“*4B,)2) 


j=n i 
= mal —s;L px ih —tjL 4* 
= ("I etaa n eaa). (21.32) 
t= j= 
Proof For A € A, we set A(t) = U;(A). First let us show that 
1 1 
Tle Aj)o = Fipo,8/2} us A; (tj +---4+t,). (21.33) 


We use induction. (21.33) is clear for n = 1. Assume that it is true for n — 1, 
that is, 


1 i 1 
jl er Ano = F50,8/2} Pear A; (t; + POR, + ty—1). 


Then 


1 
et An II 
=n— 


1 
j (e=? A;)Q = Eto,8/23Un An I Aj(tj +--+ + ta—1) 


1 =n—1 


1 
= Et0,8/2} PEA A; (tj TONE tn), 


which proves (21.33) for n. 


1 
Since A, I Aj,(t; +: +tr-1) belongs to M;,, this proves that (21.31) 
j=n-1 


n? 


belongs to Dome~'“. Hence, (1) is true. 
The linear span of vectors as on the r.h.s. of (21.33) is dense in 
L? (Q, Sio,/2], H), which proves (2). 


We have 
1 1 
(11 (euL ANQ I (e*t B;)9) (21.34) 
j=n j=m 
il 
=( TI A;(7,)|R IL B;(o; ) 
au 5 (75) | pis (ai) ais 
1 
= (ap Am) Ü B —0;)) l 21.35 
(1 ADI 1 Bio) ao (21.35) 
where 
Ga t Vejen, =X tr, lim (21.36) 
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Since Uz = 1, we have 
(flg) = (U-8/2f|U6/29)r (Q); f g € LQ). 
Hence, (21.35) equals 


1 1 
(JE A82 + lH, B18/2=0)) 9 


_ (i B, (8/2 — | I A;(—8/2 + 73)) 


L? (Q) 


II 


mm! 


m-l1 , 2 n-1 asf rs 
(T (e*t BA TE (e845... 


This proves (3). 


Proposition 21.49 For (z1,...,2n) € Ig(n)® and A,...,An € A, the vector 


1 
An TL (e774 A;)Q (21.37) 


n—1 


belongs to Dome~*"". Furthermore, the function 


pi 
Ig(n)"! =] (z1, . ee) => II (et A;)Q 


belongs to Holg(n) and is bounded by Ul | Aj ||. 
j=l 


Proof We prove the result by induction in n. 

By Prop. 21.48 (1), A;Q € Dome~®4/?. Therefore, Prop. 2.63 implies that 
the map I3(1) 3 z1 |œ e7% AQ belongs to Hol; (1). Moreover, for z1 € I(1), we 
have 


lle * A, QI] = fe" 0 Ay OY] = | ATO] < lAl, 


again using Prop. 2.63. This proves the result for n = 1. 
Assume that the result holds for n — 1. For (z1,...,Zn-1) € Ig(n — 1), set 


1 
Oona Zai) = An f II (et A;)Q, 


j=n—1 


n—1 
h(213:--32n1) = TL (Ate!) A*OQ. 
jz 


By the induction assumption, g,h belong to Holg(n — 1) and are bounded by 
n—-1 

IL ||A;||. Moreover, using (3) of Prop. 21.48 with m = n, Bj = A; and 

j=l 


n—1 n—1 
sn = 6/2- X` si, ta = 8/2- X tj, 
i=1 j=l 


we obtain that 


tab 


g(ti,. ive ytn—1) E Dome” ; g(s1, NF: -;8n—1) E Dome™® t, 
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and 


(e t g(t, eae itn—1) |e" “ g(s1, sang Sn—1)) 
= (h(s1,.--5 8n—1)|A(t1,---,t-1)), (21.38) 


for (S1,...,8n), (t1,..-,tn-1) E Ja(n— 1). Denote by Hy, resp. Hy, the 
closed subspaces of H generated by the vectors e~'»"g(t,,--- ,tp—1), resp. 
h(ti,-++ ,tn—1), for (t1,...,tn-1) € Jg(n— 1). 

Note that h(z1,...,2n—1) belongs to Hp for (21,-.-,2n—1) € Ig(n—1)*. In 
fact, let Y L Hn. Then 


(Wlh(z1,.-.,2n-1)) =0, 21,--.,2n-1 E€ Jg(n — 1). (21.39) 


Hence, by analyticity and continuity, (21.39) is true for 2,...,2n-1€ 
Ig(n— 1)". 

From (21.38) we see that there exists a unique anti-unitary map T : Hf > Hn 
such that 


Te * g(t, sae tn—1) = h(t, eae tea): 
It follows that 
(z2, tee Zn—1) = T 'h(z, tee ee) 


belongs to Holg(n — 1). Note that, by the definition of T, for t1,...,tn-1 € 
Jg(n — 1) one has 


Flts.. tn-1) Se OO gi tan bier): (21.40) 
We claim that, for 21,...,2n-1 € Ig(n — 1), 
(21, +--+) %n-1) € Dome (8/2-Lat aL (21.41) 
and 
Fla, Zna) = TOTE aL g(z,, +++ za). (21.42) 


In fact, the scalar products of the above two functions with a fixed vec- 
tor Y € Dome™ô+/2 belong to Holg(n—1) and coincide on J3(n—1) by 
(21.40). By analytic continuation it follows that g(z1,...,2n—-1) belongs to 
Dome~(#/2-Lj=1 #)2 and that (21.41) and (21.42) are true. 

By Prop. 2.63, we obtain that the function 


n-1 
{o < Zn < B/2- D Imz} D Zn H| e” P g(z1,..., Zn—1) 
j=1 


is continuous and analytic in the interior of its domain. For Re z,, = 0, we have 


Jer gler- sza) = Mgrs 12a) ST MA; 


630 Euclidean approach for bosons 


n—-1 
For Rez, = 8/2 — >> Imz,, 
j=l 


= 
let g(a1,--+, 2n—1)l| = IFC -a)l 
= |[A(Z1,-.-,2%n-1)|| < B |Ajll. 


n—1 
Therefore, by Prop. 2.63, for 0 < zn < 8/2 — X, Imzj, 
j=l 


Zn 


le® glers- -32n )ll < TT A; 


which ends the proof of the induction step. 


Proof of Thm. 21.47, Part 1. By Prop. 21.49, we can analytically continue 
(21.42) to obtain 


1 f 1 r 
( T (62A; T (et B)A) 


i=m 
: ; m A 2 y n 
= (A A a Oe eC Rants I (A¥e itj iL)O $ 
{= j=1 
Changing variables, this can be rewritten as 


(AQ|BQ) = (e847 B*O e847 A*Q), 


i 
= 
= 
= 


1 
B:= ag To, (Bi). 


This identity implies that the T B)-KMS condition (6.7) is satisfied in the 
x-algebra o generated by {r(A : AEA, tE R}. But o is weakly dense 
in §. By Prop. 6.64, the (r, Ce condition is satisfied for all A, B € F. 


21.4.4 Identification of the modular conjugation 
To complete the proof of Thm. 21.47, we need the following lemma: 


Lemma 21.50 (1) JAQ = e~84/? A*Q, for all A € 8; 
(2) Je*t = e*t J, for allt € R; 
(3) JJI CF. 


Proof Let (t1,...,tn) € Jo(n) and Aj,...,An E A. Then 


1 ak 
J Il (ec A;)O = Exo,8/2}Re/4 I Aj (tj) 
jan ISN 
es 
= Epo 3/2} nae A; (8/2 —7;) 
A n n—1 
=e OL}. DET (Aret) ASQ, (21.43) 
j=l 


where 7; are defined in (21.36). 
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By Prop. 21.49, we can apply the analytic continuation to the above identity 
and obtain 
1 k 3! an n—1 : 
J TI (e412 Aj)Q = e PiE GE TT (Ate 4) A* 0. 
jen j=l 
Changing variables, this can be rewritten as 
JAQ = eF4/? A*Q, (21.44) 
for 
1 
A = pia Tt; (A;), 
which proves (1) on §o. 

Now let A € J. Since % is the strong closure of o, by the Kaplansky density 
theorem there exists a sequence A, € Şo such that A, — A, A* — A* strongly. 
Applying (21.44) to An, we obtain that A,Q— AQ and e~94/?A,0 > JA*Q. 
Since e~94/? is closed, this implies that 

e FEI? AQ = JAQ, AEF. (21.45) 
This proves (1) on ¥. 

Let us now prove (2). Let Y = Exo 8/2} F for F € L?(Q, i.,g/2-<, H) and € > 

0. For 0 < s < €, we have 
Je" U = Epo 3/23 Rg aU F = Epo,g/2}U-sRaaF- 


Since U_,RgjaF € L?(Q, Gie-s,6/2-<+5]), it follows that Je~**V € Dome *” 
and 


eo Je WU = Ep gj} Rojak = IV, 
or equivalently 
Jetty = et JV, (21.46) 
We note that Y, JY € AN Dom eê}, hence they are analytic vectors for L. There- 
fore, we can A e (21.46), using that J is anti-linear, to obtain 
Jet = e*t Jy. 


Since the set of such vectors W is dense in H, this proves (2). 
Let us now prove (3). Since % is the strong closure of Şo, it suffices to show 
that, for A, B € Şo, one has 


[JAJ, B] = 0. (21.47) 
To prove (21.47), it suffices, using (2), to prove that 
[JAJ, ec Be"*]=0, tEeR, A,BEA. (21.48) 


Let us now prove (21.48). 
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First note that, for any Ap, Bg; E€ L®(Q), we have 
ApU_sBg/.U, = U_sBg/2U, Ao. (21.49) 
Assume now that Ao E€ L°(Q, Gyoy, u) and Bgjz E L® (Q, Gg /2}, u). Let Y = 
Eto, 8/2} f for f € L (Q, Gle 8/2 H), 0 < € < 6/2. Since Bg/2Us f and Bg/2Us Ao f 
belong to L? (Q, js 8/2] 4), we see that 
E,o,8/2}Bg/2Usf = Bae" Y, 
E10,6/2}Bg/2Us Ao f = Bgj2e *" AoW 
belong to Dom eê? and (21.49) can be rewritten as 
Age*” Bg pe" U = e°” Bgjge*” AoW. (21.50) 
Hence, to prove (21.48) it suffices to show that 
SK e°? Ba je *" AoW 


can be holomorphically extended to {0 < Rez < e}, and that its analytic exten- 
sion to s = —it equals e~"" Bg jae!” AoW 
Let us take a vector Y of the form 


1 
Ų = II et AO 


j=n 
for t; > 0, tı +--+: +t, < € and A; E€ A. Recall from Prop. 21.48 that the linear 


span of such vectors is dense in H. 
Let Bo € A such that Bg; = JBoJ. By (2), we have 


e° Bajge *" Ay = Je *" By Je *" Ag. 
Hence, 
e°? Bgj2e™® AoW = Je*" By Je *" AoW 


1 
= Je" By Je *" Ay TI e 4A; O 


jan 


= Fe 8” Byes G/2-X jt ti) j a (Aje —t; IL) ARO. 
using (21.43). By Prop. 21.49, this can be analytically continued to s = it to give 
Jet Bye” -0/27231 ET (Age t8) AN 
j= 


E ; 1 
= Je"? Bye” JAo I e "AQ 


jan 
=e JByJe"" A99 = e" Bg je ** A09 


once again using (21.43). This completes the proof of (3). 


Proof of Thm. 21.47, Part 2. We will use the Tomita—Takesaki theory described 
in Subsect. 6.4.2. Let us check first that Q is cyclic and separating for §. Let 
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WV € {FQ}. It follows that, for all t,--- ,tn E€ R, A; € A, one has 
1 ; 
(v Tl (Ajes*)0.) =0. 
{=n 


By analytic continuation and Prop. 21.49, this implies that for all (t1,...,tn) € 
J3(n) one has 


(Ulm (Aje*)2) Si; 


1 
Since the vectors of the form [I (Aje ™it)Q span H, this implies that Y = 0, 


and hence Q is cyclic for ¥. 

Since JO = Q, Q is also cyclic for J¥J. By (3) of Lemma 21.50, this implies 
that Q is separating for ¥. 

By (1) of Lemma 21.50, 


e 94/2 BO = JB*Q, BEŞ. (21.51) 
Therefore, the operator S of the Tomita~Takesaki theory is 
S = Jeh., 


By the uniqueness of the polar decomposition of S, this implies that J is the 
modular conjugation and e~%4/? the modular operator for the state Q. This 
completes the proof of the theorem. 


21.4.5 Gaussian 3-Markov path spaces I 


We would like to describe a (-periodic version of the construction described in 
Subsect. 21.2.4. Let X be a real Hilbert space and € > 0 a self-adjoint operator on 
X. (Again, we assume the reality just for definiteness.) Consider the real Hilbert 
space 


L’ (Se, x) > L?(Sg,R) ® X 
and the covariance 
C= (D? + on a 


with -periodic boundary conditions. (This means —D? is the Laplacian on the 
circle Sg.) 

Consider also the space Q := C7? L? (Sg, X) and its dual, that is, Q* , which 
can be identified with C? L?(S3, Æ). 


Lemma 21.51 Let us define fort E€ Sg the map 


je: (2c tanh(8e/2))7 X Dg= A&IgJEQ. (21.52) 
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Then 


. : e [ta tole 4 @ (8 [ti ty |)e 
(Jt gıljt292)o (ai Z1 eP g) 


In particular jų is isometric. 


Proof The proof is analogous to the proof of Lemma 21.15. In particular, we 
use the discrete unitary Fourier transform 


L? (S6) 3 F= (Sa) E P(Z), f= OF fe Prntl? s(t)at 
Sg 
and apply 
ei2rnt/B _ elle +e (-lte 


B D (2rn/By21+e2  2e(1-— e78") 


nEZ 


(21.53) 


instead of (21.8). 


Definition 21.52 Fort € R, resp. for I C R we define Qi, et, e, resp. Qr, er, 
el, as in Subsect. 21.2.4. 


Definition 21.53 We define 
rf(s):=f(-s), wf(s)=f(s—t), fEQ, s,teE Sz. 
Proposition 21.54 (1) Let t,tı,t2 E€ Sg, tı < te and f E€ Q*. We have 
et f(s) = (e% — eP (elile (ee — M) + esl — 09) FUE), 
ltl f(s) = Uy ta)(s) f(s) + (sinb(8 + ti — ta)e) ~ 


x (sas (s) (sinh ((s + B = toe) f (tr) — sinh ((s = tie) f(t2)) 


+ Thy, /21(8) (sinh ((s — te)e) f(t1) — sinh (s — B= noite) 


(2) CX (]t1,t2[, Dome) is dense in Qe, tat 

(3) RS tt u is an orthogonal 8- periodic Co-group on Q. 

(4) r is an orthogonal operator satisfying ru, = usr and r? = 1. 
(5) X Qo is dense in Q. 

(6) 

(7) 


6 
7 


reo = €o. 
€(0,8/2]©[—6/2,0] = {0,8/2}: 


21.4.6 Gaussian 3-Markov path spaces IT 


As in Subsect. 21.2.4, we consider the Gaussian L? space with covariance C. 
According to the notation introduced in Subsect. 5.4.2, this will be denoted 


L? (L? (Sp, X), tdg), (21.54) 
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where we use ¢ as the generic variable in L? (S4, X). Let L? (Q, du) be a concrete 
realization of (21.54). 


Definition 21.55 For s € Sg and g € (2e tanh(e/2))? ¥, we define 
s(9) = Hls @9)€ (] PQ), 
1<p<oo 
called the sharp-time fields. 
Set 


Re) = OD, Yell) = oi") feg, tes, (21.55) 


and extend R and U; to L? (Q, dy) by linearity and density. 
We obtain the following proposition, whose proof is completely analogous to 
Prop. 21.23. 


Proposition 21.56 Let G be the completion of the Borel o-algebra on Q. Let 
1 

Go be the o-algebra generated by the functions 9) for g € (2e tanh(8e/2)) Ai 

Let R,U; be defined in (21.55). Then (Q, S, So, U:, R, u) is a B-Markov path 


space. 
Definition 21.57 (Q, ©, Go, U:, R, p) defined above will be called the Gaussian 
-Markov path space with covariance C. 
The G-KMS system obtained from the Gaussian path space can be interpreted 
in terms of Araki-Woods CCR representations. We set 
p=(e%* 1)". 


Recall that in Subsect. 17.1.5 we defined the (left) Araki-Woods CCR repre- 
sentation, denoted g++ W,1(g). Recall also that Js denoted the corresponding 
modular conjugation on the Araki-Woods W*-algebra. 


Theorem 21.58 There exists a unique unitary map 
Tencel : H > T; ((26) CX © (26)? CX) 


intertwining the CCR representation of the time-zero fields with the Araki- Woods 
CCR representation at density p, that is, 


Toucil = Q, 
yas i 
Tiger OTEL = W,.1(9) = eit ((1+2p)? gop? a) gE (2e tanh(6e/2)) a 


e 


It satisfies 


Teuci L E dI (e ($>) —€)Teucl, (21.56) 
Tout = IST oucl: (21.57) 


636 Euclidean approach for bosons 


Proof The proof is similar to Thm. 21.26. To construct Teuci, it suffices by 
linearity and density to check that 


f eo dy — e7 z (50 8g|C so Bg) — exp( 
Q 


— (QJ), 


— 5 (g|(2e)" (1 — eê") -1 (0 + -)g) , 
2 


which is immediate. To check (21.56) we verify using Lemma 21.25 that 


I, eito ln) eit dy = (W,.a(gr) Qe TEW, 1(go)), OS t< 8/2. 


(21.57) can be checked similarly. 


21.5 Perturbations of -Markov path spaces 


Let us fix a 3-Markov path space (Q, G, Go, U;, R, u). In this section we describe 
a large class of perturbations of the measure yz that still satisfy the axioms of 
a 3-Markov path space. We also describe the corresponding new physical space 
and Liouvillean. 

We will restrict ourselves to perturbations given by a real Go-measurable func- 
tion V such that 


V, eV € i): (21.58) 


As in Sect. 21.3, it is also possible to consider more singular perturbations asso- 
ciated with the equivalent of a Feynman—Kac—Nelson kernel; see Klein-Landau 
(1981b). 


21.5.1 Perturbed path spaces 
By Lemma 21.32, we know that the function 


F:= èr Ss, Us (V)ds 


belongs to L! (Q). 
Definition 21.59 We introduce the perturbed measure 


d Fdpu 

HV = r 
Jo Fdp 

Clearly, uy is a probability measure. 

Note that we can write F = Fi_g/2,0)F[0,8/2] for 


_ p812 i 
Fio,a/2] = & fo’ Us(V)as 


== e Joar U, (V )ds = R( 


Fi_-g/2,0) Fio,a/2))- 


Fio,8/2); resp. F\_g/2,0) is 6Si0,4/2]- resp. G/_g/2,9)-measurable. 


21.5 Perturbations of 3-Markov path spaces 637 


Proposition 21.60 The perturbed path space (Q, 6, Go, U;, R, uy ) is B-Markov. 


Proof We first check the properties of Def. 21.41. Since F > 0 pr—a.e., the sets 
of measure 0 for u and py coincide, so G is complete for wy and L” (Q, u) = 
L~(Q, uv). The function F is clearly R and U; invariant, hence R and U, pre- 
serve uy. 

Approximating F by F, = Fljo,n} (F) and using that U; is strongly continuous 
in measure for u, we see that U; is also strongly continuous in measure for py. 
By Lemma 5.33, this implies that U; is strongly continuous on L? (Q, uy). 

Property (21.5) of Def. 21.7 is obvious. It remains to check the Markov prop- 
erty. To simplify notation we set Eo = Fip0,8/2}; E, = Eio,8/2)> E_= Ej—68/2,0] 
and decorate with the superscript V the corresponding objects for uy. We also 
set F} = Fig 8/2 F- = Fi_g/2,0), s0 that F = F} F. 

Property (6) of Prop. 5.27 can be rewritten as the following operator identity, 
where we identify a function and the associated multiplication operator: 


EY (RE e 1 Sp. 


Using R(F) = F and RE = Ep, we see that REY = Ey. 
Then using (2) of Prop. 5.27, we obtain that 


EY = (Es(F,F_)) Ex: F,F_ = (E4 (F})) Es Fs = (Eo(Fs)) Es Fy 


where in the last step we used the G-Markov property for u. This yields 


EY BY = (E)(F_)) E,F_(Eo(F,)) EF, 


(F) 
= (Eo(F_))' (Eo(F,)) Ey F_E_F, 
= (Eo(F_))' (Eo(F,)) Ey E_-F_F, 
= (E)(F_))'(Eo(F.)) Ey E-F 
= (Fy(F_))'(Eo(Fi)) FoF. (21.59) 


Next we compute, as an identity between functions, 


Eo(F_) Eo) = By (F-)E- (F+) = (E+ E-)(F-F+) = Bo (FP). (21.60) 


Combining (21.59) and (21.60), we obtain that EY EY = EY , which implies the 
Markov property for py. 


21.5.2 Perturbed Liouvilleans 


Applying Subsect. 21.4.2, we can associate with the path space 
(Q, S, Go, Ur, R, uy ) a perturbed G-KMS system. In particular, the perturbed 
physical space is 


Hy" = P(Q, G(0,9/2).#Y). 


638 Euclidean approach for bosons 


It is convenient to relate this perturbed KMS system with the free KMS system 
obtained with the measure jz and living on the free physical space H. We will 
decorate with the subscript V and the superscript int the objects obtained by 
Subsect. 21.4.2 for the path space involving the perturbed measure py. The 
corresponding objects transported to H will be decorated with just the subscript 
V. 

Let us first unitarily identify H with Hj". 


Lemma 21.61 Let Ty : Hip — H be defined by 


Tyt: TE 40,6 /2}(Ffo,4/2)¥)- 


1 
(o Fdp)? 
Then Ty is unitary. 


Proof Without loss of generality we can assume that f Q Fdu=1. Let Y, ® € 
L?(Q, {0,8/2}: Hv) = Hy. Using the reflection property and (21.60), we have 


(Ty ®|Ty U4 = f FosiayFosia®2 0.9724 Fos Vdu 
= f Foart Eos Fisio) 
= f Fost Eos E-sr20 F920) 


= f Fost Roodu 


= i, Fo j Udy = (EU). 


The following result is shown in Klein-Landau (1981b). 


Proposition 21.62 Let V be a real Go-measurable function satisfying (21.58). 
Set 


Fjo = e7 h Vs (V)ds 


and, for 0 < t < 8/2, 


Mi: := span ( U F218 01-014) 


0<s<6/2-t 
D, = Eto, 8/2}Me. 


Then, for any O < s <t < 6/2, there exists a unique Py (s) : Di > Di-s such 
that 


Py (s)Eyo,6/23f = Epo,8/2}FoyUsf, f EQ, n). 


{D:, Py (t)jrejo,8/2; is a local Hermitian semi-group on H. 
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Definition 21.63 The self-adjoint operator associated with {D;, Py (t) }rejo,3/2} 
is denoted by Ly. 


The following theorem is an analog of Thms. 21.37, 21.38. 
Theorem 21.64 Assume in addition to (21.58) that either 


VEL (Q,du), V>0, (21.61) 
or 
V € P(Q, du). (21.62) 
Let L be the free Liouvillean constructed in Def. 21.44. Then 
Ly =(L+V)". 


We denote by tj, the dynamics on § generated by etlv , We set 
Qy := Ile“ PLv /2Q))-te-BLv 229 


and denote by wy the state on F generated by the vector Qy. Clearly, (¥, tv , wv ) 
is a B-KMS system. We denote by Ly the associated standard Liouvillean (see 
Def. 6.55). Note that both Ly and Ly generate the same dynamics on $, even 
though they are different operators. 

We have the following result: 


Theorem 21.65 Let V be a real Go-measurable function satisfying (21.58) and 
either (21.61) or 


1 
VEL(Q, u), cP E L(Q u), ptg! =3, 2<pq<00. (21.63) 
Then 
Ly = (ly — JVJ)”. 


The relationship between the two kinds of perturbed 6-KMS system - 
(,Tv,wy), which lives on the free space, and (St, ri?t,wi®t), which lives on 


on the perturbed space — is described in the féllowine theorem: 


Theorem 21.66 Let V be a real Go-measurable function satisfying the assump- 
tions of Thm. 21.64. Then 


(1) gint = = Tp ATy, Fae =. Ty 81 ; 

(2) Tei = = Qy; 

(3) 7 int H(A yE = v, (Tv AT;"), AE go, teR; 
(4) T JET- =J. 


21.6 Notes 


As explained in the introduction, the name “Euclidean approach” comes from 
the fact that the Minkowski space R!“ is turned into the Euclidean space R!+4 
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by the Wick rotation. Hence, the Euclidean approach is usually associated with 
relativistic quantum field theory. As we saw, it can also be applied in other 
situations, as in the usual non-relativistic quantum mechanics. In constructive 
quantum field theory, the use of the Wick rotation was advocated by Symanzik 
(1965). The construction of interacting Hamiltonians through the corresponding 
heat semi-group appeared earlier in works of Nelson (1965) and Segal (1970). The 
monographs by Glimm—Jaffe (1987) and Simon (1974) contain a more detailed 
treatment of Euclidean methods at zero temperature, essentially in two space- 
time dimensions. Osterwalder—Schrader (1973, 1975) formulated a set of axioms 
for a Euclidean quantum theory, parallel to the Wightman axioms on Minkowski 
space, allowing the reconstruction of a physical theory in a way similar to the 
one explained here. 

The treatment of this chapter follows a series of interesting papers by Klein 
(1978) and Klein—Landau (1975, 1981b). In particular, the proof of Thm. 21.37 
can be found in Klein—Landau (1975), Thm. 3.4, and the proof of Thm. 21.38 in 
Klein—Landau (1981a), Sect. 2. 

Our treatment of path spaces at positive temperature follows Klein—Landau 
(1981b) and Gérard—Jaekel (2005). In particular, Thms. 21.43 and 21.47 are due 
to Klein—Landau (1981b). Thms. 21.65 and 21.66 are proven in Gérard—Jackel 
(2005). 
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Interacting bosonic fields 


The usual formalism of interacting relativistic quantum field theory is purely per- 
turbative and leads to formal, typically divergent expansions. It is natural to ask 
whether behind these expansions there exists a non-perturbative theory acting 
on a Hilbert space and satisfying some natural axioms (such as the Wightman or 
Haag—Kastler axioms). It is not difficult to give a whole list of models of increas- 
ing difficulty, well defined perturbatively, whose non-perturbative construction 
seems conceivable. There were times when it was hoped that by constructing 
them one by one we would eventually reach models in dimension 4 relevant for 
particle physics. The branch of mathematical physics devoted to constructing 
these models is called constructive quantum field theory. 

The simplest class of non-trivial models of constructive quantum field theory is 
the bosonic theory in 1 + 1 dimensions with an interaction given by an arbitrary 
bounded from below polynomial. It is called the P(Y)? model, where P is a 
polynomial, y denotes the neutral bosonic field and 2 = 1 + 1 stands for the 
space-time dimension. To our knowledge, it has no direct relevance for realistic 
physical systems, so its main motivation was as an intermediate step in the 
program of constructive quantum field theory. 

The work on the P(y)z model was successful and led to the development of a 
number of interesting and deep mathematical tools. The constructive program 
continued, with the construction of more difficult models, such as the Yukaway 
and Ay}, as well as a deep analysis of Yang-Mills. Unfortunately, it seems that 
no models of direct physical relevance have so far been constructed within this 
program. 

In this chapter we would like to describe some elements of the construction 
of the P(y)z model. We will restrict ourselves to space-cutoff models and the 
net of local algebras associated with this model. We will not discuss the construc- 
tion of the translation invariant model, which can be found in the literature. We 
believe that even such a limited treatment of this theory is a good illustration 
of many concepts of quantum field theory. 


22.1 Free bosonic fields 
22.1.1 Klein—Gordon equation 


The simplest non-interacting relativistic model of quantum field theory describes 
neutral scalar bosons. It has already been discussed in Sect. 19.2. Let us recall 
the basic elements of its theory. 
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The dual phase space can be taken to be the space of real space-compact 
solutions of the Klein—Gordon equation 


(0? — Ax +m?) C(t,x) =0, (t,x) RM. (22.1) 


The model is called massive, resp. massless if m > 0, resp. m = 0. Introducing 
the operator € = (—A, + m?)?, we can rewrite (22.1) as 


(7 +e) =0. 


We are in the framework of Subsect. 18.3.2 (and hence also of Subsect. 9.3.1, 
with c = (2e)~!). We parametrize the dual phase space by the time-zero initial 
conditions 


v(x) := €(0,x), s(x) = C(0,x). (22.2) 


It is natural to enlarge the dual phase space so that, in terms of the initial 
conditions, it is 


e? L?(R¢,R) $ e? L?(R4,R). (22.3) 


(This is a special case of the space Yayn defined in Subsect. 18.3.2.) The vector 
ç € e77 L? (R1, R) describes the “position” and J € e7 L? (R1, R) describes the 
“momentum”. 

The dual phase space can be treated as a Kähler space with the symplectic 
form 


a E [ _ (1()s2(8) ~ v(x) (2) dx, 


the conjugation 7 and the Kahler anti-involution j: 


pe Ri A j= a ar (22.4) 


The dynamics is generated by the classical Hamiltonian 


ho(s, 8) = JI (Px) + |Vxs(x)|? + m?s? (x)) dx. 


One can show that the linear Klein—Gordon equation with initial conditions 
(22.2) possesses a unique solution, which for the Cauchy data (¥,¢) will be 
denoted e'“(#,¢). These solutions satisfy the following basic requirements of a 
(classical) relativistic field theory: 


Theorem 22.1 (1) Locality. If x € CY (R1), x =1 on an open set O CR! 4 
and Ç is a solution in Rt, then xC is a solution in O. 

(2) Causality. If the Cauchy data (3,¢) are supported in a set K C RÌ, then 
e'*(0,¢) is supported in J({0} x K) = {(t,x) ER? : dist(x, K) < |t|}. 

(3) Covariance. The Poincaré group acting as in Subsect. 19.2.10 preserves the 
space of solutions with Cauchy data in (22.3). 
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22.1.2 Quantization of linear Klein—Gordon equation 
Let us first briefly recall the results of Sect. 18.3 about the quantization of the 
linear Klein—Gordon equation. Consider the complexified dual phase space 
€? L’ (RÎ) Ge? D(R’). (22.5) 


The positive frequency subspace of (22.5) is taken as the one-particle space, as 
usual denoted by Z. As in (8.32), and then (18.31), we parametrize it by the time- 
zero momenta, identifying it with (2e)? L? (R1). The time reversal becomes the 
usual complex conjugation. One can introduce position and momentum operators 
for the Fock CCR representation on ’;(Z) as in Subsect. 8.2.7. Let us recall their 
definition in the present context: 


Definition 22.2 The time-zero position and momentum operators, often called 
the y and 7 fields, are defined as 


pV) := a* (0) +. a(0), 0 € e7 L2(R4,R), 
m(s) = į (a* (es) — a(es)), s€ e77 L? (Rt, R). 


where ôx is the Dirac mass at point x. 


Remark 22.4 Comparing Defs. 22.2 and 22.3, we see that the notation y(-) 
and n(-) is somewhat ambiguous. We use this convention, however, and make 
no attempt to improve on it. 


Note that 6, does not belong to the one-particle space. We treat the fields 
p(x) and 7(x) as “operator-valued distributions” that become well-defined closed 
operators only after smearing with appropriate test functions: 


f od = 9), 
Rd 


[on m(x)¢(x)dx = (cs); 


) and q(x) satisfy the following form of the CCR: 


p(x 
[e(x), py) = [n(x), w(y)] = 0, 
Lely), w(x)] = id(x — y) 1. 


Definition 22.5 Free fields are defined as 


see Remark 3.54. Formally, 


(22.6) 


polt, v) : = et) (HeT, VE e7 L?(R",R), 
yo (t,x) _ elle) ojo Hah); xE Ri. 
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(The subscript 0 indicates that we are dealing with free or, in other words, 
non-interacting fields.) The equations satisfied by the free fields can be expressed 
as an operator identity on TÊ” (Z) 


3? po (t, v) a Po (t, eD) = 0, (22.7) 
or, equivalently, as a distributional identity 
(07 — Ax +m?) yo(t,x) = 0. 


Definition 22.6 For (0,<) € e~? L? (R°, R) $ e7 L?(R?, R), we also introduce the 
corresponding phase space fields and Weyl operators 


pG, s) := pV) + rls), W, s) = 09, (22.8) 


If ¢ is the solution with the Cauchy data (9, s), we will also write (¢) and W (C) 
instead of (22.8). 


22.1.3 Free dynamics and free local algebras 
For concreteness, until the end of the chapter we assume that d = 1. 
For A € B(T,(Z)), we define 
at, (A) yE eras) Aem (e) 
aš (A) = e*I (D) emisar (D), 


at (A) := ab oaf(A), x=(t,x) E Rt, 


II 


where D = Dx is the momentum operator. Clearly, RE! 5 +> aj is a strongly 
continuous group of *-automorphisms of B (T,(Z)). 

In the following definition, all the algebras are concrete and are contained in 
B(P.(2)). 


Definition 22.7 (1) For a bounded open interval ICR, the corresponding 
time-zero local algebra is defined as 


R(I) := {W(d,s) : se CL(I,R)}”. 
(2) The following algebra plays the role of the algebra of all observables: 
cpl 
O:= (U RU) l 
ICR 
(3) For a bounded open set O CR", the corresponding free local algebra is 
defined as 
M (O) := {ah (A) : AER(D, {t} x Ic OF", 


As described in Subsect. 19.2.7, one can also quantize the free dynamics by 
abstract CCR algebras. Recall that if © c R! is an open set, then A(O) is then 
the Weyl CCR C*-algebra generated by elements W(G/f) satisfying the Weyl 
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commutation relations, with f € C (0), where Gf(x) = f G(x — y) f (y)dy and 
G is the Pauli-Jordan function. These algebras possess a distinguished represen- 
tation called the Fock representation, 


mp : A(O) > B(T, (Z)). 


Proposition 22.8 The following hold: 


(3) 9=( U w0)”. 


OCR!-! 


Proof Recall first that the Klein-Gordon equation satisfies the causality prop- 
erty, i.e. 


supp(V(t),s(t)) c J({0} x supp(v,<)), tER. (22.9) 
To prove (1), we first note that 
Mo(O) = {W (e (9,s)) : {t} x (supplð, s)) c OF". 


We then use Thm. 19.15 and the fact that the Green’s function G(t, s) 
s salts), Statement (2) is obvious. Statement (3) follows from the fact 
that 


R(I) c M(] — €o,€0[xL) C R(I+] — éo, €0[), €o > 0. (22.10) 


The first inclusion in (22.10) is obvious; the second follows from causality. 


22.1.4 Q-space representation 
Let 7 be the canonical conjugation on Z = (2e)? L? (R) defined as TY (x) = U(x). 
Recall from Subsect. 18.3.2 that T corresponds to time reversal. 

Let T'Y :T.(Z) — L?’ (Q,dp) be the real-wave (or Q-space) representation 
associated with 7, as in Subsect. 9.3.5. In the sequel we will freely identify 
objects on T, (Z) and on L? (Q, dp), using T". We will also use the same sym- 
bol to denote a measurable function V on Q and the operator of multiplication 
by V acting on L? (Q, du). We are in the framework of Subsect. 9.3.1 with c = 
(28m4, 

Operators (V), 0 € e7 L? (R) commute with one another. In particular, poly- 
nomials in the variable y, that is, functions of the form 


VE) =D | Veno eld 95, 
j=0 


can be interpreted as functions on Q, and as (usually unbounded) operators on 
1?(Q, du) = F(Z). 
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We can also consider the Wick quantization of the polynomial V. We will use 
the following alternative notation: 


Op" (V) = :V(¢):. (22.11) 


The notation on the r.h.s. of (22.11) is explained in Prop. 9.53. Clearly, :V(y): 
is a polynomial in the variable ¢. 


22.2 P(y) interaction 
22.2.1 Nonlinear Klein—Gordon equation 


Now let P be a real polynomial and g: R —> R a real function. Let us consider 
the perturbed classical Hamiltonian 


h(ð, s) = ho(ð, s) + [IOPE (22.12) 


For stability reasons, we require that g be positive and that the polynomial P, 
and hence the Hamiltonian h, be bounded from below. 

Formally, the associated field equation is the following non-linear Klein- 
Gordon equation: 


i dF (t,x) — Arpt, x) + m y(t,x) + g(x)P'(p(t,x)) = 0, (22.13) 


s(x) = ¢(0,x), B(x) := ¢(0,x). 


22.2.2 Formal quantization of non-linear Klein-Gordon equation 


Let us try to quantize the classical Hamiltonian (22.12). Let us assume that we 
can give a meaning to the formal expression 


H = dI (e) + [ IOP). (22.14) 


Set 


Then formally we have 
dF p(t, x) — Arplt, x) + molt, x) + g(x) P'(p(t,x)) =0, 


which can be rephrased as saying that we have quantized the non-linear Klein- 
Gordon equation (22.13). 
There are two deep difficulties with the formal expression (22.14): 


(1) First, y(x) does not make sense as a self-adjoint operator, so expressions like 
p(x)? do not make sense (even after integration against test functions). This 
problem is called the ultraviolet divergence, and is caused by the requirement 
that the associated field theory should be local. For classical field equations 
it corresponds to the well-known difficulty with multiplying distributions. 
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(2) If g(x) = 1, one encounters the second problem: the integral over R in (22.14) 
may not converge. This is called the infinite-volume divergence and is caused 
by the requirement that the field theory should be translation invariant. 


One can try to tackle these problems as follows. First one modifies the Hamil- 
tonian, introducing ultraviolet and space cutoffs. This leads to the (still formal) 
expression 


Hlo) = aCe) + | a(0)P(Pa(0))e 
Here, g E€ CY (R) is a space cutoff and y, (x) is the ultraviolet cutoff field 
nle) = f elyyonl(y —x)dy, (22.15) 
where p € C (R) is a cutoff function with J, p(y)dy = 1, px(y) = Kp(Ky) and 
k > 1 is an ultraviolet cutoff parameter. 


Now, pk E Z = (26)? L? (R), except if m = 0. The case m = 0 is exceptional, 
because then 


=. ae 
let pall? = (27) fw p(w" k)dk < 00 


iff p(0) = fg p(y)dy = 0. In the rest of this chapter we will always assume that 
m > 0. 
Note that the interaction term 


f a(x) P(x (x) dx 
R 


now makes sense as a self-adjoint operator on the Fock space T';(Z). 
Next one tries to remove the ultraviolet cutoff, letting x — oo and trying to 
prove the existence of a (non-trivial) limit 


Hqo(g) = lim (Hx (g) — Rx (9)) (22.16) 


in some appropriate sense, where R,(g) are the so-called counterterms related 
to the well-known need to renormalize various physical constants of the model. 
In dimension 1 + 1 one can use the counterterms 


Rela) = f o (P (ext) = +P (x(%)))ax 


obtained by the Wick ordering of the interaction term. It is then possible to give 
a meaning to the expression 


as a bounded below self-adjoint operator on T';(Z), as we will see in Subsect. 
22.2.5. 
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Then one tries to take the infinite-volume limit, which means putting g = 1. 
This requires a change of the representation of the CCR — it cannot be done 
on the original Fock space. This is related to a general argument called Haag’s 
theorem. 

In higher space dimensions it is no longer possible to give meaning to H.(g) 
as a self-adjoint operator on the Fock space [',(Z). In dimension 1 + 2 one can 
quantize the classical non-linear Klein—Gordon equation if the degree of P is not 
greater than 4. However, even with a spatial cut-off the resulting Hamiltonian 
acts on a Hilbert space supporting a representation of the CCR not equivalent 
to the Fock representation. This is related to the so-called wave function renor- 
malization. 

In dimensions 1+ 3 or higher it is believed that interacting scalar bosonic 
quantum fields do not exist. 


22.2.3 P(y)2 interaction as a Wick polynomial 


Until the end of this chapter we assume that d= 1 and m > 0. 
Recall that 


where x = f € S(R) satisfies x(0) = 1. 
Let us fix a real bounded below polynomial 


PO = aX. (22.17) 


Clearly, degP = 2n has to be even and azn > 0. We also fix a space cutoff function 
g € L*(R). 

As explained in Subsect. 22.2.2, instead of the operator Phor (x)), we prefer 
to use its Wick-ordered version 


We refer to Prop. 9.53, where this notation is explained. In particular, we recall 
from (9.60) that 


n(x): = So o a" (px(-—))"a(pe(-—x))?". (22.18) 


r 
r=0 


Definition 22.9 The operator 
V; := [99 :P(~_(x)): dx 


is called an ultraviolet cutoff Wick-ordered interaction. 
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In this subsection we investigate V, as a Wick polynomial. 


Definition 22.10 Let us set 
a(k) := (27) a(e™*), — a*(k) := (2m) ~Fat*(elK*), 
Using the notation of Sect. 9.4, we obtain that 


Mp, := [969 Pr (x)? : dx 


p 
ay. a (cae ote Ae ee kp) 
Tr Rp 


xa" (ky) +++ a" (kp )a(—ky41) +++ a(—k,)dky «++ dkp, 


for 
p 


Wp e(Ki,---,kp) = (27)? ô 103. :) i —1k,). (22.19) 


We denote by wp,œ the function on R” obtained by setting «s = oo in (22.19), 
i.e. 


wp olki... kp) = (27)! 7? ô (Sok ki), (22.20) 


which allows us to define M, o- 


Lemma 22.11 The kernels wp « are in Pe? L2(R) for 0 <r < œ and, for any 
6>0, 


z 
lwp — wp,llgr cb 120 £ Collee. 


Remark 22.12 Lemma 22.11 still holds if g € L'*+°(R) for some 6 > 0. 


Proof It clearly suffices to prove the corresponding statements with wy, 
p 

replaced by wp, H e(k;)~?, and @?e? L? (R) replaced by L? (RP). We use the 
i=1 

bound 


p p/(p—1) 
Z ; 22.21 
OESDEKI ; ( ) 


which follows from the inequality 


Ba ae SYA 


applied to Aj = | ay ). Applying (22.21) to a; = w(k;)~?, we obtain that 
id 


Wp,co, and hence ig for x < oo, belong to L*(R?). The bound on ||wp,« — Wp,oo| 
is a direct computation, using (22.21). 
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From Prop. 9.50 we see that 


2n 


Vi = 5 üp Myk 
p=0 


is well defined as a Hermitian operator on Dom N” for k < co. We will use the 
notation 


V := Væ = fo% : P(y(x)) : dx. 


Lemma 22.13 (1) V, and V with domain Dom N” are densely defined Hermi- 
tian operators. 
(2) There exists ô > 0 such that 


IV = VAN + DI < Cllgllce s. 


Proof It suffices to apply the N, estimates of Prop. 9.50. 


22.2.4 P(p)2 interaction as a multiplication operator 


In this subsection we study the operators Vą as multiplication operators in the 
Q-space representation. 


Proposition 22.14 Assume that g € L? (R). Then the following are true: 
(1) Ve and V are multiplication operators by functions in N L?(Q,dy). 


1<p<oo 
(2) For any 6 > 0, there exists a constant Cs > 0 such that 


Vii — Vilz>(@,an) < Colp- 1)” K’, p>2 


(3) Assume in addition that g € L'(R) and g > 0. Then there exist constants 
C >Q, ko such that, for k > ko, 


V, > —C(log k)”. 


Proof Note that € = (D2 + m2)? is a real operator and that e7? pẹ (+ — x) is real. 
It follows that y,(x) is a multiplication operator in the Q-space representation. 
Hence, by Prop. 9.53, the same is true of the operators fe 9(x):~x(x)?:dx for 
peEN. 

For 2 < p < oo, let us now consider the map a = (p — 1)~?l on (2€)? L? (R). 
By Thm. 9.30, we know that T'(a) = (p—1)~%/? is a contraction from L?(Q) 
into L? (Q). It follows that 


IHl < P- Dllo YE OTE (2e)F LR). (22.22) 
From Lemma 22.13 we know that (V — V,,)Q— 0. So V, is Cauchy in L?(Q). 


Hence, by (22.22), it is Cauchy alsoin (] JL?(Q). It follows that V, converges 
1<p<oo 
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toa function W in N (Q). Now set 
1<p<oo 


S = Span{el?™) : 9 € CO°(R,R)}. 


Clearly, S is dense in L? (Q) and S C L®(Q) N Dom N? for all p € N. Using that 
V: 2 V on Dom N”, we see that VY = WW for all Y € S. Hence, V = W. This 
completes the proof of (1). 
2n 
To prove (2), we use (22.22), the fact that V, and V belong to @ T? (L?(R)), 
p=0 


and Lemma 22.13. 
It remains to prove (3). It follows from (9.26) that, for any f € L? (R, R), one 
has 


[p/ 2] 
p! —2m 1 Sd ý 
: i — 7 -— = s 22.2 
P= ip m (- CID) (22.23) 
Applying (22.23) to f = €77 x(K7! Dx)ôx, we obtain that 
[p/2] 
P.— 2m j p—2m 
a= D p aa) a, (22.24) 
for 
1 
= bx |te7! 2 -1 D; )ôx z 
ae ze oe L (22.25) 
= (4m)~? (fa (k? + m?)~?x?(K-1k)dk)? ~ C(log «)?. 
We will apply the bound 
a’ bP-™ < 6b? + Csa?, a,b>0, O<m<p, 6>0, (22.26) 


to the terms in the r.h.s. of (22.24), setting b = y, (x), a = c(k). For p = 2n, we 
obtain, picking 6 small enough, 
n 1 n n 
De (X)P" Senla)” — O(log)”. 
For p < 2n, we take 6 = 1 and obtain 
| Mn (x): | < C( yn (x)?| + (log x)?/?). 


Both inequalities should be understood as inequalities between functions on the 


Q-space. 
Since azn > 0, we obtain finally that 


:P(px(x)) :> —C(log k)”, for k > ko. (22.27) 


Integrating (22.27), using that g > 0 and g € L! (R), we obtain (3). 


Although the operators V, are bounded from below, this is not the case for 
the operator V. Nevertheless, the measure of the set {q € Q : V(q) < 0} is very 
small, as shown in the next proposition. 


652 Interacting bosonic fields 


Proposition 22.15 Assume that g € L? (R) N LI (R) and g > 0. Then eT € 
L! (Q,du) for all T > 0. 


Proof Let f be a positive measurable function on Q and t > 0. Set 


my (t) = w({f(@) > t). 
Clearly, for any p > 1, 


my(t) < |F] 


Moreover, if F : Rt — Rt is Ct with F’ > 0, one has 


ae (22.28) 


f F(f)dp = i n mF Odi (22.29) 
Q 0 


Let C be the constant in Prop. 22.14. We claim that there exist c1, c2, > 0 such 
that 


u({a EQ: V(q) < -2C (log r)"}) < ce 2", (22.30) 


Applying (22.29) to F(A) =e!* and f= -—Vliv<o}, and using (22.30), we 
obtain that e~7" € L'(Q). 
It remains to prove (22.30). Since V, > —C(log x)”, it follows that 


{V(q) < —2C (log K)"} € {|V — V; |(q) > C(log K)"}, 
Hence, 
a({¥(a) < -200081 }) < mv (Cll08") < (p= 1) -og K), 


by (22.28). Choosing p = «°/" + 1 yields (22.30). 


22.2.5 Space-cutoff P(y), Hamiltonian 
Theorem 22.16 Assume that g € L? (R) N LI (R) and g > 0. Then, 


(1) dI'(e) +V is essentially self-adjoint on DomdI(e) N Dom V; 
(2) The operator H = (AT (€) + v)” is bounded from below. 
Definition 22.17 The operator H is called a space-cutof P(y)2 Hamiltonian. 


Proof We use the formalism of Subsect. 21.2.4. As the real Hilbert space we 
choose ¥ = L?(R,R), so that L? (R, R) @ ¥ = L? (R?, R). We choose the covari- 
ance 


C = (D} +e)" = (D? + D} + m°). 


We consider the associated Gaussian path space introduced in Def. 21.24. By 
Thm. 21.26, [;(Z) is the physical Hilbert space and Hp = dI (e) is the free 
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Hamiltonian associated with this path space. By Props. 22.14 and 22.15, the mul- 
tiplicative perturbation V satisfies the hypotheses of Prop. 21.35. By Prop. 9.29, 
we also see that e~'4!( = T(e~**) is a contraction on L? (Q) for all 1 < p < œ. 
Nelson’s hyper-contractivity theorem (Thm. 9.30) implies that it maps L?(Q) 
into L? (Q) if e~*™ < (p—1)~?. Therefore, all the hypotheses of Thm. 21.38 are 
satisfied. This completes the proof of the theorem. 


22.2.6 Interacting dynamics and local algebras 
Definition 22.18 Forl > 0, we set 


v= f POG): dx, 
H; := (aP (€) + V;)”, 
al (A) := è"! Ae" A € B(T,(Z)), 
which exist by Thm. 22.16. 
Theorem 22.19 (Existence of interacting dynamics) The following hold: 
(1) For all bounded open intervals I and A € R(I), there exists the limit 
a’ (A) := jim aj (A). 


(2) at uniquely extends to the algebra 9. 
(3) Set 


a” :=a* 00, x= (t,x). 


Then RI! > x — a” is a group of x-automorphisms of 9. 


Definition 22.20 For a bounded open set O C R'!, we set 
m(O) := {a (A) : AER(D, t} x Ic OF", 
called the interacting local W*-algebras. 
Theorem 22.21 (Properties of interacting local algebras) The following hold: 
(1) One has 
a” (M(O)) =M(O +x), x eR™. 
(2) The local interacting algebras are regular, i.e. 


MO)= N MOJ= VY MO) 
OCO oco 


(3) If O, and Oz are causally separated, then 
M(01) C M(Or)’. 
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(4) Tf Oy #8 causally dependent ow Ov; then 
M(01) € M(Os). 
(5) 
9=(U mo)”. 
OCR!:! 


Proof of Thm. 22.19. Applying Trotter’s product formula (Thm. 2.75), we 
obtain 


eth =s — lim CA . 


For A € R(I), this implies 
af(A) =s — lim (aj) o7 ”)" (A), (22.31) 


for 
y% (A) := et” Ae, 


For l’ > 1, we have 


V: -V = T : P(y(x)): dx, 
[VU \\[-1,]] 


hence V; — V; is affiliated to R(] —1’,l’[\[-1,]). This implies that yf, = af on 
R(L) if l,l’ > |I|. Moreover, by the causality property, we know that 


on : R(T) > R(T + [~lt], |tl])- (22.32) 


Using (22.31) and (22.32), this implies that if l,” > |Z| + |T| and |t| < T, then 
at = a}, on R(I). This shows the existence of at on R(I). Since t + a! is a group 
of *-automorphisms, so is t > at. This completes the proof of (1). By density, 
at uniquely extends to 9, which proves (2). 

To prove (3), we note that ajajaj* =a/,,, which implies (3), by letting 
1 — oo. 


Proof of Thm. 22.21. (1) follows by the definition of M(O). (2) follows from 
the analogous property of the time-zero local algebras (J): 


R= N R= V R), (22.33) 
JOI JCT 


which is immediate. 

To prove (3) and (4), instead of a’ we can use the space-cutoff dynamics at 
for sufficiently large | to define M(O;). We note that it follows from (22.31) and 
the causality property that 


af (R)) c R(I+] -T,T[), lt) < 7. (22.34) 
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Then (3) and (4) follow easily from (22.34). To prove (5) we again use (22.34) 
to get that 


R(I) c M(] — €o,€0[xL) c R(J), 


for some J D I. This clearly implies (5). 


For completeness, let us note the following theorem, which says that the inter- 
acting local algebras can also be defined only in terms of the ọ fields and the 
interacting dynamics. 

I 


Theorem 22.22 M(O) = fa' (W(0,0)) : 9 E CL(I,R), {t} x supp ù C o} f 

The above theorem follows easily from the following proposition. 
Proposition 22.23 For 5 > 0, set B;(I) = {at (e), suppf CI, |t| < Sy”. 
Then 


RQ) = (| B01). 


ô>0 


Proof By (22.34), we know that Bs(I) C R(I + [—6,6]). Hence, by (22.33), 
N BID) c RI). 
5>0 


To prove the converse inclusion, by (22.33) it suffices again to show that, for 
all J% C I and small enough 6 > 0, one has 


R(J) CB; (I). (22.35) 


To prove (22.35), let us fix I and J with J°?! C I, and set ð = $dist(J,R\J). 
We will first prove that if 6 < 69, supp(V,<s) C J, then 
PMO Wa, cje" E B (I), lt <ô. (22.36) 


Set 
Vy := f :P(p(x)): dx, Hr = (dr (e) + Vr)", 
I 
r r r)\cl 
Vp? = Villgvijcry, Hy" = (AP) + Vr = ViP)”, 


where r € N. The Hamiltonians HEP are well defined by the methods of Sect. 
22.2.5, and one has 


HO = Hr- V, (22.37) 


since V{” is bounded. 


It is easy to see that Vr — vy” tends to0in N L?(Q) and fort >0,reéN, 
1<p<oo 


eV Vi") ig uniformly bounded in L! (Q). Using the methods of Sect. 21.3, we 
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prove that 
td (e) g lim e*t, t>0 
rT—+0o : 
hence also 
agl) 
ef) g — lim er , teR. (22.38) 
r—>+0o 


By (22.37) and Trotter’s product formula, we have 


See aw a li (o imasi Py? 
p—>+oo 
Noting that Vr and hence V{”? are affiliated to R(I), we see that e”1” Ae" € 
B(T) if A € R(J) and |t| < 6. Since Bs (I) is weakly closed, we get (22.36), using 
(22.38). 

It follows from (22.36) that W(4(elh—h)) € Ba(I) for h=V0+ies, 
supp(s, 9) C J and |t| < 6. Using the strong continuity in Thm. 9.5, we obtain 
that W (ief) = e'7) € 85 (J) if supp f C J and f € Dome. Hence, eY) e709) € 
Bs(I) for supp f,suppg C J. This implies (22.35) and ends the proof of the 
proposition. 


22.3 Scattering theory for space-cutoff P(y)2 Hamiltonians 


In this section we describe, without proof, some properties of the P(py)2 model. 
In particular, we discuss its scattering theory. This theory provides an interesting 
example of the application of the concept of CCR representations, which arise 
naturally as the so-called asymptotic fields. 

In the formulation of the scattering theory we will use the symplectic space 
(Y,w) associated with the Klein—Gordon equation described at the beginning of 
Subsect. 22.1.1. Recall that it is equipped with the free dynamics R 5 t+ e°, 
and the free Hamiltonian Hp implements this dynamics: 


et FW (Cet =W), CED. 


22.3.1 Domain of the space-cutoff P(y),2 Hamiltonian 
Let us start with some questions about the Hamiltonian H constructed in Thm. 
22.16. 

The domain of H is not explicitly known, except if degP = 4, when it is 
known that Dom H = Dom dI (e) N Dom V. However, noting that, for all ô > 0, 
the Hamiltonian ddI'(e) + V is also bounded below, one obtains the following 
bounds: 


Ho < C(Ho + V +61), for some C, b > 0. (22.39) 


These estimates are called first-order estimates. The following higher-order esti- 
mates are in practice a substitute for the lack of knowledge of the domain of H. 
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They are an important technical ingredient of the proof of most results described 
in this section. 


Proposition 22.24 Assume the hypotheses of Thm. 22.16. Then there exists 
b > 0 such that, for allr € N, 
|N" (H + b1)” || < œœ, 
| HoN" (H + b1) "7" || < œ, 
|N" (H + b1) (N +1)" || < œ. (22.40) 


22.3.2 Spectrum of space-cutoff P(p)} Hamiltonians 
The following theorem about the essential spectrum of space-cutoff P(y)2 Hamil- 


tonians was proven in Dereziriski-Gérard (2000). 


Theorem 22.25 Assume the hypotheses of Thm. 22.16. Then 


Spec ess(H) = [inf spec (H) + m, +oof. 


Corollary 22.26 Therefore, H possesses a non-degenerate ground state (that 
is, inf spec H is a simple eigenvalue). 


Proof Noting that m > 0, the existence of a ground state follows immedi- 
ately from Thm. 22.25. Using the representation of e~'” of Prop. 21.34, we 
see that e~'” is positivity improving in the Q-space representation. By the 
Perron—Frobenius theorem (Thm. 5.25), it follows that the ground state is non- 
degenerate. 


22.3.3 Asymptotic fields 


Scattering theory of space-cutoff P(y)2 Hamiltonians is quite different from the 
usual scattering theory studied e.g. in the context of Schrödinger operators. It 
resembles the so-called Haag—Ruelle scattering theory developed in the setting 
of the axiomatic quantum field theory. Its main ingredients are the so-called 
asymptotic fields. 


Theorem 22.27 Assume the hypotheses of Thm. 22.16. Suppose in addition 
that 


|x| g(x) € L?(R) for some s > 1. 
Then the following hold: 


(1) For all ¢ € Y, the strong limits 


W*(¢) =s — lim ewe “ce 


exist. They are called the asymptotic Weyl operators. 
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(2) The maps 


Y > ¢ = W*(¢) € U(ES(Z)) 


are two CCR representations over the symplectic space (Y, w). 


(3) The representations W® are regular, so that we can define the asymptotic 
fields o= (C) by the identity 


W+(¢) =e? O, 
(4) One has 


el wt (je = W+ (0), 


itH 


i.e. the unitary group e implements the free dynamics e“ in the CCR 


representations WF. 

(5) Let us equip the symplectic space (Y,w) with its canonical Kähler anti- 
involution j defined in (22.4). Let K* be the corresponding space of vacua 
of W~ (see Def. 11.41). Let Hpp(H) be the point spectrum subspace for H. 
Then 


Hpp( H) C KF. 


Proof The theorem is relatively easy to prove and can be found in Derezinski— 
Gérard (2000). The main step of the first statement is the so-called Cook argu- 
ment: we prove that the time derivative of t =œ e*# W(e~'*¢)e“"" applied to a 
vector from a dense set is integrable. 


Let us note that Thm. 22.27 can be generalized to cover a much larger class 
of Hamiltonians. In particular, as proven in Dereziriski-Gérard (1999), it holds 
under rather weak assumptions for the operators called sometimes Pauli—Fierz 
Hamiltonians. Operators of this form are well motivated from the physical point 
of view — they often appear in non-relativistic quantum physics. 

It is natural to ask what type of CCR representations are defined in Thm. 
22.27. Statement (5) suggests that a distinguished role is played by the Fock 
representation. In fact, one can prove that for space-cutoff P(y). Hamiltonians 
no other sectors exist. 


Theorem 22.28 Suppose that the assumptions of Thm. 22.27 hold. Then the 
following are true: 


(1) The CCR representations W~ are of Fock type for the anti-involution j; 
(2) K= = Hpp (H). 


Proof To prove (1) we use the number quadratic forms n* associated with the 
CCR representations W*, defined in Subsect. 11.4.5. Let V C (2c)? L? (R) be a 
finite-dimensional space and Y € Dom |H|?. Then, using 


at! (n)D = lim eH gi (etehje "HW, U € Dom|H|?, (22.41) 
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we obtain that 


dimV 
ns(W) = $ |la* (ei) WI)? 
i= | dimV | | 
~ „im (eu >, a” ("ei Ja(e" ei)" w) 
= iip (eM war Rp), 


where P, is the orthogonal projection on the subspace eV. We now note that 
di(P,) < N < C(H + bl), 

by the first-order estimates (22.39). Therefore, 

n(Y) < C(W, (H+ b1)v). 


This implies that the number quadratic forms n* = supy nj, are densely defined 
since Dom|H|? C Domn*. By Thm. 11.52, this implies (1). 

The proof of (2) is much more difficult and involves methods borrowed from 
N-body scattering theory; and see Dereziriski-Gérard (2000) and Gérard—Panati 
(2008). 


The two statements of Thm. 22.28 taken together are sometimes called asymp- 
totic completeness, since they give a complete understanding of the asymptotic 
CCR representations. This form of asymptotic completeness can be proven for 
a much larger class of Hamiltonians. In particular, in Derezitiski-Gérard (1999) 
it has been proven, under rather weak assumptions, for a large class of massive 
Pauli—Fierz Hamiltonians. The crucial assumption used in the proofs of these 
statements is the existence of an energy gap in the spectrum of their 1-body 
Hamiltonians, which is usually called the positivity of their mass. 

For space-cutoff P(~)2 Hamiltonians the condition m > 0 is needed to define 
the model itself. On the other hand, massless Pauli—Fierz Hamiltonians are easy 
to define. Thm. 22.27, with minor modifications, can be proven for a large class 
of such Hamiltonians. An outstanding question of scattering theory is what the 
conditions are for asymptotic completeness to hold in the case of massless Pauli- 
Fierz Hamiltonians. 

The central concepts of the standard formulation of scattering theory, used 
in quantum mechanics, are the free Hamiltonian, and the wave and scattering 
operators. The reader may wonder why these concepts are missing from Thms. 
22.27 and 22.28. 

In reality, both wave operators and the scattering operator have a natural 
definition, which is essentially an application of the formalism of Sect. 11.4. The 
role of the free Hamiltonian is to some extent played by 


K @14+1e@dI(o, (22.42) 


where K := H Ha (H) 
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Theorem 22.29 Assume the hypotheses of Thm. 22.27. Then there exists a 
unique unitary operator S* : Hpp(H) @Ts(Z) —T's(Z) such that 


StVEN=V, VEH»(A), 
STILS W = WF (OSF, ÇEX. 


It satisfies 


S*(K @1+1@dI(e)) = HSF. 


Definition 22.30 The operators S~ are called wave or Møller operators. S := 
S*t*S~ is called the scattering operator. 


Clearly, S is a unitary operator on Hpp(H) @T,(Z) commuting with (22.42). 


22.4 Notes 


The first general result on existence and uniqueness of solutions for non-linear 
Klein—Gordon equations is due to Ginibre-Velo (1985). More recent references 
can be found in the book by Tao (2006). The space-cutoff P(~)2 model was first 
constructed for P(y) = yt by Glimm—Jaffe (1968, 1970a), for general P by Segal 
(1970) and Simon—Hggh-Krohn (1972), using the theory of hyper-contractive 
semi-groups, and by Rosen (1970). The full translation invariant model was 
then constructed by Glimm—Jaffe (1970b) using local algebras, as in Subsect. 
22.2.6. Later a construction by purely Euclidean arguments was given by Glimm— 
Jaffe-Spencer (1974), Guerra—Rosen—Simon (1973a,b, 1975) and Frohlich-Simon 
(1977). The higher-order estimates for the P(y)2 model are due to Rosen (1971). 

The construction of the asymptotic fields for a large class of models is due to 
Hegh-Krohn (1971). The spectral and scattering theory of space-cutoff P(y)2 
models was studied by the authors in Dereziriski-Gérard (2000) and by Gérard- 
Panati (2008), following an earlier similar work on Pauli—Fierz Hamiltonians by 
Dereziriski-Gérard (2004). 
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